EXACT NON-STATIONARY SOLUTIONS OF THE EULER EQUATIONS
IN TWO AND THREE DIMENSIONS
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ABSTRACT. We develop, via Arnold’s geometric framework, a mechanism for constructing explicit, smooth,
global-in-time, and typically non-stationary solutions of the incompressible Euler equations. The approach
introduces a notion of generalized Coriolis force, whose spectrum underlies the construction of these solutions.
We recover classical exact solutions such as Kelvin and Rossby-Haurwitz waves, while also producing new
explicit examples on curved surfaces and three-dimensional manifolds including the round three-sphere.
Furthermore, we obtain a complete classification in two dimensions and a partial classification in three
dimensions of the Riemannian manifolds that admit such solutions. The method is in fact formulated in the
general Euler-Arnold setting and yields a simple criterion for non-stationarity.
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1. INTRODUCTION

Introduced by Euler in 1757, the equations of ideal hydrodynamics
Owu+ Vyu=—Vp,
(1.1) ' P
divu =0,

describe the motion of an incompressible, inviscid fluid. The first rigorous results on local existence and
uniqueness for (1.1) date back to the early twentieth century, obtained independently by Giinther and
Lichtenstein. Wolibner later demonstrated that solutions for two-dimensional fluids extend globally in time.
Subsequent advances, notably by Yudovich, Kato, and others, sharpened these results and clarified the role
of regularity and vorticity structure. A detailed historical account, along with further developments and
references, can be found in the book of Majda and Bertozzi [24] and the survey of Drivas and Elgindi [16].

Arnold’s 1966 work [2] recast ideal fluid motion in geometric terms. In this formulation, the Euler
equations coincide with the reduced geodesic equation on the group of volume-preserving diffeomorphisms
equipped with a right-invariant L? metric arising from kinetic energy. Ebin and Marsden [17] proved that
the corresponding geodesic flow in the H® Sobolev setting is governed by an ordinary differential equation
and obtained smoothness of the associated Riemannian exponential map, which may be identified with the
Lagrangian flow map of (1.1). This geometric formulation has since played a central role in the study of
stability, curvature, and qualitative features of fluid motion. An extensive treatment of this approach can
be found in the monograph of Arnold and Khesin [3].

1
2000 Mathematics Subject Classification. 58D05.
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Despite the extensive literature on the Euler equations, comparatively few classes of explicit, smooth, non-
stationary solutions are known, particularly in three dimensions. Classical examples include Kelvin waves,
Rossby-Haurwitz waves on the sphere, and certain rotating or shearing flows; see, for example, [13, 22, 35].
More recent examples along the same lines can be found in Viddez [39]. Many other explicit constructions
appearing in the literature either possess infinite kinetic energy, rely on singular vorticity distributions, or
arise as solutions to reduced or symmetry-constrained models [1, 33]. A detailed discussion of such examples
can be found in [24] and the references therein.

The central result of this paper utilizes Arnold’s geometric framework to provide a general mechanism for
constructing a class of explicit, smooth, global-in-time and typically non-stationary solutions to the Euler
equations (1.1) and, more broadly, to Euler-Arnold equations on Lie groups. The underlying mechanism can
be understood from two complementary viewpoints.

The first viewpoint is perturbative, though no smallness assumption is imposed on the size of the pertur-
bation. One begins with a Killing field X whose flow, by definition, acts by isometries and hence produces a
steady Euler flow. Introducing a perturbation of this steady solution and formally expanding the resulting
solution of (1.1) leads to an infinite system of coupled ordinary differential equations governing the evolution
of the expansion coefficients. We demonstrate that if the second-order term vanishes, all higher-order terms
vanish. Hence the solution of the linearized Euler equation is also a solution of the full Euler equation.

A particularly simple class of solutions to this system arises when the perturbation is chosen from a
complex simultaneous eigenfield of the inertia operator! and the Lie algebra coadjoint operator associated
with X. In this situation the nonlinear interactions close on a finite-dimensional subspace, producing explicit
time-dependent solutions. Importantly, this construction yields exact solutions of the fully nonlinear Euler
equations (1.1), rather than solutions of a linearized model.

A second more geometric viewpoint proceeds at the level of Lagrangian flows. One begins with the
flow generated by an arbitrary time-dependent divergence-free vector field V(¢) and precomposes it with
the flow generated by a Killing field X. Requiring that the resulting flow satisfies the Euler equations
leads to an evolution equation for V(¢). The structure of this equation reveals that the spectrum of the
coadjoint operator associated with X naturally produces a particularly simple class of its solutions. Once a
suitable solution V'(¢) is obtained, precomposing again with the isometric flow generated by X produces a
corresponding solution of the Euler equations. Moreover, the underlying Lie algebraic structure provides a
simple criterion for determining when the resulting Euler flow is genuinely non-stationary.

When applied to two-dimensional ideal hydrodynamics our construction recovers several well-known solu-
tions, including Kelvin waves on flat domains and Rossby-Haurwitz waves on the round sphere?. In addition,
we obtain explicit solutions on curved surfaces such as the hyperbolic disk. In three dimensions we produce
new explicit solutions of the Euler equations on manifolds including the round three-sphere and various
circle and torus bundles with nontrivial geometry. On the three-sphere, these solutions may be viewed as
higher-dimensional analogues of Rossby-Haurwitz waves: they are periodic in time and occur in families of
multiplicity greater than one.

Although our primary focus is on explicit constructions, the geometric nature of the solutions suggests
that they may exhibit interesting stability properties. We expect that the methods developed here will be
useful in future investigations in this direction from the Euler-Arnold viewpoint.

In all of our examples the chosen Killing field has the additional property that its image under the inertia
operator is also Killing. For example, on a flat cylinder, the curl of the rotational vector field generates
vertical translations, which are themselves isometries. All explicit examples presented in this paper fall into
this category. We therefore undertake a systematic study of manifolds admitting such Killing fields. In two
dimensions, we obtain a complete classification, while in three dimensions we give a partial classification.

We emphasize that although the motivating examples come from ideal hydrodynamics, the construction
itself applies to a wide class of Euler-Arnold equations on Lie groups endowed with right-invariant metrics.
The construction further admits a natural interpretation in terms of a generalized Coriolis force, which we
outline. This perspective clarifies the role of classical rotating-wave solutions and places them within a
broader geometric framework.

IFor ideal hydrodynamics, this is the Hodge Laplacian when the fluid is two-dimensional and the curl operator when the
fluid is three-dimensional.
2Note that some of these have been independently derived as Euler solutions by other authors [4, 11]
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The paper is organized as follows. Section 2 introduces the general mechanism for constructing solutions in
the context of ideal hydrodynamics and formulates sufficient conditions under which the underlying manifold
admits an abundance of such solutions. Sections 3 and 4 provide a full and partial classification, respec-
tively, of two- and three-dimensional manifolds satisfying these conditions, together with explicit examples.
Section 5 develops the construction in the general Fuler-Arnold setting. Section 6 outlines directions for
future work. Lastly, Appendix A contains proofs of a Riemannian geometric nature which are deferred for
readability.

Acknowledgments. The authors thank Abhijit Champanerkar, Albert Chern, Theodore Drivas, Boris
Khesin, Gerard Misiolek, Daniel Peralta-Salas and Cornelia Vizman for helpful discussions and comments.

2. IDEAL HYDRODYNAMICS

Let (M, g) be a two- or three-dimensional compact Riemannian manifold, possibly with boundary. Denote
by X, (M) the space of smooth divergence-free vector fields on M that are tangent to the boundary. Within
X, (M) there is the finite-dimensional subspace of harmonic fields #(M), consisting of divergence-free and
curl-free fields tangent to the boundary. By the Hodge decomposition (cf. [17]) we have the splitting

Xp(M) = Xy ex(M) 2 H(M),
where X, ox(M) denotes the L?-orthogonal complement of H(M) in X,(M). We recall the usual musical
isomorphisms b and #, the Hodge star operator %, the exterior derivative d, and its formal adjoint .
Note that, in two dimensions, every element of X, cx(M) can be written as a skew-gradient
v =Vt = (xdpp),

and we refer to 1 as a stream function for v.
We define the inertia operator A by

o {0 mon >
where A is the positive-definite Hodge Laplacian

(2.2) Au = (dd + 6d) (u")*,
and the curl operator is defined by

(2.3) curlu = (x(du’))?.

Lemma 2.1. Let (M, g) be a two- or three-dimensional compact Riemannian manifold, possibly with bound-
ary. The inertia operator A given in (2.1) is invertible on X, c,(M), and its inverse A~ is compact and
self-adjoint in L?. Consequently, A has a discrete spectrum {cy} with finite-dimensional eigenspaces, and
the corresponding eigenfields form an L?-orthonormal basis of X, x(M).

Proof. In two dimensions, for each v € X, ox, we have v = V+4p, for some stream function ¢ vanishing
on all boundary components. Hence, we have AV+1y = VLA, so that A~H(V+y) = VEA"1), where
A~! denotes the inverse Laplacian with Dirichlet boundary conditions on the stream function. The L?
norm on skew-gradients coincides with the Dirichlet norm on the stream functions, and A~! is compact and
self-adjoint in this inner product, cf. [19].

In three dimensions, the kernel of A is the space of vector fields tangent to the boundary for which the
divergence and curl both vanish, which is precisely H. The result of Yoshida-Giga [42] then shows that A
is invertible on X, ex and self-adjoint in the case where M C R3, and the same argument extends to any
compact Riemannian 3-manifold with boundary. X

Next, let ug € X, ex(M) and consider the operator given by
(2.4) Kuy : Xpox (M) = Xy ox(M) 5 v A7 o, Aug)

where for v,w € X, ex(M) the bracket [v, w] = vw — wv denotes the standard commutator of vector fields.
In accordance with the framework outlined in Section 5, we will refer to the operators ad,, : v — —[ug, v]
and v — K, v as the adjoint and coadjoint operators associated to wug respectively. The operator K, is
compact if the fluid is two-dimensional, while it is generally only bounded if the fluid is three-dimensional;
see [18] for further discussion and consequences.
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With this notation, the Euler equations (1.1) can be written in the form
(2.5) OpAu + [u, Au] = 0, divu =0, u || OM.

This equation uniquely determines uw up to harmonic fields.
We are now ready to state our main theorem in the context of ideal hydrodynamics.

Theorem 2.2. Let (M,g) be a Riemannian manifold, possibly with boundary, and let ug € X, x(M) be
a steady solution of the Euler equations (1.1), i.e., [ug, Aug] = 0. If there exists a complex vector field
q=v+iw € CRX, (M), with v,w € X, x(M), and real constants A, o, ( such that
Kupq = —irg,  Ag=aq,  [uo,q] =iCq,
then, defining w = X\ — (, the curve _
Ue(t) = uo +e'q
is a complez-valued solution of the Euler equations (1.1).
Furthermore, the real and imaginary parts

Un(t) = uo + Re(e™™'q) = ug + cos(wt)v — sin(wt)w
and 4
Us(t) = Im(e'™"q) = sin(wt)v + cos(wt)w
are real solutions to the Euler equation (1.1) and its linearization at Uy respectively.
Finally, the real-valued solution Uy is stationary if and only if A = (.

Remark 2.3. In fact, for each field q we have a two-dimensional space of such solutions which corresponds
to the complex span of q. Replacing q with pe’®q for p > 0 and o € R yields the entire set of solutions
generated by q

Ue(t) = ug + pe'“+t=q

Ux(t) = up + Re (pei(Uer)q) = ug + pcos(o + wt)v — psin(c + wt)w

Us(t) = Im (pei(‘”m)q) = psin(o + wt)v + pcos(o + wt)w.
The parameter p governs the size of the perturbation, relative to the fixed steady flow wug, while o gives a
phase. However, we will continue in this section, and indeed largely in Sections 3 and 4, with p = 1 and
o = 0 for simplicity.
Proof of Theorem 2.2. Computing directly, we have

0; AUg = 0 (Auo + aeimq) = jawe@lq
along with
[Ue, AU¢] = [ug + €™'q, Aug + ae'™'q]

= [UO, AUO] + eth (Oé [UOa ‘ﬂ + [qa AUO} ) + €2th [q7 q]

= '™t (ia(q + AKUOq)
— ia(¢ — Ne'™'q
= —iawe'™'q
and hence Ug is a complex-valued solution of the Euler equations (1.1).
Decomposing U = Ux + U5 in 9, AU + [U, AU] = 0 yields
0t AU + [Un, AU] — U3, AU3] = 0, 0: AU + U, AU + [Uz, AU] = 0.

Notice now that Aq = aq implies both Av = av and Aw = aw which gives us AU; = aU;. Hence
[Us, AU;] = 0 and we see that Usx is a real solution of the Euler equations (1.1). Meanwhile the second
equation is precisely the statement that Us satisfies the linearized Euler equations at Usy.
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For the stationarity condition, we can compute directly that
WU = (A = QU3
which completes the proof. X

Remark 2.4. As will be explained in more detail in Section 5, the flow of our solution Ugp and the flow of
the field V (t) = Re (¢"*'q) are related by the equation

’Yst = ’yuo o ’YV
Notice that it may occur that Us; is a non-stationary solution of (1.1), while also having that V' is a stationary

field. In this situation Us; can be interpreted as a trivial solution in a moving frame generated by ug; like
coffee being stirred on a moving train. However, we see that

0V =0 < A=0.

Accordingly, eigenfields q with A = 0 produce solutions that are trivial in this moving-frame sense, whereas
A # 0 yields solutions Uz that are genuinely non-trivial. This corresponds to the importance of vorticity
twisting.

We now turn to the abundance of such solutions. A vector field X € X, ox(M) is said to be a Killing field
if its flow yx acts by isometries. Equivalently, for all u,v € X, ox(M) we have
(2.6) g(VuX,v) + g(u, V,X) = 0.
As we will demonstrate in the appendix, any such field is automatically a steady solution of (1.1), cf. [26].

Remark 2.5. If the vector field ug in Theorem 2.2 is in fact Killing and the complex field q is such that ¢ = 0,
then the corresponding solution Uy is axi-symmetric with respect to ug.

Furthermore, for simplicity in the spectral theory, we have restricted to q € C®X, ex(M), the complexified
L2-orthogonal complement of harmonic fields within divergence-free fields; hence we we will not have o = 0
for non-trivial q. However we note that there exist exact solutions of (1.1) such that Au is steady, but « has
an oscillating harmonic component, cf. Yin et al. [41]. Such dynamics may be interesting in this context.

Our central ingredient is the following.

Proposition 2.6. Let (M, g) be a compact Riemannian manifold, possibly with boundary, and X € X, c(M)
be a Killing field such that AX is also Killing. Then the operators

Kx:q— Kxq, A:q— Aq, adx:q+— —[X,q]
admit a discrete simultaneous eigenbasis of C ® X, cx(M).

In particular, if both X and AX are Killing, then there exists an infinite-dimensional family of q €
C ® X, ex(M) satisfying the hypotheses of Theorem 2.2, with uy = X, and hence an infinite collection of
exact, non-stationary solutions of (1.1). We present the proof in Appendix A.

Theorem 2.7. Let (M,g) be a compact Riemannian manifold, possibly with boundary and denote by
X, (M) those divergence-free vector fields which are tangent to the boundary of M and L?-orthogonal
to harmonic fields.

If there exists a Killing field X € X, ex(M) such that AX is also Killing, where

B {A dim(M) = 2,
curl dim(M) =3,
then there exists infinitely many v, w € X, ex(M) with constants X\, « and ¢ such that
A v, AX] = \w, Av = av, [X,v] = —Cw,
A w, AX] = v, Aw = aw, [X, w] = Cv.
Consequently, for all p > 0 and o € R, we have a real solution of the Euler equations (1.1) given by
(2.7 Un(t) = X + pcos(o + wt)v — psin(c + wt)w

where w =\ — (.
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Proof. From Proposition 2.6, we have an entire basis of complex fields ¢ € C®X,, ox satisfying the assumptions
of Theorem 2.2 with ug = X. Decomposing each as q = v + 1w with v,w € X, ex and recalling the definition
of the operator Ky from (2.4) completes the proof.

X

Remark 2.8. Note that locally we can construct polar coordinates such that X = 9y which in turn induces
a traveling wave type structure on our solutions in the corresponding chart; that is, the dependence on @ is
in terms of (6 —t). It is conceivable however that no such global coordinate 6 exists, depending on whether
the orbits of X are closed and of the same length.

In Sections 3 and 4 we classify, in two and three dimensions respectively, the manifolds admitting Killing
fields X such that AX is also Killing. In each case we provide explicit examples of the resulting solutions.

3. TwO-DIMENSIONAL FLUIDS

For this section we have A = A, the positive-definite Hodge Laplacian on vector fields, cf. (2.2). We begin
by showing, via the Bochner technique, that any surface satisfying the conditions of Theorem 2.2 must have
constant curvature. The proof can also be carried out in local coordinates, but the technique of Bochner
yields a global result more readily. We refer to Petersen [31] for the notation.

Theorem 3.1. Let (M, g) be a two-dimensional Riemannian manifold, possibly with boundary OM. If M
admits a Killing field X whose Hodge Laplacian AX is also Killing, then the sectional curvature of M is
constant.

Proof. The Weitzenbock formula says on any Riemannian manifold that
A(W’) = V*Vo® + Ric(v®), for any v € X(M).
For a Killing field X we have?
Vi,wX = —Rx,w, forall v,we X(M)
and, as a consequence,
AX = 2Ric(X).
If now M is a surface, then Ric = kg, where k is the sectional curvature. So our requirement becomes that
kX is also Killing. Computing
Lixg(v,w) =g(Vy(X),w)+ g(v,Vy (kX))
= k(9(Vo X, w) + 9(v, Vo X)) + g(v(r) X, w) + g(v,w(k) X)
= g(v(k) X, w) + g(v, w(r)X).
This must vanish for any v, w. Taking v = Vk and w = X, we get
|V/<;|§|X|§ + |X(/€)|3 =0.
Hence, k is constant. X
Note that when the fluid domain is a compact surface of constant sectional curvature x, we can express
the metric locally in polar coordinates
g = dr® + s,(r)d6>.
where
sinr k=1,
(3.1) se(r)=4qr k=0,
sinhr k= -1,
and X = 0y is Killing with AX = 2xX.
The following theorem outlines the general scheme for applying Theorem (2.2) in this setting.

3See [31, Proposition 8.1.3.].



EXACT NON-STATIONARY SOLUTIONS OF THE EULER EQUATIONS 7

Theorem 3.2. Let (M, g) be a surface of constant sectional curvature k. The eigenfunctions of the Laplacian
are of the form

wn,m(n 6) = einan,m(r)v Aql)n,m = an,mwn,ma neZme ZZO
and, defining @y m =n (ai—"‘m — 1), the vector field

Fy o (7) nFym(r) .
(3.2) Un(t,r,0) =09+ “on(r) cos (nf + wp, mt) Op + Tonlr) sin (nf + @y mt) Or

solves the Euler equations (1.1).
Furthermore Us; is stationary if and only if @, m = 0.

Proof. Taking the skew-gradient of the Laplace-eigenfunctions, we acquire divergence-free fields

1 ein@

j— L — - J— =
In,m = \Y wmm - S (7") ( a@wmmar + arwn,mae) e (7")

(= inFm(r)0y + F (1))

satisfying
Aqn,m = Op mYn,m-

These are eigenfields of our adjoint

[39a qn,m] = Vlae'(/)n,m = ann,m
and, from (2.4), our coadjoint operator

_ . 2KN
K@gqmm =A 1[qn,m7 Aa@] = —t—(n,m-
n,m
Hence, in the context of Theorem 2.2, we have A, ,, = 26m and Cnym =M.

An,m

Letting @y m = Ap,m — Cuym =1 (ai—“m - 1), the corresponding complex-valued solution of (1.1) is given
by o
Ue(t) = 9 + €= mlqy, .
Taking the real part yields (3.2). X

We now consider some canonical compact constant curvature surfaces.

Example 3.3 (Kelvin Waves on the Flat Disk). Let (D?, gna) be the flat two-dimensional unit disk and
consider the Killing field X = 9y which generates rotation around the origin. Here we have x = 0, and hence
Ady = 0. Consequently, the only admissible value of A in Theorem 2.2 is A = 0. Hence, the solutions we
generate in this setting are trivial in the sense outlined in Remark 2.4.

On the flat unit disk, s, (r) = r and the eigenfunctions of the Laplacian are given by

wn,m(Ta 9) = Jn(ﬂn,mr)emea A¢n,m = ,21,7,L111n,m7 ne Z,m € ZZL

where .J,, is the n*® Bessel function and Bn,m its mt zero. Letting Wn,m = —N, the corresponding solutions

(3.2) are precisely the classical Kelvin waves on the flat unit disk.
In Section 4 we present a three-dimensional analogue of the above where the helical symmetry creates a
twisting effect which generates nontrivial flows, cf. Example 4.13.

On the round sphere, the presence of positive curvature alters the action of the Laplacian on Killing fields,
leading to nontrivial eigenvalues A.

Example 3.4 (Rossby-Haurwitz Waves on the Round Two-Sphere). Let (52, Jround) be the round two-
sphere and consider the Killing field X = 9y which generates equatorial rotation. Here we have Ady = 20y
and, replacing r with the more natural ¢ € [0, 7] denoting the latitudinal parameter, s,(¢) = sin(¢). The
spherical harmonics are given by

wn,m(ev ¢) = Pn,m(COS ¢)ein97 Awn,m = m(m + 1)wn,m7 mc ZZOa n e 7, |n| <m,
where P, ,, is the associated Legendre polynomial with the standard normalization. Letting wy m =
n (ﬁ — 1), the corresponding solutions (3.2) are precisely the Rossby-Haurwitz waves on the round

two-sphere. Furthermore, Uy is stationary if and only if =n, that is, n=0o0r m = 1.

2n
m(m+1)
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The simplest non-stationary example is then n = 1 and m = 2. Here, we get that P; 2(cos ¢) is a multiple
of sin¢gcos¢ and w; 2 = —%. The corresponding solution from (3.2) is given by

(3.3) Un(t,¢,0) = 0 + C;i(éf;) cos (0 - gt) 0 + cos(¢) sin (0 - ;t) 0s

which can be expressed in Cartesian coordinates as the restriction to the sphere of

(34 Un(t) = 1 = (s + sez)cos () = (yen + zea)sin ()

where

e1 = —yO0y + 20y, ey =—20y+y0,, ez=—20,+ 20;.
In Section 4 we present a three-dimensional analogue of these solutions on S3, cf. (4.4).

Finally, we consider the negative curvature case. Note that by Bochner’s theorem (cf. Petersen [31,
Chapter 7]), a closed manifold with negative Ricci curvature admits no nontrivial Killing fields. Hence, our
examples in this setting are restricted to surfaces with boundary. We will focus on the hyperbolic analogue
of the flat disk. In contrast to both the flat and spherical cases, negative curvature reverses the sign of the
Laplacian on rotational Killing fields, yielding a distinct family of Kelvin-type waves on compact domains
in hyperbolic space.

Example 3.5 (Kelvin Waves on a Compact Disk in Hyperbolic Space). Let (H?, gnyp) be standard hyperbolic
space and consider a closed geodesic ball D? given in polar coordinates by {(r,#) | 0 < r < 1} with
Ghyp = dr? + sinh? rd#2. The vector field X = 8y is then Killing and Ady = —29,. The eigenfunctions of the
Laplacian on (D?, gnyp) are given by

q/)n,rrL(Ta 0) = Qn,m(COSh r)einea AT)Z)n,m = an,m'l/)n,m» with Ap.m = i + ﬁz,m’ ne Z> m € Zzl,

where Q1= an is the associated Legendre function® with Br,m such that Qp m,(coshl) =0 and

iBrn,m

\

1
2
2

Qnym

the branch cut chosen so that the function is real on [1, 00). Letting w,, ,», = n ( — 1), the corresponding

solutions (3.2) are a hyperbolic analogue of Rossby-Haurwitz waves.
Lastly, Us is stationary if and only if -2~ = n, that is, n = 0 or @, = 2.

Qnm

4. THREE-DIMENSIONAL FLUIDS

We now consider three-dimensional manifolds, for which the inertia operator is A = curl, cf. (2.3). To
construct examples as in Theorem 2.2, we must understand when a manifold admits a Killing field X whose
vorticity curl X is also Killing. As we will see, the analysis naturally splits into two cases depending on
whether | X, is constant. Independently of the Killing assumption, Arnold’s structure theorem for steady
Euler flows [3, Section II.1] implies that away from singular sets either curl X = fX for some function f or
the flow lines lie on invariant two-dimensional tori. When both X and curl X are Killing, this dichotomy
becomes geometrically rigid. The following lemma provides the key rigidity input.

Proposition 4.1. Let (M, g) be a three-dimensional compact connected Riemannian manifold, possibly with
boundary. If X and curl X are both Killing fields, then g(X,curl X) is constant. Consequently, if curl X =
fX, then both | X|, and f are constant.

While the proof of the above can be carried out locally in coordinates, a global formulation requires
intrinsic, coordinate-free computations involving the Levi-Civita connection. We defer this to the Appendix.

Hence, as mentioned above, Proposition 4.1 reduces our analysis to two geometrically distinct situations.

If curl X is everywhere parallel to X, then curl X = aX for some constant «, and X has constant length.
This is the strong Beltrami case, studied in Section 4.1, where the manifold is a circle bundle over a Riemann
surface with arbitrary geometry.

4For details on these eigenfunctions, see [37].
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If curl X is not parallel to X, then the flow falls into the toroidal case described by Arnold’s theorem. In
the compact non-singular setting this leads to a torus-bundle structure, and the additional requirement that
curl X be Killing imposes strong restrictions on the metric. This case is analyzed in Section 4.2.

4.1. Circle Bundles over a Surface. Here we consider the situation where X is a Killing field on a compact
orientable three-dimensional manifold (M, g) for which curl X is also a Killing field that is everywhere parallel
to X. Proposition 4.1 shows that in fact X must be nowhere zero and of constant length. It is possible that
such a Killing field could be irregular, such as X = a8, + b9, + ¢, on the flat torus T3, with AX = 0;
if the coefficient ratios are irrational, the orbits of X can be dense. The structure theory is simpler if we
assume X is regular, with closed orbits all of the same length, so that we have a circle bundle over a compact
orientable surface ¥ with some integer Euler class.

If the Euler class is zero, the bundle is trivial, and M = ¥ x S! with the product Riemannian metric.
In this case X is a parallel field (since it is both Killing and harmonic), so that A = 0 in Theorem 2.2 and
the time dependence is essentially trivial (the action by translation in the S! variable which does not twist
anything, as in Remark 2.4). To get genuinely nontrivial time dependence, we need nonzero Euler class.

We will first describe the general classification of circle bundles over compact manifolds admitting Killing
fields that are also curl eigenfields in Section 4.1. Using tools from contact geometry we show that for an
arbitrary Riemann surface ¥ and an arbitrary nonzero integer, there is a circle bundle M with this structure.
In Section 4.1.2, we begin with Example 4.4 where we consider the Hopf-fibration of S% over S? and give
explicit formulas for exact non-steady solutions of (1.1) in this setting. We then extend the Chandrasekhar-
Kendall construction of curl eigenfields on any three-dimensional manifold with this structure, in terms of
eigenfunctions of the Laplacian on M. We conclude by discussing the flat and negatively curved analogues.

4.1.1. Geometric theory of circle bundles. Here we will show that given a unit length Killing vector field X
which is also a curl eigenfield on a compact 3-manifold and has periodic orbits all of length 27, we get a
Sasakian contact structure which automatically gives a Boothby-Wang circle fibration over a surface. All
such structures are classified by the Euler class of the bundle, and the geometry on the surface is arbitrary.
We refer to [7] and [20] for details on the Boothby-Wang fibration and the definitions of Sasakian manifolds,
and to [28] and [30] for the relationship to curl eigenfields.

Theorem 4.2. Suppose M is a compact oriented Riemannian 3-manifold and that X is a unit-length Killing
vector field on M with orbits that all have length 27, such that curl X = 2eX for some nonzero ¢ € R. Then
there is a Boothby-Wang fibration over a compact oriented surface 7: M — X with some nonzero Euler class
k € Z, with T a Riemannian submersion, and tk = eArea(X).

Conversely given a compact oriented surface ¥ with any Riemannian metric and any nonzero integer k,
there is a compact oriented 3-manifold M, a map 7: M — X, and a contact form n on M such that T is a
Riemannian submersion, w is the connection 1-form of the bundle, the Reeb field X = nt is unit-length and
Killing with orbits of length 27, and curl X = 2eX for ¢ = nk/Area(X).

Proof. First suppose M has a unit-length curl eigenfield X which is also Killing. If we had ¢ = 1, then M
would be a Sasakian manifold with contact form X° and associated Riemannian metric, with X the Reeb
field. Since € is nonzero, we can change its sign to positive (if needed) by flipping the orientation of M,
and change its magnitude by rescaling the metric. If we do this, then the fact that X has orbits all of the
same length means that it is a regular Reeb field, and the Boothby-Wang theorem [7] shows that M must
be a circle fibration over a compact oriented surface ¥, with X” as the connection 1-form and dX° = 7*Q
for a 2-form satisfying [, Q = 27k. Furthermore the projection 7 is a Riemannian submersion (this is true
regardless of the rescaling). In addition the fact that curl X = 2¢X means that dX° = 2 xX”, while X" is
the horizontal area form 7*dAsy; thus Q = 2e dAy;, and we see that 7k = eArea(X).

For the converse, we can take any compact, oriented surface ¥ with a given Riemannian metric and
corresponding area 2-form dAy. Choose a nonzero integer k, and choose the symplectic form on X to be
Q = 2edAy, for a constant € so that fz Q = 27wk. Then Boothby-Wang also demonstrated that there is a
contact manifold M and a circle fibration 7: M — ¥ such that the contact form 7 on M is the connection
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1-form of the bundle, with dn = Q. Define the Riemannian metric on M by

g =1 @n+Tgs,
which is automatically a Riemannian submersion. Let X = 5 be the Reeb field of 7. Then X is unit and a
Killing field under the new metric and has 27-periods by construction, and the condition dn = Q2 = 2e xn
translates into X being a curl eigenfield. X

Remark 4.3. More explicitly, we can choose geodesic polar coordinates on X so that the metric is given by
gs = dr? + h(r,0)? do?. Then the area form is dAsx, = h(r,0) dr A do, and a 1-form 7 on M with the desired
properties is given locally by

n=d0 — 2ef, dr + 2¢f.do

with f solving the Laplace equation f,. + f,o = h(r,c). The metric then takes the Kaluza-Klein form
ds* = (d6 — 2¢f, dr + 2¢f, d0)2 +dr? + (frr + foo)? do?,

with freedom to specify the nonzero parameter € and the function f arbitrarily in a neighborhood.

For example, choosing ¢ so that ¢, (r, o) = 2s,(5)?, makes ¢,.(r,0) = 5,(r), in terms of the generalized
trigonometric functions s,, from (3.1). The metric is then given locally by

ds® = (df + 25, (%)? do)2 +dr? + s,.(r)? do?.

This is precisely the metric given in [23] in Corollary 6.11, describing Hopf-like fibrations of left-invariant
metrics on one of the Lie groups SO3(R), the Heisenberg group, or SLs(R) over the respective surfaces of
constant curvature k. There the scaling was chosen so that € = %
4.1.2. Curl eigenfields in a circle bundle. To obtain non-steady solutions of the Euler equations (1.1) in this
context via Theorem 2.2, we need to solve the equations

(4.1) [curl X, q] = A curlq, curlq = aq, [X,q] = i(q,
which, when curl X = 2¢X, and ( = n an integer, reduces to solving
(4.2) cwlg=oaq,  [X,q] =ing,

2ne

and using A = <2<,

We begin with the case of the round three-sphere, where a convenient basis of curl eigenfields is already
known.

Example 4.4 (Generalized Rossby-Haurwitz Waves on the Round Three-Sphere). The Hopf fibration is the
most well-known nontrivial circle bundle, mapping S® to S2. Given the Hopf fields

e1 = —yO0y + 0y — w0, + 20y,
ey = —205 + w0y + 20, — YOy,
es = —w0y — 20y + Y0, + x0,.

we borrow a basis of curl eigenfields from [6, Appendix A] which is convenient for our purposes. In particular,

ook oo k—1
CoXx.«=JUJ&a vl U#
k=0m=0 k=2m=1
such that for £ > 1 if q € & then curlq = (k + 2)v and [q,e1] = —i(2m — k)q. Hence, for q € £, in the
context of Theorem 2.2, letting ug = e;, we have
2(2m — k
Keq= —i%q, curlg = (k+2)q,  [e1,q] =i(2m — k)q.

Note that corresponding solutions of the Euler equations generated by these basis elements are stationary® if
and only if wy, ., = (2m—k) (%ﬁ — 1) = 0. That is, if m = % Hence, the simplest non-stationary solutions

come from setting £ = 1 and m = 0, which gives w; ¢ = % We briefly recall the construction of the basis.

5The solutions generated by the elements of 58 are all stationary.
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Identifying R* ~ C? we introduce complex coordinates
a=2x+1y, a=ux—1y, B =z+iw, B=z—iw
and define the family of homogeneous polynomials in the formal variables z1, z5
F'(a,a, B, B)(21,22) = (az1 + Bza)™(—Bz1 + aze)F ™™,
for integer k > 0 and 0 < m < k along with, for 0 < j <k, the implicitly defined Q}’; (a, @, 8, 8) given by
k

(4.3) an(a7@7575)(31a22) = ZQZ}'(OQ@vaB)Z{zg_j'

The @y are eigenfunctions of the Laplacian on S3 with eigenvalues k(k + 2).
The simplest basis element® from &£ is
vi1a = Q11 (e2 —ie3) = (x — iy)(ea — ie3)

and the corresponding real solution is the restriction to S of

t . t
(4.4) Un(t) = e1 + (re2 — yes) cos (3> + (yez + xeg) sin (3>
which, as noted before, is of a similar spirit to the two-dimensional Rossby-Haurwitz waves given in (3.4).

We now outline a recipe for constructing fields on manifolds of the type described in Theorem 4.2 satisfying
the conditions (4.2)—and thus the assumptions of Theorem 2.2—from eigenfunctions of the Laplacian. It
is a generalization of the Chandrasekhar-Kendall [10] construction and may be viewed as a converse to
Proposition 1 in [30], where it is shown that (in our notation) if q is a curl eigenfield with eigenvalue «, then
g(X,q) is a Laplacian eigenfunction with eigenvalue 6% = a(a — 2¢).

Lemma 4.5. Let (M, g) be a three-dimensional Riemannian manifold which admits a Killing field X such
that curl X = 2eX for some e € R. If f is a complex-valued function on M with constants 6 > 0 and ( € R
such that

(4.5) Af =d%f, X(f)=1icf,
then, letting a4 = € & V€2 + 62, the vector fields
g =i fX + sV x X +i(Vf

are curl eigenfields on M with eigenvalues o4 .
Furthermore, any such q4+ yields an exact solution of the Euler equations (1.1) via Theorem 2.2.

Proof. For any f satisfying the assumptions of (4.5), consider the vector fields

(4.6) Ey=fX, Ey=Vf x X, E3 =Vf.

Taking the curl of these fields yields
curl(By) =Vf x X + feurl X = 2¢F; + Es
curl(By) = (div X)Vf + (Af)X + [X,Vf] = 82 fX +i(Vf = 6*F, +i(F;3
curl(Es) = 0.

where we have used the fact that div X = 0 and that, since X is a Killing field, its action on functions
commutes with the gradient, giving [X, V f] = VX(f). Hence curl on the span of these vector fields is given
by the matrix

2¢ 62 0
curl [gpange,y =1 0 0],
0 ¢ O
whose eigenvalues are o+ and 0 with corresponding eigenvectors q+ and Fs5 respectively. X

63ee [6, Appendix A] for the definitions of the basis elements.
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Remark 4.6. Note that the existence of f satisfying (4.5) comes from the fact that X is a Killing field and
hence commutes with the Laplacian. Hence, we can find an L? basis of simultaneous eigenfunctions. Each
one generates an exact solution of the three-dimensional Euler equations via Theorem 2.2.

Armed with this, we now consider the flat and negatively curved analogues of Example 4.4.

Example 4.7 (The Heisenberg Manifold). The Heisenberg group is the space of upper-triangular 3 x 3
matrices with 1 on the diagonal, which is homeomorphic to R?. The set of such matrices with integer entries
is a discrete subgroup, and the quotient is a compact 3-manifold called the Heisenberg manifold. It is a circle
bundle over the flat torus T?. Eigenfunctions of the Laplacian can be worked out as in Tolimieri [38] using
Hermite functions, and from these one could construct curl eigenfields in order to obtain explicit solutions.
The formulas involve infinite sums, however, and are not nearly as elementary as in the case of the 3-sphere,
so we will not discuss them further here, although the interested reader could calculate them.

Example 4.8 (Hyperbolic Circle Bundles). Let ¥ be a compact orientable surface of genus g > 2. By
uniformization, ¥ admits a metric of constant curvature —1, realized as a quotient of the hyperbolic plane
by a discrete group of Mobius transformations. In their study of the fast dynamo problem, Arnold and
Khesin [3, Chapter V.4.D] illustrated that the unit tangent bundle of such a surface is a nontrivial circle
bundle of the type appearing in Theorem 4.2, and carries natural curl eigenfields arising from this geometry.
The same geometry gives examples that fit here, although the eigenfunctions of the Laplacian are harder
to compute explicitly. The Euler class k£ from Theorem 4.2 for a unit tangent bundle happens to coincide
with the Euler characteristic, so k = x(X) = 2 — 2¢g. The area of ¥ is given by the Gauss-Bonnet theorem
as Area(X) = —27x(X) = 4n(g — 1). Thus the curl eigenvalue is 2¢ = —1. We refer the interested reader
to [3] for details of the geometric construction. Note lastly that this construction also works over S?, giving
the bundle with Euler class k = 2, but it does not work on T? since the unit circle bundle is T3, which is a
trivial bundle.

4.2. Torus Bundles over an Interval. We now consider the second geometric situation from Section 4,
in which the Killing field X and its vorticity w = curl X are not everywhere parallel; and hence are linearly
independent on an open set. In this case Arnold’s structure theorem suggests a toroidal organization of the
flow, and the geometry is naturally expressed in coordinates adapted to the commuting fields X and w. Our
first goal is to determine the local form of the metric under the additional assumption that both fields are
Killing. We then use this structure to construct explicit curl eigenfields and corresponding non-steady Euler
solutions.

4.2.1. The form of the metric.

Theorem 4.9. Let (M, g) be an oriented Riemannian 3-manifold. If there is a Killing field X such that
w = curl X is also Killing, and {X,w} are linearly independent in some neighborhood, then there exist local
oriented coordinates (r,0,z), a constant ¢ and a positive function @ such that the metric is given by

¢ 2 1N2 7.2
(4.7) ds? = dr +(<p(r)d0+mdz) + o (r)2dz

with X = 0y and w = 20,.

Proof. In any neighborhood where X and w are linearly independent, they commute by (A.8), so we may
choose coordinates (6,z) such that X = Jp and w = 20,, where the normalization of w is chosen for
convenience. By formula (A.6), the function |X|2 is not constant in this neighborhood. Let ¥ be a regular
level surface of |X|,. Since X and w are linearly independent, the vector field X X w is nowhere vanishing
and orthogonal to both. We define a coordinate r by taking unit-speed geodesics orthogonal to ¥ in the
direction of X x w. By construction,

g(arvar) = 1> v&,.ar = 07
cf. Petersen [31, Section 5.6]. We claim that g(0,, X) = ¢(0,,w) = 0. Indeed,
ar(g(ara X)) = g(vara7"7 X) +9(0r, varX)'
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The first term vanishes since Vj, 9, = 0, and the second vanishes because X is Killing. Since g(9,,X) =0
along ¥, it follows that g(9,, X) = 0. The same argument applies to w. Hence

9(0r,99) = g(0r,0:) = 0.

By Proposition 4.1, the quantity g(9p, d,) is constant; denote it by ¢. Since the metric is invariant under
both Killing fields, its coefficients depend only on r. It follows that the metric can be written in the form

o(r)

for positive functions ¢(r) and ¢(r). An orthonormal basis of 1-forms is given by

2
ds® = dr® + (go(r)d@ + dz) +¢(r)%d2?,

V=dr, & =o(r)dd+ ﬁ dz, & =¢(r)dz.
We compute
X0 =0 = o(r)?do + cdz = o(r) €2,
and hence
dX" = 2p(r)¢' () dr A df.
Expressing this in the orthonormal coframe gives
c
dX" =2¢'(r) <§1 ANE+ 2()s () &N fl> )

so that
*dX" = 24/ (r (§3 < 52) .
DS Lo
On the other hand,

b b 3 € 2
w =20 :2<§(7’)§ +§)
: o(r)
Comparing «dX’ = w” yields ¢(r) = ¢’(r), and substituting this into the metric gives (4.7).
Conversely, for any constant ¢ and positive function ¢, the vector field 9y is Killing, as the metric com-
ponents are independent of §. We can then compute that curl(9y) = 29, which, since the metric coefficients
are also independent of z, is a linearly independent Killing field. This completes the proof. X

Remark 4.10. Although we have curl 9y = 2 0,, the curl of 0, is not so simple:
2 "
(4.8) curl9, = 2( c i 7 (r)) 0
p(r)t ()

In the special case where ¢ = 0 and ¢(r) = s,(r) as in (3.1), this metric becomes

ds® = dr? + s5,.(r)? d6? + s..(r)* d2?,

which is the standard constant curvature metric in polar coordinates for x € {1,0,—1} on S® R3, or
hyperbolic 3-space. Here the Killing field is the usual axisymmetric rotation dy, which vanishes along the
curve r = 0. In this case we have curl 99 = 20, while curl 9, = 2k0y. When x = 1 on the 3-sphere, we see
that 0y + 9, is exactly the Hopf field from Example 4.4. Hence the formulas here may be used to obtain new
solutions analogous to the ones presented there.

Remark 4.11. The metric (4.7) has volume form dV = ¢(r)¢'(r) dr A df A dz regardless of c. If we define
n = ¢(r)?dh + cdz, then we can compute

nAdn=2co(r)e' (r)dr NdO A dz = 2cdV,
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so that for ¢ # 0 we have a contact form. The corresponding Reeb field is € = ¢! 8,, which has squared

length W/(T)Q. In the special case p(r) = r and ¢ = 1, the Reeb field is Killing and unit length, so we have a

c2
Sasakian geometry. The scalar curvature of the metric (4.7) in general is given by

20" (r) 4" (r) 2c?

o'(r)  elr) @)t
from which we see that the parameter ¢ genuinely changes the geometry, even in the special case ¢(r) = r.
For (r) = sinr we get R = 6 — 2¢? csc* r, showing that in general we cannot expect to make this metric
well-defined at a point where ¢(r) = 0; hence it will typically only make sense on a non-compact manifold

or a manifold with boundary. We do not know if there is any closed 3-manifold that admits such a geometry
with ¢ # 0.

R=—

4.2.2. Curl eigenfields in a torus bundle. We now study the geometry of the c-metric (4.7), and construct
solutions to the Euler equations (1.1) in this geometry via Theorem 2.2. For concreteness suppose that 6 and
z are both 2m-periodic, so that X = 0y and wy = 20, span a torus for each fixed r with closed trajectories,
and assume M is a solid torus bounded by €1 < r < g5 with both ¢(r) and ¢’ (r) positive everywhere (which
avoids potential singularities where either vanishes).

The following construction is similar to that of the curl eigenfields in Appendix C of [29], on the flat solid
torus (with ¢ =0 and ¢(r) = r). Note that we cannot use the technique of Lemma 4.5 here, since although
curl (9p) = 29, by our definitions, the curl of 9, does not simplify, cf. (4.8). In particular we would in
general not get a finite-dimensional subspace by repeatedly taking curls. Therefore the computations need
to be done directly as in the proof of Theorem 4.9. The details of the proof are presented in Appendix A.

Theorem 4.12. Consider the three-dimensional manifold [e1,e2] x T? with metric (4.7). For m,n € Z, let
a and b solve the Sturm-Liouville type system

49 g () =n (m - 25 ar) + (@)~ i)t
(4.10) ap(r)e (M (r) = <2ca g;’((:))z + (m - ‘PE:P) - 01290’(7“)2) a(r) —n (m - SOZ})Q) b(r),

with boundary conditions
cn cn

(4.11) nb(e1) — <m - W) ale1) = nb(ez) — (m - W) ales) =0,

the constant o implicitly defined and f given by
nb(r) — (m — ﬁ)a(r)

0= o)
Then the complex fields
_ einGeimz if(r a(r) b(’/’) _ C
(4.12) q(r,6,2) = ( J)0e+ 255 00+ s ( S0t az))

are curl-eigenfields satisfying the conditions of Theorem 2.2 with
2m )
Kayq=—i-—d, culg=aq, [, q] = ing.
In the simplest case, the curl eigenfields reduce to Chandrasekhar-Kendall modes on the cylinder.

Example 4.13. On the solid torus D? x S!, with the standard flat metric ds? = dr? + r?df? + dz>
corresponding to ¢ = 0 and ¢(r) = r in (4.7), with €; = 0 and €2 = 1, we can see that b satisfies the Bessel
equation

b (r) + %b’(r) + <a2 —m? - T—2>b(r) =0.
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The solution is
(4.13) b(r) = —B%J,(Br), a(r) = BarJ! (Br) +nmd,(Br), o =p%+m?,
with 8 chosen so that
MBI, (8) + na Ju(8) = 0.
The corresponding curl eigenfield (4.12) is precisely the Chandrasekhar-Kendall [10] field on the cylinder
o(r,0,z) = enfeim= (z nb(r) - mar) 5 + a@ o + b(r) az>.

r

Hence the corresponding solution of the 3D Euler equation from Theorem 2.2, with A = <2 is given by
U(t) = 9y + psin (mz + nb + wt) (mBJ,,(Br) + 2= J,(Br)) Oy
+ pcos (mz + nb + wt) (% (aﬁ’rjf (Br) + nm.J, (Br)) g — B2 T (Br) 0 )

for any constant p > 0, with w = 277” — n. Kelvin originally derived these solutions in 1880 as solutions to

the linearized Euler equation (i.e., valid only approximately for small p), and Dritschel [15] observed that
they also solve the nonlinear Euler equation for any p.

We now show what happens in the twisted case where ¢ # 0, with the same simple metric ¢(r) = r.

Example 4.14. Choose ¢(r) = r in (4.7) with ¢ # 0 and 0 < €1 < e53. For n = 0 and m € N, the system
(4.9)—(4.11) becomes

a'(r) = arb(r)
R e

with boundary conditions g(1) = g(e2) =0 and arf(r) = —ma(r). Eliminating b, we get
a

a’(r) = ) + (r +m? — a2> a(r), g(e1) = g(e2) = 0.

r

20a( )

r

Solutions are given via Bessel functions:
a(r) = eyrdy, (kr) + cory, (kr), E* = a® —m?, V%= 2ac+ 1,
and there are nontrivial solutions vanishing at r = ¢; and r = ¢4 if and only if
Ju(ke1)Y, (keo) — J,(kea)Y, (ker) = 0.

This becomes an equation to solve for the curl eigenvalue a, given m and c.

For example if ¢ = —1—0 and m = 1 with 1 = —” and €5 = 27, then a = g works, since then k = Z and

v = 3, so that the Bessel functions become elementary The corresponding solutions are multiples of

1
2
flr)y=—4r~ 1/2 COS(3T) a(r) = 5rl/2 cos(?jf), b(r) = —=3r" 1/2 sm( L) + 21~ 3/2 cos(?’r)

8

Combining Theorem 4.12 and Theorem 2.2 to get A\ = 27 =z,

we conclude that for any p > 0,
u(t) = dp + 4pr—/?sin (z 4 8t) cos (37) O, + 5pr™~ 3/2 cos (z 4 8t) cos (31) Oy
+pcos(z+%t)(—3r‘ /2 sm( )—|—27“ 3/2 cos( ))(8 + lO'r 8)
is a non-steady solution of the 3D Euler equation on the solid torus [%’r, 27] x T? in the geometry

ds® = dr? 4+ r? (d9 103TQ dz) + dz>.

This is probably the simplest explicit solution one could write down in such a geometry; for other values
with n = 0 we would get solutions in terms of Bessel functions, while for n # 0 (corresponding to solutions
that are not axially symmetric), the ODE is much more complicated, though still in principle solvable.
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5. THE EULER-ARNOLD FRAMEWORK AND GERNERALIZED CORIOLIS FORCE

The purpose of this section is to motivate Theorem 2.2 and exhibit it as an application of a more general
correspondence between Euler-Arnold dynamics and a class of modified equations incorporating a generalized
Coriolis force.

As recalled in the introduction, the geometric approach to hydrodynamics initiated by Arnold [2] models
the configuration space of an ideal fluid as the Lie group of volume-preserving diffeomorphisms. This group
is endowed with a right-invariant Riemannian metric obtained by equipping its Lie algebra—the space of
divergence-free vector fields—with the L? inner product corresponding to kinetic energy. When reduced to
the Lie algebra, the associated geodesic equation coincides with the Euler equations of ideal hydrodynam-
ics (1.1). While this framework motivates our results, we now work in a more general setting.

Let ¢ be a Lie group with Lie algebra g and identity element e. For o € ¢, define the right and left
translations

Ry(§) =&o0,  Lo(§) =00&
The adjoint action of ¢ on g is defined by
Adyv=dsRs-1deLsv,

and the adjoint action of g on itself is given, for u € g, by

adu v = Ada(t) v,

dt|,_,

where o(t) is any smooth curve in ¢ with ¢(0) = e and ¢(0) = w.
If g is equipped with an inner product (-,-) we may extend this via right-translation to a Riemannian
metric on ¢ by

(5.1) (U, V) = (deR;'U, d.R;1V), UVveT,9.
We assume that this metric admits a well-defined Riemannian exponential map
exp,: U Cg—Y

that is a diffeomorphism from a neighborhood of 0 € g onto a neighborhood of e € ¢.
The corresponding coadjoint operators are defined by

(AdG u,v) = (u, Ad, v), (ad’, v, w) = (v,ad, w), o €Y, u,v,w € g.

Remark 5.1. Note that for fixed v € g the operator u + ad} v is skew-adjoint with respect to (-,-) and
therefore has purely imaginary spectrum on the complexified Lie algebra C ® g. This observation will play
a key role in the later construction of solutions.

With these definitions, the geodesic equation on ¢, when reduced to the Lie algebra, takes the form

Owu = —ad’y u,
(5.2) u=(d.R,)""7,
u(0) = uyg,

where v(t) = exp, (tug) is the unique geodesic satistying v(0) = e and 4(0) = ug. Equations of the form (5.2)
are known as Euler—Arnold equations and imply the conservation law

(5.3) Adfy(t) u(t) = Ug.

We now introduce the main correspondence underlying our construction of solutions. While the formula-
tion may at first appear somewhat ad hoc, it will later be motivated by a natural perturbative argument.
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Theorem 5.2. Let ¥ be a Lie group with Lie algebra g, equipped with a right-invariant metric {-,-) admitting
a smooth Riemannian exponential map exp,: U C g — ¢ that is a diffeomorphism from a neighborhood of
0 € g onto a neighborhood of e € 4. Let X € g be such that

(5.4) ady = —adyx

and denote its flow by vx. Then a curve in g given by

(5.5) Ut) =X +Ad, ) V(1)

solves the Euler-Arnold equations (5.2) if and only if the field V (t) solves
(5.6) 0V =—ad}y V —ady X.

Moreover, U is stationary if and only if
(5.7) OV =ad% V.

Remark 5.3. The correspondence in Theorem 5.2 shows that the Euler-Arnold equation (5.2) and the modi-
fied equation (5.6) are equivalent up to a time-dependent change of variables. In particular, solutions of one
system are in one-to-one correspondence with solutions of the other via (5.5). Thus, from a dynamical point
of view, the two equations encode the same information: qualitative and quantitative properties of solutions
(such as existence, regularity, or conserved quantities) may be transferred directly between them. In this
sense, the additional term ad%, X can be interpreted not as introducing genuinely new dynamics, but rather
as expressing the Euler-Arnold equation in a rotating frame generated by X.

Remark 5.4. For ideal hydrodynamics, the condition ad’x = —adx is equivalent to requiring that X be a
Killing field on the fluid domain. In this case, one may verify (at least locally in time) that the flow generated
by U is obtained by composing the flow of V' with the isometric flow generated by X, i.e., v = vx o yv.
On the round two-sphere, taking X = 9y, the term ad} X reduces to the classical Coriolis force —2A~19,V .
This motivates our terminology of a generalized Coriolis force. Related ideas, including a notion of magnetic
force, appear for geodesic motion on central extensions of diffeomorphism groups, cf. [3, 25, 40]. However
here we work directly on the group and interpret the additional terms as arising from a change to a rotating
frame generated by a Killing field.

Before turning to the proof of Theorem 5.2, we record a technical lemma concerning generalized Killing
fields.

Lemma 5.5. Let X € g satisfy ad’x = —adx and denote its flow by vx. Then
(i) X is a steady-state solution of the Euler-Arnold equation (5.2).

(ii) Ad%, (5 X = Ad, ) X = X,
(1ii) ad*Adwxm vAdy oy w = Ad, ) adyw for all v,w € g.
(iv) ad’x Ad, (yv = Ad,, 4 adx v forallv € g.

(v) adt‘*dwxm v X =Ad, yad}, X for allv € g.

Proof. The first assertion follows immediately from ad% X = —adx X = 0. We recall that the adjoint action
Ad satisfies the homomorphism identity
(5.8) Ad, ad, v = adaq, +» Ads v, cEY, uveEg
and, if o(t) is a smooth curve in & with associated velocity d;0(t) = de Ry )u(t), then the derivative of the
adjoint action is given by

d

(5.9) a Adg(t) v = adu(t) Adg(t) v, v Eg.
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Taking adjoints with respect to the right-invariant metric yields the corresponding identities for the
coadjoint action

(5.10) Ad% ad’yg, v = ad’, AdG v, cE€EY, uveg,
and

(5.11) pr Ad* yv = Ad% ) ad’ym v, v E g.
Next, for each v € g, we define the operator

(5.12) Ay(t) = Adip, (10) Adexp, (10) -

In particular, Ax (t) = Ad% ) Ad, (1) and we have

rx(t

d d . .
i AxOv = (Ad% ) Ady 1y v)

dt
= Ad x(t) ad™ Ad (t)U-i-Ad* adX Ad,yX )V
—Ad% (¢ adx Ady v+ Advx (1 adx Ad, (1 v
=0.

Hence, as Ax(0) = Id, we have Ax(t) = Id for all ¢. Combining this with the coadjoint conservation law
(5.3)
AdTYX (t) X - X

yields the second assertion of the lemma.
The remaining assertions follow directly from (5.10), the second assertion and the identity Ax(t) =

With these preparations in place, we now prove Theorem 5.2.

Proof of Theorem 5.2. Suppressing t, we begin by taking a derivative in time of
Ult)y=X+Ad,,V
which gives
oU = Ad,, 0,V +adx Ad,, V.
From Lemma 5.5 we have

adxAd t)V():_adS(AdfyX(t) ()Z—Ad t)&de()

and hence we have
0U = Ad, (atv —ad V).

Note that this immediately gives the stationary condition (5.7). Next, we compute the right-hand side of
the Euler-Arnold equation (5.2)

—adpy U = —adxiad,, v (X +Ad,, V)
=—adx X —ad’x Ad,, V — ad*Ade v X — ad*AdW v Ad,, V.
Noting again that —ad® X = adx X = 0 and using Lemma 5.5 we have
—adyU=—Ad,, (—adkx V —ady X —ad} V).
Combing this with the above, we see that
oU = —adpy U

if and only if
OV = —ady V —ady X

as claimed. X
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We now outline a mechanism for constructing solutions of (5.6), and hence solutions to the Euler—Arnold
equation (5.2). The spectrum of the operator q — ad’y X naturally provides candidates for such solutions.
Since it is skew-adjoint, its eigenvalues are purely imaginary and its eigenvectors generally lie in the com-
plexified Lie algebra. This leads us to consider complex-valued solutions of (5.6). The following theorem
shows that, under a simple algebraic condition, the real part of such a solution again yields a genuine real
solution.

Theorem 5.6. Suppose that for some T > 0 there exist X € g and a curve Q: [0,T) - C® g in the
complezification of the Lie algebra solving (5.6). If Q(t) = V(t) + iW (t) with V(t), W (t) € g such that

(5.13) adly W =0
then V: [0,T) — g is a real-valued solution of (5.6), and hence
(5.14) Ut) = X + Ady iy V(1)

solves the Euler-Arnold equations (5.2). Furthermore
Y(t) = Ady ) W(t)

solves the corresponding linearized equation (5.21) along U(t).
Proof. Taking the real and imaginary parts of

0,Q =—adg Q—adg X
gives
OV =—ady V +adyy W — ady X,
OW =—ady W —ady V — adiy X.

Hence, the condition ad}y W = 0 forces that V is a real solution to (5.6) and the first assertion of the
theorem follows.
For the second, the linearized Euler-Arnold equation” along a solution U is given by

(5.16) Y +ady Y +ady U = 0.
Replacing U = X + Ad,,, V and Y = Ad,, W in the left-hand side above yields
8t(Ad7X W) + adfxq_AdWX \% Ad,yX W + ad’};dwx % (X + Ad’vx V)
= Ad,, ;W +adx Ad,, W +ad’x Ad,, W
—+ adfgdwx v Ad,yX W + adldvx w X + adldw w Ad,yx 1%
= Ad,, (875W +ady W +adw V + adiy X)

where again we have used the fact that ad%y = —adx and Lemma 5.5. In light of (5.15), we see that
Y = Ad,, W indeed satisfies (5.16) with initial condition Y (0) = W (0). X

(5.15)

We now show how an eigenfield of the map q — adjy X can be converted into a real solution of the
Euler—Arnold equation. This result is the main algebraic ingredient in the explicit constructions presented
in Sections 3 and 4.

Theorem 5.7. Let X € g with adx = —adx. If there exists q € C® g and \ € R such that
adg X = —iNg, and adgq=0,
then, for p > 0 and o € R, the curve

(5.17) Q(t) = pelm g
defines a complex-valued solution of (5.6). Moreover, if ¢ = v + iw, with v,w € g and
adh, w =0

TA derivation of this can be found in [27], however we rederive this during our perturbative argument later on.
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then the curves
U(t) = X + pAd, (1) (cos(o + At)v — sin(o + At)w)
and
Y (t) = pAd, (1) (sin(o + At)v + cos(o + At)w)
are real solutions to the Euler-Arnold equation (5.2) and its linearization (5.21) respectively, where again vx
denotes the flow of X.
Lastly, U is stationary if and only if
ad’ q = iAq.
Proof. The fact that Q(t) = pe’®*)q is a complex-valued solution of (5.6) is immediate. Writing Q(t) =
V(t) + iW(t), a direct computation gives
V(t) = p(cos(o + At)v —sin(o + At)w), W (t) = p(sin(o + At)v + cos(o + At)w).
The condition that ady q = 0 tells us that
518 adbv—adl,w=0
(5.18) adfhw+adl,v=0

The additional assumption ad%, w = 0 therefore gives ad’ v = 0. From this we have
adiy () W (t) = p* ( sin®(o 4+ At) ad’, v + sin(o + M) cos(o + M) (ad} w + ad’, v) + cos® (o + At) ad}, w) =0.

which, in light of Theorem 5.6 establishes the first assertion of the theorem.
For the stationarity condition, recall from Theorem 5.2, that U(t) = X + Ad,, V is stationary if and only
if 9;V = ad’x V. We compute the difference directly

OV —adkx V= p( — Asin(o + At)v — Acos(o + At) — cos(o + At) ad’x v + sin(o + At) ad’x w)

= p( —cos(o 4+ At)(ad’x v + Aw) + sin(o + At) (ad’x w — )\v)).
We can the above vanishes if and only if
adxv=—-Xw, and adxw=N\v
which is equivalent to the condition
ad’ q = iAq.
X

Remark 5.8. In order to see Theorem 2.2 as a special instance of Theorem 5.7, note that, in the context of
ideal hydrodynamics,
adyw = A" v, Aw] for v,w € X, ex.

Hence, the condition ady X = —i\q is equivalent to Kxq = —iAq, while Aq = og implies both ad’y q = 0 and
ad’ w = 0. The added assumption of [X,q] = —adx q = i(q integrates to Ad. () q = e~ *q and notably
avoids the need for X to be Killing, although all examples in Sections 3 and 4 fall into this category. Finally,
the stationarity condition ad*y ¢ = iAq in Theorem 5.7 becomes [X, Aq] = iAAq which, under the inertia
eigenvalue condition Aq = aq, is equivalent to [X, q] = iAq. This recovers the condition A = ¢ appearing in
Theorem 2.2.

Remark 5.9. Recall that the flow of U, the real solution of the Euler-Arnold equation (5.2), and the flow of
V', the corresponding real solution to (5.6) are related by the equation
T =9x 0V
We note now that it may occur that U is a non-stationary solution of (5.2), while also having that V is a
stationary solution of (5.6). In this situation U can be interpreted as a trivial solution in a moving frame
generated by X. However, from the above proof, we see that
OV =0 <= A=0.

Accordingly, eigenfields g with A = 0 produce solutions that are trivial in this moving-frame sense, whereas
A # 0 yields solutions U that are genuinely non-trivial.
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We now motivate the preceding construction via a perturbative expansion of the Euler—Arnold equation.
Given ug € g, let v(t) = exp,(tug) denote the corresponding geodesic, which exists on some time interval
[0,T). As before, we define the Eulerian velocity u(t) € g by 0yy(t) = deRyyu(t). We perturb the initial
data by wg € T, and consider the two-parameter family of geodesics

[(t,s) = exp, (t(ug + swp)).
Let U(t, s) € g denote the associated Eulerian velocity, defined by
8t1“(t, 8) = deRF(t,s)U(ta 8)

We assume formally that U admits a power-series expansion in s,
(5.19) Ult,s) =Y Xn(t)s",
n=0

where each X,,(t) is a time-dependent element of g.
Lemma 5.10. The coefficients {X,,(t)} in (5.19) satisfy

dX,
dt

n

+ad%, Xuok =0,
k=0

(5.20)

with initial conditions
Xo(t) = u(t), X1(0) = wo, X, (0) =0 forn> 2.

Proof. Substituting the expansion (5.19) into the Euler—Arnold equation (5.2) and using the linearity of ad*
yields

3 d)insn + iiadfxi X; st = 0.

n=0 d i=0 j=0
Reindexing the second sum gives
oo o0 n
dX
Wns" + Z Z ad’, X,k s" =0.
n=0 n=0 k=0

Equating coefficients of s™ yields (5.20). The initial conditions follow from

U(t,0) = u(t), U(0,s) = ug + swo.

For n = 1, equation (5.20) becomes
dX,

(521) W + ad*)(o X1 + ad&l X() = O,

which is precisely the linearized Euler—Arnold equation along u(t) = Xo(¢). As observed in [18], this equation
simplifies under left translation. Accordingly, for n > 0 we define

(5.22) X,(t) = Ad,y(t) Zn(t).
Lemma 5.11. The functions {x,(t)} defined by (5.22) satisfy
A(t)l'o(t) = Ug,

d *
(5.23) (A1) + ad’y, oy uo = 0,
d n—1
%(A(t)in(t)) +ady, @y uo+ Y adh, o A, _k(t) =0, n>2,

k=1
where A(t) := Ad%y) Ady ), with initial conditions
Ady () zo(t) = u(t), 21(0) = wo, 2, (0) =0 forn > 2.
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Proof. Applying Ad% ;) to (5.20) for n > 2 gives

n—1
dX,
AdS =28 o A ad), X, + A% ad’, v+ > AdYad, X, =0.
k=1
Using (5.11), this becomes
n—1
d
(5.24) T (A% X)) + Ad% ad’x, u+ Y Ad%ad, X, =0.
k=1
Substituting X,, = Ad, z,, into (5.24) and applying (5.10) yields
d * * * — * *
p (A% Ady z,) +ad%, Ad%u+ Y adh, Ady Ady z, g = 0.
k=1
Finally, invoking the conservation law (5.3) gives (5.23). X
Recall now that for X Killing we have Ax(¢) = Id, so (5.23) reduces to
o = X,
dx
dTl +ad, X =0,
d
(5.25) % +adh, X + ad%, 21 =0,
d.’ﬂn n—1

—ptads, X+ > ady, 2n k=0, n>3
k=1
with initial conditions
x1(0) = wy, 2,(0) =0 for n > 2.
The simplest nontrivial scenario occurs when the hierarchy truncates after the first-order term, i.e., when
x, = 0 for all n > 2. Remarkably, a sufficient condition for this is ad, #; = 0; indeed, then x3 = 0 and all
higher-order terms vanish inductively. In this case, the system reduces to

To = X7
d.’El *
(5.26) E + adxl X = 0,

ad%y, z1 = 0,
with initial condition
$1(0) = wy.
In this situation, the corresponding Euler—Arnold solution takes the form
U(t) =X+ Ad’yx(t) ml(t),

which is precisely the structure identified in Theorem 5.2.

6. FUTURE DIRECTIONS

There are several natural directions for continuations of this work. The first concerns the rigidity of
the mechanism underlying our constructions. In all of our explicit examples, the steady Euler flow ug and
its image under the inertia operator Aug are both Killing fields. However, it is not clear whether this is
essential. It would be interesting to determine whether this is the only mechanism by which the hypotheses
of Theorem 2.2 can be satisfied, or whether new classes of solutions arise when these assumptions are relaxed.

Closely related to this is the question of which three-dimensional Riemannian manifolds admit Killing fields
whose curl is also Killing. A complete classification would provide a clearer geometric understanding of the
scope of the constructions presented here and may reveal additional families of explicit Euler flows. We note
that complete Killing fields on two-dimensional manifolds (possibly with boundary, possibly noncompact)
have been recently classified by Shimizu [34], who obtained a full description of all topological possibilities.
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A full classification in the three-dimensional case would include circle bundles over manifolds with boundary
as opposed to the boundaryless case considered in Section 4.1, along with the classification of all possible
bundles over a given surface of positive genus in Theorem 4.2. The nonorientable case may also be interesting
to study as in [21]. For torus bundles as in Section 4.2, we considered only trivial bundles over surfaces with
boundary, but we do not have a global picture or know if there are any examples without boundary.

We know that even steady flows can have chaotic trajectories, such as the ABC flows [14] on a 3-torus.
Our solutions are linear time-dependent combinations of steady flows, which in some cases have closed
trajectories. The sinusoidal dependence can create precession and lead to trajectories that fill regions of
space. It would be interesting to see if there can be any closed particle trajectories, or if it is possible
to have all trajectories close at the same time (corresponding to closed geodesics in the volume-preserving
diffeomorphism group).

As noted in Theorem 2.2, the construction yields not only an exact solution of the Euler equations, but
also a particular exact solution of the linearized Euler equation around it, which oscillates in time. However
we do not know any other solutions of the linearized equation, and it is far from clear whether these solutions
are stable in the Eulerian sense. Such questions are difficult even for the Rossby-Haurwitz waves on S2,
and nonlinear stability presents greater challenges [12]; however it is conceivable some simplifications may
happen in highly-symmetric spaces as on S3.

Related to the question of Eulerian stability is the issue of Lagrangian stability, or deviation of particle
paths. The geometric approach is to study growth and boundedness of Jacobi fields along the corresponding
geodesic in the volumorphism group. Similarly one can study conjugate points, where the geodesics meet to
first-order. This project was initiated by Benn [5] for Rossby-Haurwitz waves on S2, who found conjugate
points along most of the corresponding geodesics. It seems likely that on S2 for example there will also be
conjugate points along most of the corresponding geodesics, especially considering that they are much easier
to find in three dimensions than two [32].

Since all our solutions are trigonometric in time, one could view the solutions as an explicit embedding of
harmonic oscillators into non-steady Euler flows. This is analogous to the fact that any finite-dimensional
dynamical system can be embedded into a steady Euler flow in sufficiently high dimension [36] and sometimes
even in three dimensions [8]. Can we get more complicated time dependence of solutions (not just sinusoidal
combinations of three steady flows) by searching in higher-dimensional manifolds? Our inertia operator
approach is specific to two and three dimensions, so we do not have any information about whether such
constructions extend to higher dimensions.

Beyond ideal hydrodynamics, it is natural to ask whether similar ideas can be applied to related nonlinear
systems. In particular, the equations of ideal magnetohydrodynamics in three dimensions admit a formula-
tion closely parallel to that of the Euler equations, with the vorticity equation coupled to the evolution of
a divergence-free magnetic field. This structure suggests that a perturbative or geometric approach analo-
gous to the one developed here may yield explicit, non-stationary solutions of the magnetohydrodynamics
equations as well, as happens for Kelvin modes [15].

One might expect the same method to give explicit solutions of the Navier-Stokes equation on a manifold
in some cases. Here of course the boundary conditions change, so it would likely be easier to find analogues
on compact manifolds without boundary. Here one should take care to use the correct vector Laplacian [9]
on the Riemannian 3-manifold. On an Einstein 3-manifold such as 2, this problem may be tractable.

APPENDIX A. AUXILIARY GEOMETRIC RESULTS

Here we present the proofs of Proposition 2.6, Proposition 4.1 and Theorem 4.12.

A.1. The proof of Proposition 2.6. We begin by establishing a useful symmetry.

Lemma A.1. Let (M, g) be a two- or three-dimensional compact Riemannian manifold, possibly with bound-
ary. For all u,v,w € X, (M) we have

(A1) (A, [o, w]) 2 + (A w, [, u]) g2 = 0.
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Proof. For v € X, ex consider the symmetric bilinear operator given by
‘I]v : xu,ex X xu,ex — R7 (’LL,UI) = <A_1’U/7 [U’ w]>L2 + <.A_1’UJ7 [U’ u]>L2'

We will show that ¥, = 0. By polarization it suffices to show that ¥, vanishes on the diagonal of X, ex XX, ex.

If M is two-dimensional, we can express any u € X, ex as a skew-gradient v = V+4p, for some stream
function v, vanishing on the boundary 0M. Moreover, the commutator of vector fields can be rewritten in
terms of the Poisson bracket as [v,u] = V+{,,1,} which is defined in terms of the Riemannian volume
form p by {ty, ¥y} = dib, A dip,,. Using this we have

%\Dv(u,u) = (A_lu, [v,u]) 2
= (A7 Ve, V{0 }) 2
= /Mg (VLAildjua Vl{wvﬂ/}u}) H-

As the rotation is an isometry, we may replace the skew-gradients with gradients and we have

%\ljv(lh u) = /M g (VA_I’L/)M7 V{wva wu}) o
= [ (v (AT 0T ) + vl

For the divergence term, note that

/ div (A71¢uv{¢va ¢u}),u = / Aild’uv{d}va 1/)u}Lu,UJ
M oM
while for the Poisson bracket term we have

/M Yu{ o, Yudpt = /M Y dipy A dihy, = —% /M d(y2dip,) = _% /OM W2 i,

Both of these vanish on account of the boundary conditions for the stream functions.
For the three-dimensional case we have [v,u] = curl(u x v), where x denotes the usual cross product.
Hence, as curl ™! is L2 self-adjoint, we have

1
ill'v(u,u) = (curl ' u, [v,u]) 2 = (u,u x V)2 = 0.

As an immediate consequence, we obtain the following property of the coadjoint operator, K,,.

Corollary A.2. Let (M,g) be a two- or three-dimensional compact Riemannian manifold, possibly with
boundary. For any ug € X, ex(M), the operator Ky : X ca(M) — Xy ex(M) 5 v = A7 o, Aug) is L? skew
self-adjoint.

We are now ready to construct the basis of complex fields q satisfying the hypothesis of Theorem 2.2.

Proposition A.3 (= Proposition 2.6). Let (M, g) be a Riemannian manifold, possibly with boundary, and
X € X, (M) be a Killing field such that AX is also Killing. Then the operators

Kx:9—~ Kxq, A:q— Aq, adx:q— —[X,q]
admit a discrete simultaneous eigenbasis of C @ X, cx(M).

Proof of Proposition 2.6. From Lemma 2.1 we have the L2-orthogonal decomposition
C® Xpex(M) = P Ex
k=1

where, for each k € Z>1, we have dim(Ey) < oo and Aq = ayq, for all q € Ej,.
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We show that, on each Ej, the operators Kx and adx are skew-adjoint and commute with A and with
each other. It then follows that each Ej admits a simultaneous eigenbasis, yielding the desired decomposition.

We begin with the commutator relations. Note first that Kx = A~ ad4x and that, as both the flows of
X and AX act by isometries, we have [adx, A] = [ad4x,.A] = 0. Next, as the adjoint is a homomorphism
and X is a steady-state solution of (2.5), we have that [adx,ad4x]| = ad;x,4x] = 0. Hence it follows that
[KX, adx] = [Kx,A] =0.

The skew-symmetry of Kx has already been established in Corollary A.2. For adx note that, for all
q € Ey, we have

/g(adxq,q)u:—/ g([X,q],q)MZ/ 9(VeX,q) — g(Vxa,q) p
M M M
2.6

The first term vanishes as X is Killing, cf. (2.6). For the second term we integrate by parts and acquire

/g(adxq,q)uz—%/ Xg(q,q)u
M M

-1 /BM 9(a,9)g(X,v) typ+ L /M(div X)g(a,q) p,

where again v denotes the normal vector to the boundary and p the volume-form. Both terms vanish
pointwise as X is divergence-free and tangent to the boundary. Hence, as in Lemma A.1, we have that the
symmetric bilinear operator

bx : By X By = R, (q1,92) = (q1,adx q2) 72 + (92, adx q1) 12
vanishes identically and the result follows. X
A.2. The proof of Proposition 4.1. We first recall the statement.

Proposition A.4 (= Proposition 4.1). Let (M,g) be a three-dimensional compact connected Riemannian
manifold, possibly with boundary. If X and curl X are both Killing fields, then g(X,curl X) is constant.
Consequently, if curl X = fX, then both |X|, and f are constant.

Proof of Proposition 4.1. Let X(M) denote the space of smooth vector fields on M which are tangent to the
boundary and V the Levi-Civita connection for g. The conditions that X and curl X are Killing can be
expressed as

(A.2) g(Vy X, w)+ g(v,VypX) =0
and
(A.3) g(Vycurl X, w) 4+ g(v, Vy curl X) =0

for all v, w € X(M) respectively. By the definition of the cross product, for all w € X(M), we have
(A4) 9(Veurn x X, w) — g(curl X, V,, X) = g(curl X, curl X x w) = 0.
Combining this with (A.2) with v = curl X immediately gives
Veur1 xX =0
which, by (A.4) yields
(A.5) glcurl X, V,, X) =0

for all w € X(M).
Next, note that®

(A.6) X xcwl X = V|X[2.

8See [23] for example.
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In particular X and curl X are linearly independent on an open set if and only if |X|, is non-constant.
Taking the curl of the left hand side of (A.6) gives

curl (X X CurlX) = Ve xX — Vx curl X + div(curl X)X — div(X) curl X
= Vel xX — Vxcurl X.

Hence, as curl V|X |2 = 0, we have
(A7) Vxcecurl X =VeunxX =0
and, in particular®
(A.8) [X, curl X] = 0.
Now, letting w = X in (A.3) and using (A.5), (A.7) gives that
v(9(X, curl X)) = g(V, X, curl X) + g(X, V, curl X) = g(V, X, curl X) — g(Vx curl X,v) =0

for any v € X(M). Hence ¢g(X, curl X) is constant on M.

Lastly, if curl X = fX for some function f, then by (A.6), we must have that |X|, is constant, and hence

X,eurl X) .
f= % is also constant. X
g

A.3. The proof of Theorem 4.12. We first recall the statement.

Theorem A.5 (= Theorem 4.12). Consider the three-dimensional manifold [e1, 5] x T? with metric (4.7),
which again, for ¢ > 0 and ¢ a positive function, is given by

(r)

For m,n € Z, let a and b solve the Sturm-Liouville type system

2
ds® = dr® + (cp(r)d@ T dz) + ¢ (r)?dz2.
P

p(r)?
/ ’ _ Ca@,(r)Q m — cn 270[2 "r? ) alr)—nm-— o r
ap(r)e! (Y (r) = (2 i e IR ) ) =n (= ) o0

with boundary conditions

ap(r)e' (rad(r)=n (m ) a(r) + (042@(7“)2 — nQ)b(r)

nb(e1) — (m - @((:)2) a(er) = nb(es) — (m - ¢(22)2> a(es) =0,

the constant o implicitly defined and f given by

nb(r) — (m — ﬁ)a(r)
ap(r)¢'(r)

fr) =

Then the complex fields

a(r,6,2) = e (z'fm o, + :((:))2 00 + ;EZ; (- op+ az))

are curl-eigenfields satisfying the conditions of Theorem 2.2 with

2m .
Ky, q= —i—_-4, curlq = ag, [06,4q] = inq.

9As mentioned earlier, this implies that any Killing field is automatically a steady-state solution of (2.5).
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Proof of Theorem 4.12. From the explicit form of the metric, we see that an orthogonal basis of 1-forms is
given by!?

c
(A.9) ol =dr, 0% =df + —— dz, o® =dz,
o(r)?
satisfying
ol =1 %= 1ol = o
T T p(r) )
Applying the Hodge star and the exterior derivative to each yields
/
1 / 2 3 2 ¢(r) 1 5_ () 4 2
xom = p(r)p (r)o* No>, xo°=T—"->0°ANo", *0°= o No“.
(r) ¢'(7)
and ,
2
do! =0, d02:L(Z)03/\017 do® =0
o(r)

respectively. A curl eigenfield will satisfy curl ¢ = aq for some o € R, which is equivalent to writing
dqb =« *qb.
Writing ¢ in Fourier components, we have (since the orbits of dp and 9, both have length 27)
(A.10) @0 = emleimz (if(r)o' +a(r)o® +b(r) o®),
for integers m and n and some purely radial functions f, g, h. We compute that
dq® = e™Veim* (ino® + i(m — PR )o®) A (if(r) ot + a(r) o + b(r) o)
. . . . 2¢c0’
+ ezngezmz (a/(r) 0_1 A 0_2 _ b/(r)03 A Ul) =+ eerzmz cp ((r))f;(r) 0_3 Ao
o(r
_ (inf gimz <(a'(r) +nf(r))o' Ao®+ i(nb(r) —(m— IGE )a(r))UQ A oS+

(i 2D )

1

while the Hodge star formulas lead to
b in imz [ / 2 5 ¢ 3 1, elr) 1 2)
*q =e""e ip(r)e (r)f(r)yo® Ao + a(r)o® No™ + b(ryc" Ao
(w002 1) e )

Matching components then gives

cn

nmm—(m—@wp)wmzammwwvw>

e(r)
EORE
v (r)— M + (m— s;”) fr) = —a ¢'(r)

a(r)+nf(r)=a

r
a(r).
o(r)? (r)? (r)
Using the first equation to solve for f (assuming « is nonzero), we get the system (4.9)—(4.10). Since the
normal derivative at the boundary tori is 0., the condition that g is tangent to the boundary is equivalent
to f(a) = f(b) = 0, which translates into (4.11).
The only thing remaining is to lift ¢° given by (A.10) to a vector field. From the metric (4.7) we have
that
1 1 c
IV — 28 _ 3\ —
N L L O (] Gt )
( O e B
The formula (4.12) then follows directly. X

10Here we use a non-orthonormal basis of 1-forms, unlike in Theorem 4.9, since the do* are simpler with this choice.
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