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Abstract

A set of conditions are given, each equivalent to the constancy of
mean curvature of a surface in H3. It is shown that analogs of these
equivalences exist for surfaces in S, the bounding ideal sphere of H?,
leading to a notion of constant mean curvature at infinity of H3. A
parametrization of all complete constant mean curvature surfaces at
infinity of H? is given by holomorphic quadratic differentials on C, C,
and D.

1 Introduction

Let H? denote the usual hyperbolic 3-space, with the upper half-space model
{(X,Y,T) e R*x Ry} or {(Z,T) € C x R, } and metric line element given
by the expression

_dXP+dY?P4+dT? |dZP? + dT?

(1.1) ds® 2 ™

We will denote the corresponding inner product by {-,-), and note that H?
is a symmetric space with constant sectional curvature —1. There are other
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models of H? which may facilitate calculations or geometric observations,
but for convenience the upper half-space model will be used exclusively.

In various computations throughout the paper we will use the summation
convention implicitly, so that if g;;, h*" € C for i, j,k,l € 1,---,n then g;;h/*
means >, gi;jhi".

This paper concerns an apparently new use of quasiconformal analysis
in surface theory, and a criterion the satisfaction of which is equivalent to a
surface ¥y — H? having constant mean curvature, H(Xy) = c. Briefly:

For a smooth surface ¥, — H?, consider unit speed normal geodesic
flow. This gives a deformation of ¥y in H?, with the image of ¥, under the
flow denoted by ; after time ¢. Let N; : ¥y — ¥; denote this map. For
the moment let us assume that >; is smooth. In this case both >y and >
inherit metrics from H?, and therewith conformal structures. The conformal
deformation by the map N, is measured from a conformal parameter Z on
Yo by the Beltrami differential

o 8ZNt
e = a7\,

(1.2)

on 20.

The space of Beltrami differentials on ¥, is a vector space, and p; is a
point in this space. Thus there is natural a map [—oo,+o00] — (Beltrami
differentials) U{oo} on Xy, where ¢ — p;. (The images of +00 are obtained
from the hyperbolic Gauss maps G4 : ¥g — S2 = 0H3.) As Ny = id, pp = 0,
and the curve of realized Beltrami differentials passes through the origin. It
turns out that H(3,) = ¢ if and only if this curve is a radial segment, i.e.
if and only if there is some Beltrami differential y' so that u; = f(¢)u’ with
[ [—00,4+00] = RU {0} injective.

This is the first point of the paper, and is presented in §5. In §2—4
background is presented to make this precise: normal flow in H?, harmonic
maps between surfaces, the hyperbolic Gauss maps, and several related top-
ics. Much of the background material is a recapitulation of unpublished
results of C. L. Epstein. One consequence of this development is that sev-
eral apparently new characterizations of minimal surfaces are given in the
main theorem (theorem 1) of §5. One example: ¥, is minimal if and only
if this radial segment is symmetric with respect to 0. Though much of the
development herein holds for R? or S3, the treatment is restricted to H?.



The second major point of the paper is that the characterizations of con-
stant mean curvature surfaces in H? (from §5) can be used to give a notion of
constant mean curvature surfaces immersed in S%. A surface ¥, immersed
in S?2_ with constant mean curvature must necessarily satisfy H(X ) = +1.
This is expected: if one considers spheres concentric about x € H?, S,(x) of
radius p, their mean curvatures are 4 coth p, which tend to +1 as p — oo.
Similarly, all horospheres ¥y C H? have H(X) = 41. The development
of the local theory of constant mean curvature surfaces at infinity is found
in §6, the point (theorem 4) of which is to show that theorem 1 holds in
this boundary case. When this boundary equivalence is satisfied we say that
Yo has constant mean curvature at infinity. One example of this equiv-
alence: considering a family {X;};cr of parallel surfaces in H?, as above,
and letting Nioo : Yt — Yo denote the forward Gauss map from >, let
N = (N )" : 81 — X This is a potentially multivalued map. If the
maps N _ are sufficiently nice, we can give ¥, a conformal structure (the
limit of the structures on the ¥; as ¢ — o0). Letting Z now be a complex
parameter on X, ., we look at

07N/
1.3 ;o= 22
( ) :ut aZNtJroo

as a Beltrami differential on ¥, .. The constancy of mean curvature for
¥, ois equivalent to the map ¢t — pu >, given by [—oo,+0c] — (Beltrami
differentials on ¥, . U {c0}), having image on a radial line.

Examples of such surfaces are known. They are precisely the images of
D = {z € C:|z| < 1} by locally univalent maps, up to Mébius transforma-
tion, with the infinitesimal form of the metric on each sheet being the push-
forward of the Poincaré metric on D. The corresponding family of parallel
surfaces >; interpolate between this possibly multisheeted conformal image
of D and a generally not conformal (and often not even smooth) image of D
obtained by a construction of Ahlfors and Weill. These are presented briefly
in §7. In §8 an apparently new class of such surfaces is given, generalizing to
flat structures the above interpolation and the Ahlfors—Weill construction.

Now if ¥ is a complete surface of constant mean curvature, its second fun-
damental form pulls back to its universal cover 3, furnished with a complete
metric. This form splits and gives a holomorphic quadratic differential on 3
which is invariant under the deck transformations of the covering. It is nat-
ural to ask to what extent this quadratic differential, plus the completeness
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condition, characterize the surface Y,. This has been considered by other
authors, and is discussed in the beginning of §9. Much of the motivation
for this paper comes from this question. The essential existence/uniqueness
issues in this setting remain unresolved.

It turns out that for constant mean curvature surfaces at infinity the
second fundamental form again splits and gives a holomorphic quadratic
differential. With notions of both completeness and second fundamental
form for surfaces immersed in S?_ (given in §4), the same sorts of existence
and uniqueness questions as were asked above may be asked in this case.
Here much more satisfactory answers are obtained. A full classification of
complete constant mean curvature surfaces at infinity of H? is established.

To put it simply, the space of complete constant mean curvature surfaces
at infinity of H3, up to ambient isometry, is parametrized by the holomorphic
quadratic differentials on one of S? = C, C, or D. The parametrization
is given by solving the Schwarzian differential equation arising on one of
the given spaces from a given quadratic differential, and one can recover
the quadratic differential by reading off the holomorphic part of the second
fundamental form of our surface at infinity (sense must be made of this).
In this way it is seen that the examples of §7 and 8, plus S as the limit
of a family of concentric spheres in H?, are precisely the complete examples
arising. This terminates the mathematical content of the paper, which is
intended to be relatively self-contained and as such includes some proofs of
known results.

The author thanks Dennis Sullivan for his interest and support as this
paper developed. THES is also thanked for their wonderful hospitality while
the author visited Bures—sur—Yvette. This work also benefitted from the
regular comments of Isaac Chavel and Jézef Dodziuk.

In closing, a special word of thanks is extended to the author’s thesis
adviser, Newton S. Hawley, who died of cancer in early 1988. He was irascible
and witty, feisty and gentle. He was a spellbinding instructor who breathed
life into the content of his lectures. He pursued his interests with unbounded
childlike energy, pulling those who knew him along with him. But most of
all he was the author’s dear friend. This paper is dedicated to his memory.



2 Normal flow

Let ¥y C H? be a smooth, embedded oriented surface patch parametrized by
Q c R?. Let 7 be a continuous unit normal vector field on 3. This induces
a directed geodesic field on %y, with 7, the geodesic in H? passing through
p with 7(p) a unit tangent to 7, at p. Define a positive direction for each v,
using 7i(p), and define the maps N; : g — H? by

(2.1) Ni(p) = exp,(tii(p)),

for p € X.

Denote by ¥, the image NV;(Xg), and henceforth consider N; as a map
from ¥y to ¥;. Note that although the ¥; may not always be manifolds the
singularities occurring in this deformation are rather well understood [14]. In
an unpublished document [7], C. Epstein studied the geometry of the ¥, in
terms of the geometry of 3. The family of {¥;};cr will be called a family of
parallel surfaces, even though some of the >; may be singular or degenerate.
This paper makes liberal use of Epstein’s treatment and, as [7] has not seen
print, some of that work will first be reviewed.

If X7, X5 are standard positively oriented smooth coordinates on 2, and
01, Oy the corresponding unit vector fields on ¥y, the metric on EO induced
by its embedding is denoted by (go),;, With inverse (go)” (go)w . Let V,
denote covariant differentiation on Yy, and V that on H?. The Weingarten
map on g is thus

(2.2) (Ho);- = (go)ik([[0>kj
where
(2.3) (I1o),;; = (V;0;,7) (Vi =Vas,).

is the second fundamental form. .

Note in passing that if kg(p), k3(p) are the two eigenvalues of (11y):(p),
i.e. the principal curvatures of 3y at p, the Gauss and mean curvatures, K (p)
and H(p), are defined by

(p)kg(p) — 1
ko(p) + k5 (p)) = (I 1o)i

Zj(p)7 (IIt> (p), and (IIt);(p) on Xo:
(90);;(p) = ((Ne)«(8i(p)), (Ne)«(9;(p))),
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(I1);;(0) = (9)(0i(p), Vio,7i(p)),
(I1)ip) = (90" ()LL) (p).

These are the pullbacks via NV; to Y of the metric, second fundamental form,
and Weingarten map on >, and they evolve via the differential equations

d(g )z
o
d(I1): 2- .
(2.5) dz(]‘}tt)] = (II),(I1)} -4t
t)iq o
TJ = 4(I1);

which one solves explicitly by

(2.6) (9)i; = (90)s - {(IIO);C sinh ¢ — 4 cosh t}

' : {(Ilo)é. sinh ¢ — 6} cosh t} :

etc. We see that both (g;);; and (11;),; are finite for all time, with (g;),; always
non-negative definite. Furthermore, Epstein shows that the only singularities
in (I1;); arise when (g;),; is degenerate. In doing so, he considers the vector

fields 9; obtained from parallel translation of 0;(0) along the geodesic field,
i.e. 9;(0) = 3;(0) and Vz0; = 0. Then if 9;(0) is a characteristic vector of
I1!(0) corresponding to the i-th characteristic value k, i.e. 9;(0) is one of
the directions of principal curvature, then so is 0; for all t € R and

(2.7) Oi(t) = ;[(1 — ke 4+ (14 ke

It is this equation which tells us how lengths deform under N;, hence how
the geometries of the ¥; evolve.

Note 1. How the ¥,’s may degenerate can be seen from (2.5). This
has been analyzed thoroughly by Epstein. In particular, if ¥y is a smooth
surface patch with directional curvatures k satisfying |kj| < 1 then %, is
smooth for all ¢t € R. If, however, p € ¥, with some directional curvature
ki(p) > 1 then for t > 0, X, is degenerate at ~,(¢) only for ¢t = coth™" k), and
similarly if k{(p) < —1. Thus ¥; can degenerate at 7,(t) only for at most
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two values of ¢. It follows that if in a sufficiently small neighborhood of p the
directional curvatures of >y are bounded away from +1 then 3, are smooth
for || sufficiently large.

At any rate, it will be useful to have at our avail the corresponding ex-
pression in complex notation. Thus if Z = X; +1Xs, and Z = X; —iX,, we
will use the standard notation for complex derivatives

1

5’2 — 5(81—282),
1

07 = (00 +id).

Similarly will V; and Vz denote 3(V,—iV3), and £(V;+iVy), respectively,
etc. These live in the complexified tangent bundle of ¥ and if necessary in
the complexified tangent bundle of either 3, or H?.

At times it will be convenient to write these forms and other geometric
entities on Y; in terms of these complex parameters. To this end we make a
couple of purely formal observations.

If EdX? +2FdX dY + G dY? denotes the symmetric quadratic form
E F
F G
on Y, then the corresponding hermitian form is AdZ? +2BdZ dZ + AdZ?,
1.€.
B A
A B
where A = $(E — 2iF — G), and B = }(F + G). Thus, for example, 4(B? —

AA) = EG — F? tells us how determinants of the real and hermitian forms
are related. Similarly, if the quadratic form is a square, 7.e.

(F&)

in real coordinates, in complex notation it becomes

2
B A
(15)



with A and B as above. In the same fashion the form £ dX 0x +2F (dX Oy +
dY Ox) + G dY Oy becomes, in complex notation, 2AdZ 0z + 2B (dZ 0z +
dZ 8;) +2AdZ 85 with A and B as above.

We will denote by hy, (Ht)é- and (II;);; the hermitian forms of g, (/ [t)é-

and (I1;);; respectively. If we have h = AdZ? +2BdZ dZ + AdZ?, then we
will say A = hzz, B = hy5;, etc., so that

h— hzz hzz
hzz hzz
Finally we note that X, < H? inherits a conformal structure, i.e. a

notion of an infinitesimal circle, via the immersion. In particular, the Gauss
equations for isothermal coordinates (conformal coordinates) on X are

1
g = )\\/m(gnd%-l-gudw)

\V 911922 — 9t d
AV
as is well-known [10, §17]. In &, n—coordinates the metric is ds? = \?(d€? +

dn?). If ¢ = E+in, then the hermitian form £ is, with respect to this complex
parameter, A2 d¢ d(. These coordinates will be used presently.

dn = T2

3 Harmonic maps and the deformation of sur-
faces

This section reviews several phenomena associated with differentiable maps
from a smooth surface (with either a Riemannian or a conformal structure)
into Riemannian manifolds. Most of this is well known, but we recount it here
for the sake of completeness. It will be useful but not required herein to keep
in mind the example of normal flow of surfaces discussed in the preceding
section.

We consider

1. harmonicity of maps from a surface,

2. harmonicity of quadratic differentials, and
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3. quasiconformal deformation and surface maps.

Each of these will be considered in turn.

(1) Harmonic maps. Given Riemannian manifolds (M, gps) and (N, gn)
and a smooth map

f : (M>gM) - (NvgN)’

suppose X; are coordinates on M. By f*(gn) (f*(hy) respectively) will be
meant the quadratic form (hermitian form) which is the pull-back by f of gx
(hy - the Hermitian form corresponding to gy). When f is understood we
will use (gn)* ((hw)*) for f*(gn) (f*(hn) respectively). We let V denote the
metric covariant differentiation on M. This is defined for quadratic forms
[15, ch.6].

The map f is said to be harmonic if and only if
—Vi(ga)? (gn)5; + 2(90)" Vilgn ) = 0
for all k [6, §3]. Since V;(gar)” = 0 we may rewrite this as
(920)7 (= Vi(gn)i; + 2Vilgn)5) = 0.

In the case when M is a surface and g,; is given in conformal parameters,
we have (ga)i; = )\25“ and the equations for harmonicity become

(3.1) —Vilgn)ii +2Vilgn )i, = 0

for k =1,2.
If we rewrite these as

Vi((gn)in — (9n)32) +2Va(gn)is = 0
Va((gn)3e — (gn)11) +2Vi(gn)is = 0

and let Z = X; 4 1Xs, etc., we find that these are the Cauchy—Riemann
equations for (hy)%,, i.e. the above equations are the real and negative
imaginary parts of the expression

VZ(hN)EZ =0.

Thus we have the following standard.
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LEMMA 1. If M is a surface, the map f : (M, gy) — (N, gn) is harmonic
only if the ZZ —part of the induced hermitian form (hy)* is holomorphic.

(2) Harmonic Quadratic Differentials. There are various notions of har-
monicity for tensor fields over manifolds with certain features — like a Rie-
mannian metric or a Kéhler structure, etc. Here we have a conformal metric
and call a symmetric 2-tensor Q = AdZ? +2BdZ dZ + AdZ?, written in
conformal coordinates, a quadratic differential. We will follow Kodaira and
say that () is harmonic if and only if

V2V (AdZ*) +(VzV 5 +V V) (BdZdZ) + V7V 2(AdZ?*) = 0.

The explicit covariant derivatives of quadratic differentials in conformal co-
ordinates are precisely

V,(AdZ?) = 0,AdZ?
(3.2) ViV2(AdZY) = M Oy(AH05A)d2?
Vz(BdZdZ) = M 0z(BA\?)dZdZ

and their conjugates. Thus AdZ? + 2BdZ dZ + AdZ? is harmonic if and
only if

D7 (\"4(95A)) = 9,0,(\2B) = 0.

We sum this up in lemma 2.

LEMMA 2. If Q = AdZ? +2BdZdZ + AdZ? is a harmonic quadratic
differential on (M, g) in conformal coordinates, with the hermitian form of
the metric h given by h = N*|dZ|*, then Oz(A\™*0;A) = 0 and BA\™? is a
harmonic function on M. In particular, if A is holomorphic and B is a
constant multiple of the metric, the quadratic differential is harmonic.

LEMMA 3. Given Q, (M, gy ) as in the preceding lemma, with Q) the hermi-
tian form of the Weingarten map for some isometric immersion M<L>(N, gn)
into a Riemannian manifold N of dimension > 3 then Q) is harmonic if and
only if BA"2 is constant, or equivalently if and only if A is holomorphic.

PROOF: The Codazzi-Mainardi equations for the image of M are Vz(AdZ?) =
Vz(BdZdZ) and its conjugate. Thus the holomorphicity of A is equivalent
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to the constancy of BA~2 and, as noted in the preceding lemma, both imply
the harmonicity of Q).

Now assume () is harmonic. Covariant differentiation of the first Codazzi—
Mainardi equation with respect to Z plus the fact that V;Vz(BdZ dZ) = 0
gives that Vz(BdZ dZ) = c\>dZ dZ where c is globally constant. From
(3.2) we deduce that 9z(BA™?) = ¢. Conjugation gives the conclusion that
07(BA\72) = ¢. Thus BA™2 = ¢Z + ¢Z +d, i.e. is real affine, for any choice
of conformal coordinate, whence ¢ = 0 and V(A dZ?) = Vz(BdZ dZ) = 0.
The lemma follows. O

(8) Quasiconformal Deformations. Let M again be a surface with Rie-
mannian structure and assume we have conformal coordinates thereon. Let
f:(M,gn) — (N,gn) be a map to a general Riemannian manifold N. If
the hermitian form induced by f has the matrix form

33 mr=(25)

then the Beltrami differential of f is easily expressed by the entries of this
matrix. The proof is a straightforward and formal computation.

LEMMA 4. The Beltrami differential of f is p = %.
Assuming (3.3), we make the following definition.

DEFINITION: The Beltrami differential p of f is given by

M:

Q.\ Qi

We will sometimes call this the “conformal deformation” of M by f.

DEFINITION: The space of Beltrami differentials on M will be denoted by
B(M) = F(M) @ T*Y(M) @ T-19(M), where F(M) is the vector space
of measurable functions on M. Similarly we define B*(M) = L>®(M) ®
TN M) QT (M). We give B*(M) the topology inherited from L>(M).

If gar is not given in terms of the conformal structure, one lets

| Bu aum ?
hM_<CYM 5M>
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be the metric hermitian form on M and (hy)* the induced hermitian form
from f of (3.3). It is readily checked that if

< )2 ( >_1 < NN )2 < >_1
a [ ay Bu ay By oy Bu
then

IU/:

Q_\ Qi

Note 2. Tt is important that lemmas 1 and 4 make sense even if N is not a
manifold. All that is necessary is that N carries a symmetric quadratic form
gn so that the expression (gy)* makes sense. We thus make the following
definition.

DEFINITION: The map f : (M, gar) — (N, gn) is said to be harmonic if and
only if Vz(hy)%, = 0. The Beltrami differential of f is given by u = %.

Note 3. The notions of harmonic maps, holomorphic differentials and
conformal deformation are determined by the conformal structure on M,
and up to scalar multiplication of the appropriate quadratic forms.

Lemma 1 and the above definition can be generalized a bit if N is also a
surface.

PROPOSITION 1. Let (M,gy) and (N, gn) be surfaces. Suppose that f :
M — N is a local diffeomorphism. The map f is harmonic if and only if the
ZZ—part of (gn)* is holomorphic on M.

PROOF: Let Z (W) be a conformal parameter on M (N) such that at x € M
(f(x) € N) the metric gy (gn) is given by |[dZ|? (|[dW|?), and the metric
connection vanishes. The rest of the proof now takes place at x € M. The
form |[dW|? on N pulls back to |Wy; dZ + Wz dZ|? = W, W 5 dZ* + (W, Wz +
WyW2)dZ dZ +W;W 3 dZ? on M. The ZZ-part of this is W, W 5.

Now if f is harmonic then W,; = W,; = 0 so that 9;(W;Wy) = 0
as desired. In the other direction, if 9;(W;zW ;) = 0 we suppose Wj; # 0.
Since f is a local diffeomorphism at every point either W or W5 is nonzero.
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We'll assume that W, # 0, as if Wz # 0 the argument will be identical. As
W7 = (Wyz) we have W, ;W + Wz W ,5 = 0 implies

Wz  Wyz

Wy B WZZ

is of unit modulus. The Jacobian of f, [Wy|? — |W|?, must therefore vanish,
contradicting the fact that f is a local diffeomorphism. Thus indeed W, ; =
0. O

This argument is due to Newton Hawley [11].

4 Flow to infinity and envelopes of horospheres

In §2 we introduced for each ¢ € (—o0, +00) a nonnegative definite quadratic
form (g;);; (with inverse (g;)” when extant) such that

(g1)ij = (90)ik [IIlk(O)IIjl.(O) sinh® ¢ — 2[];?(0) sinht cosht + 5;‘? cosh? ].

This is the pullback by N; of the metric on the possibly singular variety
Y. As such we will use g; both for the metric on ¥; and its pullback to
Yo. We may for all t € (—o0, +00) determine whether or not the map N; is
harmonic. As was mentioned in note 3, the harmonicity of N, is determined
by the definition of g; up to a multiplicative constant. Thus if we give ¥; the
metric §; = 4e~2g,, the map N, : $g — (34, G¢), agreeing pointwise with N,
is harmonic precisely when N, is.
We define the maps N, as

Nioo(p) = lim_exp, (tii(p)) € 83,
with 7i(p) as in §2. Similarly for N_,. The metrics g; diverge as t —
400. Thus to consider whether the map N, ,, is harmonic or not it is more
convenient to note that the g; to converge to a limiting quadratic form g,
as t — +o0.

Epstein showed [7] that the limiting metric gy, is nondegenerate if and
only if the map N, is a local diffeomorphism to S?_, or equivalently if and
only if the 3; converge at 400 to a surface immersed in S%. Whether or not
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G100 is degenerate, the (possibly degenerate) surface on which it lives will be
called ¥, ., and we note that

(G1o)ij = lim 4e7*(g0)ij = (g0)ar(I1o); (I1o)} — 2(11o)k + 6%].

We make a similar definition when ¢ — —oo.
This suggests a definition.

DEFINITION: We say that N, is harmonic if and only if the map N+oo :
Y0 — (X400, J1oo), agreeing pointwise with Ny, is harmonic. Similarly for
N_.

Note 4. Epstein [7] has shown that where 3., is nondegenerate, its
conformal structure is precisely that inherited from S?_. This is intuitively
clear as if X, X5 form an orthonormal basis for 7}, then parallel translation
along 7, to N;(p) gives an orthonormal basis for Ty, ) 2:. However if we orient
such an orthonormal basis and project out to S, one of the orientations is
the same as that of S, while the other is different. Our convention will be
to give the X; orientations opposite those induced by H* with normal 7i(p, t)
on ¥ (see §2). Thus ¥, is given an inward pointing normal so that its
orientation is that induced by S? = C. In the same fashion ¥_., inherits an
outward pointing normal so that its orientation is opposite that induced by

s2 =C.

Note 5. In a family of parallel surfaces, there is no natural choice of >.
These families are naturally parametrized by R as a metric space with its
Euclidean metric, not as a vector space. Thus for a different parametrization
of the family 7 =t — t; we have

(Gr=+to0)ij = e (Gt=+00)ij-

We see then that the quadratic form on ¥, is determined up to mul-
tiplication by a positive constant by the family of parallel surfaces. Hence
whether or not the maps N/} = Ny, o (N,,)~! : &), — %, (for any choice of
Yo) are harmonic is intrinsic to the family of surfaces, even when the t; are
+o0.

Furthermore, the completeness of a Riemannian manifold (M, g) is equiv-
alent to the completeness of (M, cg) for any ¢ € R;. Thus we are led to the
following definition.
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DEFINITION: We say that ¥, is complete if ;. is positive definite and
the Riemannian manifold (X, §1o0) is complete. Since ., is determined
up to a constant, it follows that the completeness of >, is determined by
our family of parallel surfaces.

We can represent geometric information on >, in terms of that on .
It is not far fetched to suppose we can reverse this. We can construct each
3 from ¥y by considering the envelope of spheres of radius ¢ about points
on Xy, we construct Yy from >; in the same fashion. Now let us assume
that ¥, is immersed in S% . Heuristically, letting ¢ — 400, we construct
Y from X, as an envelope of horospheres with centers on 3, . Thus, we
ask, given a domain Q C S?_ and a choice of horosphere at each point 6 € €,
how do we reconstruct Yy; that is, what sort of conditions on the family of
horospheres allow us to integrate to get X, and, given that we can indeed
integrate, how do we extract geometric information on ¥y from the family of
horospheres?

These questions have also been answered by Epstein [7]. Picking a base-
point x € H? and if § € S is the center of the horosphere vy, we say that
vp has radius p € R with respect to x if £dg(x, 1) = p, where we take — if
X is interior to vy and + if not. Thus if we have a distribution of horospheres
vy on © C S%, on choosing a base point x € H? we can give criteria for
the integrability of vy in terms of the radius function p(6). In fact Epstein
shows that this distribution is integrable if p is C'. Clearly this does not
depend on the choice of x. Of course to extract geometric information (met-
ric form, curvature, etc.) on integral surfaces from knowledge of p we need
more derivatives. Let us assume as many derivatives as necessary to make
the computations work. In general p being C* suffices.

Fixing x € H?, we have a well defined metric on S? with constant cur-
vature = +1 by visual identification with the sphere of unit tangent vectors
at x. Identifying S2, with C via stereographic projection, so that 6 € S% is
0 € C, and taking 2z to be a standard planar coordinate in a neighborhood
of 0 € (), we can express the metric and second fundamental form on ¥; in
a rather straightforward fashion.

The hermitian form of the metric on ¥; is given by Epstein [7] as

(4.1) L 2(o+t) ( (83p — 1)) 11 (92p — (9p)?)e 20 )2

ht|z:0 = 56 (an o (6[0)2>€—2(p+t) (agp . 1)6—2(p+t) +1
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while
i _ 0 24
(12 g =07 (g %) +ed]
where
A = Pp—(0p?
(43) D = & [|1+ (0Fp — 1)e At — Ao
w = 20t ((aép_l)e—Z(p-ﬁ-t))Q_|A6—2(p+t)|2_1:|.

Evidently at z = 0 we get iz+oo = limy_ 4o ¢ 2h; to be

2
. 1, (10
h+oo|2:0—§€ (O 1) .

Thus at the center of our stereographic coordinate system, z = 0 on ¥, ,
the length element is e?’|dz|?. Since the surface 3, determines the metric
ﬁ+m, we can read off from hgy and Il the support function p. This leads to
the following theorem.

THEOREM. A[?] The support function p for Xy on X, determines the met-
rics hy (or hy = e *'hy) for all t € [—o0,+oc]. Conversely, any of the hy
determine the support function p.

Also at z = 0 we get (Hioo);'» = TFid. Thus the mean curvatures of the
surfaces ¥; approach F1 pointwise as t — 4o0o. However, it appears that
the off diagonal parts of (Il )} vanish.We wish to note that infinitesimally
these terms persist in (TI;)} as t — £o0. We do this by letting 7 = ¢~ and
taking the 1-jet at 7 = 0. Since

{(zzfterm of (Ht);)}
lim =2,
t—+o00 2AT

for example, we use the following definition.

DEFINITION: The second fundamental form of ¥, . is defined by

(s} |op = —1+2(00p — e 2 dr 2Ae™* dr
+oo/jlz=0 = 2Ae2r dr —1+2(00p — 1)e 2, dr )~
(4.4)
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The zz-term of (I} )} is now defined as the infinitesimal Beltrami parameter
2Adr. In the same way we may obtain the expression for (IT_q)j[.—0.

The intrinsic curvature of ¥ is readily computed from (II;);. One checks
that det(TI;)} = det(/1;)} so that

Kt = det(Ht); —1.

Thus to compute the intrinsic curvature of (2o, fs00) we use the fact that
K(cg) = ¢ 'K (g) for any metric g, and obtain

]A(+oo|z:0 = K<E+OO)|ZZO

(4.5) — limy o G (det(IT): — 1)
= (1—00p)e=?

We record this as the following proposition.

PROPOSITION 2. For a family of parallel surfaces ¥y (t € [—00,+00]) such
that Yo has support function p from Yo for the choice of origin x € H3,
the curvature of (Yo, hioo) 18 precisely K oo = (1 — Agzp)e™?.

This entire discussion can be made independent of basepoint on >, .. We
allow for fractional linear transformations by letting p’ = p —log (1 + |2]?) in
(4.1) — (4.4). For example, we find that

p e 2 / N2y —2(p 2
(16) = Lo (00N £1 (@) — (9p)))e 0
o2 (020 — (Dp)2)e 2P0 (90p)e 2+ 1 |

At t = +o00 we get

. 1., (1 0\
+oo __ — 2p
(4.7) R = 5¢ ( 01 )
and
. [ —1+2(00p")e"%" dr 2Ae2" dr
(4.8) (H+°°)j - ( 242 dr —1+2(00p)e % dr |-
with Koo = —e~%'(90p"). We repose proposition 1 in these terms as follows.
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PROPOSITION 3. For a family of parallel surfaces ¥y (t € [—00,+00]) such
that %o has support function p from X for the choice of origin X € H3,
the hermitian metric hyo is given by e |dz|> with the curvature K, o =

—e=2'(00p").

It is nice to note that the Codazzi-Mainardi equations hold in this bound-
ary setting.
PROPOSITION 4. The Codazzi-Mainardi equations hold for (Il )j, t.e. if

(Tl 00 )35 e (=1 + 2(00p )e~2 dr) 2A dr
toosy T 2Adr e (=1 +2(00p )e=%" dr)

- [5%)

VA (AdZ?) = V4(BdZ dZ).

pNRoN

then

PROOF: From (3.2) we must establish the equality
OA = ¥ 9(Be ).
But this follows from the equality

(%0 — (9p)%) = ¥ 0((00p)e ™). O

5 Constant mean curvature.

We now have the following theorem.

THEOREM 1. Let %y C H? be an oriented smooth surface with metric
N2dZdZ. The following are equivalent:

1. X has constant mean curvature;

2. (Iy)s; is harmonic;

18



the ZZ-part of (11y);; is holomorphic on 3o;
N; : X — X4 is harmonic for all t € [—o0, +00];

there exists t € [—o00,0)U (0, +00] such that Ny : ¥g — X4 is harmonic;

S & e

wui(p) = f(t) - g(p) where f : [—o0,+00] — RU {0} is injective and
g € B(ZO);

7. w(p) = f(t) - g(p) where f(t) = %, with ¢ a constant (c

= H(E())) and g e Q(Zo) X A\ 72,

PROOF: The equivalence of (1), (2) and (3) is immediate from lemma 3.

That (1) is equivalent to (4) and (5) is straightforward, though we give a
sketch for the sake of completeness. First we discuss harmonicity of surface
maps in our setting of normal flow.

As for fixed ¢
(gt)ij = (go)ﬂ[(llo)lm(llo);” sinh®t — 2([]0)9 sinht cosht + 5§ cosh? 1],
we use the definition of harmonicity given by (3.1). It follows that
~Vi(90)?(90)i;  + 2(90)7 V()
= Vi ((90)7 (90)ip[ (I 1o}, (I1o)] sinh® ¢ — 2(IIo)? sinh ¢ cosh t])
+2(90)" Vs ((90)jn[(1 1) (1 To)y sinh® ¢ — 2(I 1)} sinh ¢ cosh ])
—6] [((T1o)b, 4 (T1o)7" + (110)5, (ITo)7s) sinh®t — 2(I1y)%,, sinht cosh t]
+20) (o) (ITo)i" + (1o}, (1To)j;) sinh® £ — 2(I )7, sinh ¢ cosh |
= —((I),(ITo)T + (11o)], (1)) sinh® t + 2(1 1), sinh ¢ cosh ¢
F2((1o) b (11o)i + (1), (11o)77:) sinh? ¢ — 4(1 1)}, sinh ¢ cosh ¢
pu— 07

and by using the Codazzi-Mainardi equations, i.e. (I1y)}, = (I1o)},;, we are
able to reduce this to

2sinht [(I1y)} sinh ¢t — 6% cosh ] (IIO):;;]) =0.
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We consider this as a system of equations in (IIO)ﬁgp for p=1,2, i.e.

(5.1) [(I1y)} sinht — cosh] (I1y), + (I1o)}sinht (I1y)l, = 0
' (I1o)ysinht (I1y);, + [(IIo)3sinht — cosht] (I1y)i, = 0.

We wish to show that this system has only the trivial solution. To have
non-trivial solutions it is necessary that the discriminant is zero, i.e. that

(I1)}(11y)2 — (I1o)(11y)?) sinh® t — ((I1y)} + (11y)3) sinht cosh t
+cosh?t = 0.

This means that cotht is everywhere an eigenvalue of (/ 10)3-. Hence at least
one of the principal curvatures is fixed if (5.1) is to have non-trivial solutions.
We will now see that the other is also fixed, so that indeed no non-trivial
solutions can exist.

We may assume (I1y); = cotht, (I1y); # cotht and (1)’ is diagonal,
i.e. ki # ky. We wish to show that ky is constant, whence (I1)! is constant.
From (5.1) we have
(5.2) (T3 — coth t)(T 1)Ly = 0,

whence (I1y);., = 0. But we already have (I1y)},, = 0, so that (I1y)3,, = 0.
We also have (I1y)3,, = (I1y)},, = 0. Thus indeed (I1y)3 is constant, whence
(I1y)} is also constant, and (5) implies (1).

That (1) implies (4) is evident from (5.1), and of course (4) implies (5).

To establish (6) and (7), we will prove (6) and note that f : [—oo, +00] —
[—00, +00] and g € L™ @ TV (%)) determine the constant mean curvature
(up to sign) and are determined thereby (up to multiplicative constants).
Furthermore we will show that g must be anti-holomorphic, establishing the
theorem.

As mentioned earlier, the metric on ¥; is given in terms of the metric,
(90)ij, and the Weingarten map, (I1y);;, on Xy. If we have a conformal
coordinate Z = X7 + 1X5 on X, so that with respect to X; and X, we have

(90)ij = (8\ g>2 and  (ITo)i; = (]\L/[ %)’

then the metric g; on ¥; is

oo {(f ) (3 2)o (5 2]
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In complex coordinates the corresponding hermitian forms are thus

L _L(a o)
792\ 0 A

and
. 2
L 1 W sinht — Acosht (L~ ]\g; 2iM) sinh ¢
t = = ~ : .
2 (L ]\g;— 2iM) sinh ¢ (L%)\N) sinht — Acosht

From this we compute the “change of complex structure” matrix to be

o i = (26}

) w sinht — cosht (L— N/\; 2M) sinh ¢
(L — ];[)\‘12‘ 2iM) sinh t (LQ_‘)_\;\% sinh ¢ — cosht

It follows that

& (L—=N+2iM)tanht
M= 3,7 (L+ N)tanht — 22

 (L—=N+2iM)
Hroe = L N)— 222
and
foo 2)\%(1 — tanht)
1t ~ ((L+N)—2)\2) tanht’
Thus £t depends only on ¢ if and only if 2)" 5 does, i.e. if
Ht (L+ N)—2\

and only if <L2+)\QN) is independent of z and z (z and y, respectively). That

is, if and only if the trace of (I Io)j-, the mean curvature, is constant. This
establishes the equivalence of (1) and (6).
We have (7) by noting in the above that if

(L+ N)
22

CcC =
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then

(L—N+2iM) tanh ¢

pe=— 2)\2 (1 —ctanht)’

Since the Z, Z—part of 1I, i.e. A, is precisely

L — N —2iM)
2

and is holomorphic, the proof is concluded. O

P

COROLLARY 1. If ¥ has constant mean curvature, then Xy, (to # 0) does
also if and only if either

1. tanhty = % (so that ¢ #0) and H(%:,) = —H (%), or
2. every surface Xy has constant mean and constant intrinsic curvatures.

In the second case, the surfaces ¥ are all either pieces of metric spheres,
horospheres, cylinders equidistant from a geodesic, or surfaces equidistant
from a totally geodesic plane.

PRroOF: Given that ¥y has constant mean curvature ¢, we have

1
ht - *)\2

( csinht —cosht  AX2sinht )2
5 .

AX2ginht  csinht — cosht
We note that

Qg

C 2
D .

) 1
Vi (he) g = det<hto><

where
C = AMX?(sinhtgcosht — coshtysinht)
D = (& —|AX"?)?)sinhtysinht
—c(sinh g cosh t + cosh tg sinh t) + cosh g cosh t.

The conformal deformation of N{° = N, o (N,)~, as noted in §3, is thus

to _ A)\’z(tanh to — tanht)
e = (2 — |AX~2)2) tanh to tanh t — c(tanhty + tanht) + 1
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and similarly for N = N, o (Ny,)7},

AN2(tanhty — 1)
2 — |AX"2|?) tanh ty — c(tanhtg 4+ 1) +1°

to _
:quoo -
(

This yields

- _ ( — |AX"2|?) tanh ¢, tanh ¢t — c(tanhty + tanht) + 1
11 (c* — |AXN"2*) tanh tg — c(tanhty 4+ 1) + 1
( tanhty — 1
(5.3) tanhtg — tanht

(ctanhty — 1)(tanht — 1)
(c* — |AX"?|*) tanh ty — c(tanhty + 1) + 1
% tanhty — 1
tanh tg — tanht

= tanht+

which depends only on ¢ if and only if either
1. tanhty = %, or

2. |AN?| is constant.

ol

Case 1: If tanhty = =, then

AX72(1 — ctanht)
—|AX"22tanht

(1 — ctanht)

— A\ tanht’
to o A>\_2(1 — C)

Hioo = —|A)\_2|2

_ (=09

— AN

to __
e =

It follows that
s (1 —c)tanht

plo (1 —ctanht)’

Letting t = 7 + ty we have

o ;1/\*2(1 —¢*)  tanh7  (1—¢*) tanhrt
o —|AX-2]2 (ctanhT+1) —A)-21+ctanhT
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and by equivalence 7 we have H (X)) = —c.
Case 2: |[AX72| being constant implies that every p; is constant, whence,
as
tanh ¢ |]€1 — ]{32|
— ctanht 2 7

|Mt| = 1

we deduce that k; and ks are both constant.

The final conclusion follows from a result of Cartan [5]. He completely
classified surfaces in H? for which H and K are constant. These are called
isoparametric surfaces.

THEOREM. [5] If X is a surface in H? for which H and K are constant then
one of the following cases must hold:

1. Xq is a piece of a metric sphere;
Yo s a piece of a horosphere;

Yo s a piece of a surface equidistant from a hyperbolic geodesic; or

e e

Yo 18 a piece of a surface equidistant from a totally geodesic plane in
H3.

This completes the proof of the corollary. O
COROLLARY 2. X is minimal if and only if p(p) = f(t) - g(p) with f :
[—00, +00] = R U {0} odd. In this case f(t) = tanht.

PRroOF: This is immediate from equivalences 1, 6, and 7 of theorem 1. O

COROLLARY 3. If H(Xy) = ¢ and the Ny are not all conformal, we can
recover ¢ by knowing only the conformal deformations to oo, i.e. by knowing

Htoo-
PROOF: From equivalence (7),

~1 1

f—oo(p) =

If g # 0 then




so that

COROLLARY 4. If 5y — H? and H(X,) = 1, let A = ZZ-part of Tl on %.

Then N, o s anti-conformal and N_., has conformal distortion —%HAA_Q.
Proor: If H(Xy) =1 then
_ tanht =,
He = 1 —tanht
so that py. is infinite. Thus N, is anticonformal and p_., = %;1)\*2 as

desired. O

Surfaces ¥y — H? with constant mean curvature H (%)) = 1 have been
considered by Bryant [4].

COROLLARY 5. If ¥ has constant mean curvature, then the map u : [—o0,
+oo] — B(%y) actually maps into B>®(%), and is continuous if and only if

|k1 — ko| is bounded, i.e. if and only if the directional curvatures of ¥o are
bounded.

PROOF:

tanht |k’1 —]{32|
1 —ctanht 2 7

|pe| =
as in general

| 51252 || tanh ¢|

1 — Bfk2 tanh ¢|

‘:u’t‘ = ’
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6 Constant mean curvature surfaces at infin-
ity, the local theory

We assume now that ¥, o, is the embedded image of a surface patch in S2_.
Since a family of parallel surfaces in H? is determined by a metric on ¥,
which induces the same conformal structure on ¥, as S% (note 4, §4), we
make the following definition.

DEFINITION: Y., will be called a surface patch at infinity of H? if it is
the conformally embedded image in S2_ of a metric surface patch. A surface
at infinity will refer to the conformally immersed image in S? of a metric
surface.

We observed in §4 that if p is the support function for ¥y from any x € H?
then the hermitian form h' is given by

I 1 2 +1) (88;}) _2’“”5) —|—1 (82 / (ap/)2) —2(p'+1t) \ 2

_ B oy ?
B ay B

where p' = p — log (1 + |2?). We will now need the expressions introduced
at the end of §4 for o', hy, (IL)7, oo, and (Tl o)

First we make several prehmlnary observatlons We have the following
proposition.

PROPOSITION 5. A surface ¥, o at infinity of H> must have H(X o) = +1.

ProoF: This is immediate from the observation following the theorem of §4.
O
Following our definition of (Il )% we’ll take as our normalization that
Yoo has mean curvature then this H (X, ) = —1.

Secondly, we measure the conformal distortion from ¥, to ¥; by con-
sidering N, = Nyo(Nis) ' : X oo — 4. The conformal deformation g,
for N;"° is thus

+oo __ aZNt-HX)
He = g NF=
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where z is a conformal parameter on »,,. We take z to be a standard
coordinate on S2_, and compute the conformal deformation from ¥, o, to be

ay (52,0’ _ (5p/)2>6—2(p’+t)

M+OO = — = —
' B (00p' )2+ 41
Consequently
M+Oo _ 520/ —_(50/)2
e 00p
and
+0o0
H oo 2t
=l+e'—F-——.
i o2 (00p)

This yields, from the definition of K, in §4, the following theorem.

THEOREM 2. The image of ,uzrjo : |00, +00] = B(¥ie0) lies in a radial

line in B(X1o) if and only if Ko is constant.

Hence when the image ,u[toooo too) lies in a radial line in B(¥,.) we have

(52/}/ B (5pl)2)€72(pl+t)
1+ ce

(6.1) W=

for some ¢ € R.
Finally, we have the following proposition.

PROPOSITION 6. If it = 0 for some ty € [—00,+00) then this is so for all
t € [—o0,+0o0].

PROOF: If N/ is conformal then we see from (6.1) that 9%p — (9p)> = 0.
Thus p;7*° =0int. O

Thus when the equivalence of theorem 2 holds we have four possible cases:

L pf> =0;

2. u® = f(t)-ud™ with ud> # 0 and f(t) is bounded and never infinite.

27



3. u ™ = f(t) - ug™ with ud> # 0 and |f(t)] — oo as t — —oo; or

4o p ™ = f(t) - pt™° with pi™ # 0, f(¢) is infinite for some finite value
of t and bounded as t — —oc.

The image ,ufr_o; too C B(X,4) U oo in these four cases are shown in the

adjoining figures 1—4.
We treat these separately.

Case 1: This should be compared to case 2 of corollary 1, §5. As there,
1> = 0 implies that N{° = N;™ o (N;7>)~! is conformal for all ¢y, ¢. Thus
all 3; are either pieces of spheres, horospheres, cylinders about a geodesic,
or surfaces equidistant from a totally geodesic plane.

Case 2: Here e=2/'(00p') is a nonzero constant. In fact it is a positive
constant ¢ > 0, as otherwise £t would be infinite for some value of ¢, €
[—00, +00), contrary to the assumption in this case. Thus we see that p’
satisfies

00y = ce?,

which is precisely the equation for constant negative curvature. As was
shown in §4, we may rescale the metric on X by a constant and thus

assume K., = —1. Thus, we must have
1+ |z
p=log (/]
( 1=y
p =0
Figure 1:
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—+00
LR

Figure 2:

2] = o0

Figure 3:

+o0

/uoo

Figure 4:
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where 1 : X, — D. In words, we have shown that in this case the metric
on Y, is the pull-back of the complete constant —1 curvature hyperbolic
metric on D via some locally univalent map ¢ : ¥, — D.

Note that

too _ (0%p' — (9p)?)e 20t
¢ 1+e 2 '

We quickly check that for no ¢ty € [—o00,400) is X4, a surface of constant
mean curvature.

Using the formula for the transformation of Beltrami parameters [1, §1C] we
obtain

+0o0 +0o0o
/,LEO - . [ Mt - Mto o NiOOO]

L= i pi>
S B "
(1+ G_Qt)(l + 6—21:0) _ e—2(t+to)|(a2p/ _ (ap/)z)e_gp |2 +o00
to
where s is a t independent function of modulus 1 on ¥;,. The ratio a l;go
t

is dependent only on ¢ (see (5.3)) if and only if 9%p' — (9p')? = 0, reducing
to case 1. One may see in the same fashion that M[__Oso +o00] does not lie in a
radial line of B(X_,) U o0.

Case 3: Evidently % = oo if and only if 990’ = 0. By equation (6.1) we
see that Ko = 0, 0 (Dya0; J1oo) is flat. As N2 is anticonformal and ¥ o
has its normal pointing into the H? while ¥ __, has its normal pointing out of
H3, if we change the normal on ¥_, to point inward we give it the oriented
conformal structure induced by C. This makes N*2° holomorphic. It was
already noticed by Bianchi [3] (see §497, equation (64) in particular) that if
f Q2 C C — C is holomorphic then the family of geodesics joining 6 € €2 to
f(0) is orthogonally integrable (for a discussion orthogonal integrability in
this setting see [9]) in the sense that there is a family of parallel surfaces %
orthogonal to these geodesics and the maps N/° are obtained by unit speed
flow along the geodesics. The author thanks Peter Doyle for pointing out
this reference.

As in case 2, we may see that for no t € (—oo,+00) is X; a constant
mean curvature surface in H3. But now u[i‘fo +og does lie in a radial line of
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B(YX_) U oo (compare this with case 1 in corollary 1, §5). To see this we
note that

> = (0% — (9p')%)e )

and compute p; °° as in case 2. The Beltrami parameter for the map N> =
N> o (Nt2)7lis

~+00 +00
—co __ My — Mg —oo| _ 1 2(p'+t —c0
S R e
t —0o0

with s a t independent function of modulus 1 on ¥_.,. Thus “t—g is indepen-

dent of z and ¥_, is also a (possibly singular) surface of consttant curvature
1 at infinity of H?. Away from N12°() where 6 is a zero of 9%p — (9p')?,
Y _s is regular, and the singularities of X_ ., are precisely at these zeroes.
Note that the above equation shows that if A, (A_) denotes the zz—
part of the second fundamental form of ¥, (X_, respectively), then A,

and A_,, are inverse conjugates in the sense that A_ = T
. . . . +OO
We now collect the information in this case.

ProposiTION 7. If Q C C is a connected domain and f:Q - C is
a holomorphic function then there exists a family of parallel surfaces ¥,
t € [—00,400|, such that the limiting surfaces are precisely ¥, = Q and
Y o = f(2).

PROPOSITION 8. If ¥, is a surface at infinity of H® for which K+oo =0
(i.e. 90p = 0) then ¥_., is also a (possibly singular) surface at infinity
satisfying this same condition. The metrics on Yo are all flat away from
possible singularities of X_o, i.e. pulled back from C by locally univalent
functions V4o @ Ytoo — C. The zz—parts of their respective second fun-
damental forms are inverse conjugates of each other. The singularities of
Y_ oo occur at the images under N*2 of the zeros of the zz—part of the second
fundamental form of ¥ .

Case 4: Here 1t = oo for some finite #o, so that by equation (6.1) we

must have ¢ < 0. Again rescaling, as in §4, we may assume that we have
(00p)e=%" = —1, or

= /

00p = —e .
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This is the equation for constant curvature K 100 = 1. In this case the metric
on X, is pulled back by some locally univalent map ¢ : ¥, — C with a
spherical metric.

Among the surfaces ¥, there is another surface ¥, (¢ is finite) of constant
mean curvature. If ¢ = 1 then t; = 0. This may be seen as in cases 2 and 3.
Since N'°_ is anticonformal we see that H(X,,) = 1 as in corollary 4, §4.

We summarize in

THEOREM 3. If ¥, is a surface patch in S?, for which K. is constant
then one of the following must hold:

1. The Xy are all pieces of spheres, horospheres, cylinders about a geodesic,
or surfaces equidistant from a totally geodesic plane.

2. The metric on X s obtained by pulling back a hyperbolic metric on
D wia some locally univalent map ¢ : ¥, — D. No other surface in
the family ¥, has constant mean curvature.

3. The metric on ¥ is obtained by pulling back a flat metric on C via
some locally univalent map ¥ : ¥y — C and the map N is anti-
conformal. The possibly singular surface ¥_. is also a flat constant
mean curvature surface patch in S?,.

4. The metric on X, is obtained by pulling back a spherical metric on C
via some locally univalent map ¢ @ ¥ — C. In the famaly 32, there
15 a finite ty for which the possibly singular ¥, has constant mean
curvature.

Compare this with corollary 1, §5.
Now compare the following with theorem 1.

THEOREM 4. Let X, C S? be a surface patch at infinity of H>. The
following are equivalent:

1. K, 15 constant;

2. (Ilis0)ij is harmonic;
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3. the zz-part of (Ily0)i; (i-e. the quadratic differential (00 — (9p')?))
15 holomorphic on ¥ ;

4. N;°°: ¥, — % is harmonic for any t € [—o0, +00];
5. there exists t € [~00,+00) such that Ni"> : Xyo — By is harmonic;

6. 17°(p) = f(t) - g(p) where f : [—o0,+00] — RU{oo} is injective and
g€ B(E+OO);
7. 1> (p) = f(t) - g(p) where f(t) =0, ﬁ; e, or %ﬂ; and

/

gE QX o) X e,

This suggests a definition.

DEFINITION. If a surface Y, at infinity of H? satisfies the above equiva-
lences it will be called a surface of constant mean curvature at infinity of H3.

ProoOF: That (1) and (6) are equivalent was already seen in theorem 2.
The equivalence of (1) and (2) is a repetition of the proof of lemma 3, §3,
noting from proposition 4, §4, that we have the Codazzi—-Mainardi equations
satisfied in this setting.
We show now that (1) is equivalent to (3). Differentiating e=%*'(99p') = ¢
with respect to z gives

0=0[e™(004)] = >0 — (9p)").

so that indeed 9?p' — (9p')? is holomorphic. Reversing the same equality, as
well as its conjugate, gives that

0=20 {e’Qpl(aép’)} =0 {e’zpl(ﬁgp')}
if 92p' — (9p')? is holomorphic, yielding the desired equivalence.

To see now the other equivalences, we note that if e=2”'(90p') = ¢ then
letting A = 9%p’ — (9p')? we have

_ o )
ht = 162(p’+t) 1+ ce’ 2t Ap—2(p'+t)
2 Ae=200'+0) 1 4 ee—2 ,
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e?r  2Adr
(Ioo)ij = ( 2Adr e )
and
6_2t — /
= ——7FA =20
Mt 1+ ce c

The zz—part of ht is e (1 + ce~") A which is holomorphic, implying (4) and
(5), while (7) is evident from the third expression above.

Clearly (7) implies (1), and (4) implies (5), so the proof will be complete
when we show that (5) implies (1). The proof is essentially a repeat of the
proof that (5) implies (1) in theorem 1. Assume N,'* is harmonic. Since

B = L o(rsty) [ (00p))e?0 o) 4] Aem2(¢+o) i
2€ Ae—2(p'+t0) (09 )e~2W+t0) 11 |

the zzpart is ((00p')e 2" *10) 1 1)A. We assume that this is holomorphic,
to wit

= 0 [((00p)e 27 H10) + 1) A] = (0A) Ae™e™" + 09p' (DA)e e~ + DA.

Writing out the real and imaginary parts of this, with A = wu + v, the
following system of equations in u, — v, and w, + v, results:

(000 €72 + u + ) (uy — v,) ) +u(uy +v,) =0
V(U — Uy) +(aap,€_2pl —u-+ th)(uy +v,) =0

Here, either there is only the trivial solution or there are nontrivial solutions.
In the first case, 0A = 0K, , = 0 and its conjugate, whence K, is constant.
2

In the second case, — % is everywhere an eigenvalue of IT, ... As in the proof

of theorem 1, one checks that the other eigenvalue is also constant, whence
K, is again constant. In either case we have the desired conclusion. O

7 The Ahlfors—Weill examples

Naturally occurring examples of constant mean curvature surfaces at infinity
have already been observed [18], although not in these terms. What follows
is a brief description of these examples.
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Let A € Q(D) and consider the linear ODE
(7.1) "+ Af=0 on D.

Let fi1, fo be independent solutions such that

(7.2) (jﬁ; 2)_:(3?)

It is easily seen that the function Fig 4 : D — C given by Fioa = % is

locally univalent and satisfies the Schwarzian differential equation

m m\ 2

(Fast=21 (=2 3(L)),
Nehari showed [12] that if || A||s = sup,ep |A(2)-(1—12]?)?| < 1 then actually
F 4 is globally univalent. Ahlfors and Weill expanded on this result to show
that if || A]|o < 1 then F, 4 extends to S* = 9D and F,, 4(S?) is a quasicircle.
Furthermore, they produced a quasireflection of Fi 4, call it F{ 4, which is
a quasiconformal map Fy 4 : DUS! — C agreeing with F,, 4 on S! and has
image Fy 4(D) = C\ Fyou(DUS'). Letting 1/D = {z € C: 1/z € D}, the
map

is a quasiconformal homeomorphism of C holomorphic on 1/D. This exten-
sion Fy 4 is given explicitly in terms of the fi, f, of (7.2) by

(73) Foa() = )+ (1= 22)/i(2)
() + (1= 22) f5(2)

and satisfies

0 z€1/D
(7.4) pa(z) = 9.G4 { A(z)1—22)? 2€D




In [18], the author showed that the phenomena described and analyzed
by Ahlfors and Weill are special boundary cases of more general phenomena.
To be specific, let PSU(1,1) act as orientation preserving Mébius transfor-
mations on D, and PSL(2,C) as isometries on H? in our upper half-space
model as usual:

(a b)_(Z’T):<(aZ+b)(cZ+d)+acT T )

d cZ +dP +|cPT? ' |cZ + d? + |cPPT?

It was shown in [18] that the ODE (7.1) generates a monodromy map
Mony : PSU(1,1) — PSL(2,C) given by

Mon 4 l(l—iz)l/g ( ; | ) ( o e’ )1

R et e ) [ (]

So by means of Mon, we can consider the action of PSU(1,1) on H? as
v (Z,T) — Monyu(y) - (Z,T).

If stab(x) denotes the stabilizing group of x as a subgroup of the appropriate
ambient group, we observe that the definition of Mon, yields Mon 4 (stab(0))
C stab(0,T) for all T'€ R,. Hence for all T' € R, we have an induced map
Fr 4 : D — H? via the factored diagram

PSU(1,1) ¢ pSL(2,C)

Istab(0)— Istab(0,7T)
D A

The Fr 4 have been given explicitly in terms of the fi, fo of (7.2) as

Fra(z) = MonA<1 L)
(7.6) & )
o num (1—ZZ)T
- denom’ denom )
where

mm = (2f1(2) + (1 = 22)/1(2))(2f2(2) + (1 = 22) f3(2))
+f1<z)f2(Z)T2=
denom = [Zfa(2) + (1 — 22) f3(2)]* + | fa(2)['T*.
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We may also extend this action continuously to 7" =0 and 7" = oo to get
the F 4 and Fi 4 of Ahlfors and Weill, from the beginning of this section.

It was shown in [18] that the maps Fr4 quasiconformally interpolate
between the Fi, 4 and the Fj 4 in that the Beltrami differential of F 4 is

A(z) - (1= 22)
(T2 +1)

Hr.A = —

Thus if ¢ = log T, the images ¥, = Fr 4(D) form a family of surfaces such
that the maps My 4 = Frr 40 FOE}A : Yoo — 2 have Beltrami differentials

0z My 4 1

(7.7 Y= g = e AR - 2)

which are a radial family. To deduce that >, is a surface of constant mean
curvature +1 we still need to show that the 3, are parallel. But this follows
from the fact that

1

|00 Fra(2)||as = T

which is independent of z € D. Hence these ¥, are examples of the precise
phenomena desired.

For the record, we note the directional, mean and intrinsic curvatures for
Fr4(D). Letting m = |A(z) - (1 — |2]?)?| we have

k= m? + (T* — 1) + 2T%*m
m2 . (TQ 4 1)2 )
ky — m?+ (T* — 1) — 2T%*m
m2 - (TZ + 1)2 )
(73) ’ o
g - Rtk mi+ (T" —1)
2 m2 _ (TQ _|_ 1)2
K == klkz - 1 = 5 4T22 ]
m” — (1T° + 1)

As we observed in theorem 3, ¥, is endowed with a metric of constant
negative curvature. We observe this here by letting 7' = ¢! and computing
K, as in §4. We obtain




Two notes are in order here —

Note 6. The ¥, are locally univalent images of D. If we think of
Y1 not as the image of D but rather as an immersion of D, we can push
the hyperbolic metric on D (thought of as H?) forward onto X, locally.
Thus one point in S?2 may have many sheets of ¥, ., containing it, and
correspondingly many different metrics, one for each sheet. Here the map
Fy.4 is thus an isometry from H? to X, so that X, is complete. We will
discuss this further in the next two sections.

Note 7. There is a nice geometric interpretation of the 3; as envelopes of
horospheres which can be deduced from [7] and [18]. We sketch this.

These examples are obtained locally by considering a surface patch 2 C
S2_as part of the image of D under a locally univalent conformal map f :
D — S2_. In this case we take p to be

This means that for any p € D, precompose by a Mdébius transformation so
that we may assume p = 0, and then normalize f so that f(z) = z + O(2?)
by Mobius transformations. Then vyegz is the horosphere going through
(0,1) € C x R, (as following note 5 of §4).

In these cases one checks that g7 is, up to a constant, the Poincaré metric
on ) obtained by pushing forward that on D = H?2. This is possible as f is
locally univalent.

In closing this section it is important to note that in neither the geometric
envelopes of horospheres treatment [7] nor the more computational treatment
[18] was it necessary to have %, embedded in S%. At no time in the
computations of [18] was ||Al|oc < 1 used, and the discussion in [7] is strictly
local. Hence we observe that the entire discussion of this section holds for

any A € Q(D).

8 Ahlfors—Welill: the flat case

For any A € Q(C), we can construct complete constant mean curvature sur-
faces at infinity of H? in a fashion completely analogous to the construction
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of the preceding section. Again let fi, fo be independent solutions of

f"+Af=0 on C.

AR (1o
fo fs )., 0 1)
We denote by Isom(1, C) the group of isometries of C. Here the mon-
odromy map Mony : Isom(1,C) — PSL(2,C) given by

such that

8.1 .
& ([5G REY (¢

f(z) fa(2) e )
Again by means of Mon, we consider the action of Isom(1,C) on H? as

v (Z,T) — Monyu(y) - (Z,T).

Since Mony (stab(0)) C stab(0,7") for all T € R, we have an induced map
Fra: C — H? via the factored diagram

Isom(1,C) =% PSL(2,C)

lstab(O)F—> stab(0,T)
C - H?.

We have the following explicit form for the Frr 4 in terms of f; and fo:

Fra(s) = M(é 7)o
82) _ ( () 1G] + £ RE) T )
A RGP RO HEPTE)

and again extend this action continuously to 7'= 0 and 7" = oo to get

(8.3) FOO,A(Z):;;EZ and FO,A(Z):EEz;.
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Since Fp 4 is conformal, Fo 4 18 anticonformal with conformal deformation

(7

precisely the zeroes of A.
If we compute the deformations of the Fr 4 we have

poa =00. As F'y 4 = 2, we see that the singularities of Fj 4 come from

pra=—AT2

Again, for completeness, the curvatures of the ¥; are included. We have

I |A] + 17
' A —-T7
L AT
(8.4) 2 Ii!; T24
-I—T
= ap—r
K = O.

Clearly we also have K o, = 0. This can be checked as was done in the
hyperbolic case at the end of §7.

The relationship between entire functions and Q(C), i.e. families of paral-
lel surfaces generated by a complete flat constant mean curvature 1 surface at
infinity of S, is easily understood. We have the following evident theorem.

THEOREM 5. The wvector space Q(C) is naturally isomorphic to (entire
functions)/ (affine transformations of C), where the affine transformations
act on the space of entire functions as (az +0b) - f(2) = a®>f(az +b).

One consequence is that, for a € R, the entire function A;(z) = a*A(az)
reparametrizes the family of parallel surfaces generated by the complete con-
stant mean curvature surface at infinity arising from A. This is seen through
formula (8.2) as follows:

If f1, fo are our normalized solutions to f” + Af = 0, and g;, g» are those

40



for ¢" + A1g = 0, then g;(2) = a='/?fi(az). Thus

Frae) = Mous () 01)
91(2)g5(2) + g1(2)ga(2)T* T )
1527 + 2(2)PT* 7 1dh(2) ]2 + |g2(2))*T7

a ' f(az)fi(az) + afi(az) fo(az)T?
a” [ fy(az)|* + al folaz) PT®

(8.5) T
a”'|f5(a2)” 4 al falaz) [T
(fl(az)f2<az> + fl(az)fz(aZ)T2

| f3(az)? + | f2(az) P (aT)?
al
| f3(az)]* + | f2(az)|*(aT)?
= Fura(az).

Y

We note the following for general interest. The proof was suggested by
A. Hinkkanen.

PROPOSITION 9. There are locally univalent conformal maps F : C — S?
for which the image is the whole sphere and each 6 € S% has infinitely many
preimages.

PRrROOF: Let A be a polynomial of odd degree n on C, and consider the ODE

f"+Af =0.

If f is a nonzero solution to this ODE it has fractional order ™ s 2, and so
has infinitely many zeroes [16]. It follows that if f; and f; are independent
solutions then F' = f—; is locally univalent and has infinitely many zeroes and
poles. To see that F' assumes the value ¢ € C\ {0} infinitely often, consider

that F' —c = % and f; — cfy vanishes infinitely often. O
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9 Existence and uniqueness of complete con-
stant mean curvature surfaces at infinity

Suppose that ¥y has its metric given conformally by ds? = A\?|dZ|?, that

(I1o)ij = < ]\L4 %)

and that H(3) = LQKQN =c € (=1,1). Then A = MQM is

holomorphic. The intrinsic curvature of ¥ is given by

K = kiki—1
LN — M?
)\4
= - AAN -1
< -(1-¢) < 0,

1

whence the universal cover of Y, is conformally D, with coordinate z. In
this case, (Ilp);; pulls back to give the quadratic differential (ﬁo)ij = Adz*+
2c\?| ‘0% 2dzdz + Adz? on D. The author considers this of particular interest
in the case where ¥ is a complete surface, in which case the following issues
arise naturally:

QUESTION: To what extent does the holomorphic quadratic differential A,
the mean curvature ¢, and the completeness of the metric A\*|dZ|* determine
the surface ¥37 Or more precisely, given a holomorphic quadratic differential
A on D, and a constant ¢ € (—1,1), does there exist a complete surface
Yo — H? with H(Xy) = c and I, = A? Given (A, ¢) for which this problem
is solvable, to what extent is a solution unique?

EXAMPLE. If A =0and ¢ € (—1, 1) then one readily sees that any surface ¥
inducing the trivial quadratic differential on D satisfies k1 = ko = ¢ globally,
ie. Yo is a piece of a surface parallel to a totally geodesic plane. The
completeness of ¥y implies that it is precisely a surface parallel to a totally
geodesic plane. Hence for A = 0 we have both existence and uniqueness up
to ambient isometry.

Karen Uhlenbeck [17] addressed this issue. She showed that if A is a
sufficiently small quadratic differential on D then there exists a complete X3
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when ¢ = 0 inducing A. In [2], Anderson proved that, for example, if C is a
quasicircle in S%_ then there is a stable complete minimal embedding of D as
Yo — H? with 0,2y = C. By work of Epstein [8], one may see that when C
is sufficiently ‘close’ to a circle (we won’t discuss what this means) then the
quadratic differentials arising in Uhlenbeck’s work parametrize the minimal
surfaces produced by Anderson.

Bennett Palmer [13] asked the same question for space-like surfaces im-
mersed in symmetric constant curvature k three dimensional Lorentzian man-
ifolds L. He established existence and uniqueness given that the holomor-
phic quadratic differential A on D is automorphic with respect to a co-
compact Fuchsian group. In fact, Palmer also considered when the other
conformal simply connected Riemann surfaces (C, C) immerse as space-like
constant mean curvature surfaces in Ly.

To date, little progress has been made toward the resolution of the above
question. We do note, however, that the case of constant mean curvature
¢ € (—1,1) is equivalent to the case ¢ = 0. This follows immediately from
Uhlenbeck’s work.

COROLLARY 6. If ||Ap™2||ec < (1—c2)"2 then there is an immersed complete
surface Yo — H? of constant mean curvature c so that I1,,(3,) = A.

PROOF: To see this, note that the Gauss equation for A in the case of
ce(—1,1)1is
Alog A = 2AAN2 4+ 2(1 — *)\?,
and letting A = %e%‘b yields
Ap=16AAe? + (1 — *)e?.
If we now let ¢ = ¢ + log (1 — ¢?) we get
AY = 16AA(1 — e ™ + €Y,

i.e. the Gauss equation for the metric of a minimal surface with fIZZ =

Vv1—c2A. O

It is worth noting that as ¢ — 1 this is solvable for more quadratic
differentials, and when ¢ = +1 we get exactly the Liouville equation for
constant Gauss curvature —1.
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We now examine a variant of the question above, and give a parametriza-
tion of complete constant mean curvature surfaces at infinity of H?. As was
observed in §6, these must necessarily have mean curvature 1. We begin
with two lemmas.

LEMMA 5. If ¥, is a surface patch at infinity of H?, and if N;;™ : ¥ —
Y4, 15 conformal for some ty, then H and K are constant on ¥, or equiva-
lently the directional curvatures ki and ko on X4, are constant.

PROOF: If N;7> : ¥, — 3, is conformal, then at least locally so is N%%..
Thus by theorem 2, 1., = 0 which implies that pi° = 0 for all ¢ and we are
in the second case of corollary 1. This also follows from proposition 6 and
the expression for (IT;)% in §4. O

LEMMA 6. Under the assumptions of lemma 5, the N;°° are conformal for
all t € [—o0, +00] with at most one exception.

PROOF: This is immediate. The exceptional possibility is that the N;7* may
focus on a point (when the ¥, are all pieces of spheres or horospheres — in
this latter case the focal point is at infinity) or on a line (when the ¥, are all
pieces of geodesic cylinders). O

The following theorem is an immediate consequence of the above two
lemmas and the theorem of Cartan mentioned in §5.

THEOREM 6. If X, is complete and the N;°° are conformal the for all t
we have one of the following cases:

1. Yo = S? and the ; are concentric spheres;

2. Yoo = SE N\ {0} for some 6 € S%,, endowed with the affine structure

of C, and the ¥ are horospheres centered at 6;

3. Yoo = S%2 \ {61,065} endowed with the complete flat structure of C* =
C/(z — z+1), and the 3; are the equidistant surfaces from the geodesic
connecting 61 and 0y; or

4. Yoo 15 a disk with the hyperbolic metric bounded by a geometric circle
in S%, and the 3 are the surfaces in H? equidistant from the totally

geodesic plane spanning C.
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And finally we have

THEOREM 7. Given a holomorphic quadratic differential A on either C or
D, there exists a unique complete surface Y, of constant mean curvature
+1 at infinity of H® with A as the holomorphic part of its second fundamental
form. In the first case, ¥, is flat and in the second it is hyperbolic. Thus
the surfaces of constant mean curvature at O..H? are parametrized up to
isometry by holomorphic quadratic differentials on either C or D, with the
exception of the sphere S% itself.

PRrROOF: The existence of such structures has been established in §7 and
8. This amounted, in effect, to solving the Schwarzian differential equation
{f,z} = A on C or D. We are left with the problem of showing that the
family of equidistant surfaces in H? arising therefrom is unique.

This, though, is the content of the theorem of §4 and theorem 3.

Thus our support function arises from one of the two Ahlfors—Weill con-
structions.

It follows that except in the cases covered by theorem 6 the complete
surfaces at infinity are precisely those arising from solving the Schwarzian
differential equation, and the corresponding deformation of surfaces in H?
is given by extension of the Ahlfors—Weill construction. In the exceptional
cases we see that we have the sphere itself, the quadratic differential A = 0
on C (case 2 of theorem 6), the quadratic differential A = const # 0 on C
(case 3 of theorem 6, see also the comments after theorem 5 as to why all
constants give the same foliation here), and finally the quadratic differential
A =0onD (case 4 of theorem 6). This finishes the proof. O

This can be reformulated as

THEOREM 8. The complete constant mean curvature surfaces at infinity of
H? are in a natural 1-1 correspondence with quadratic differentials on either
S2=C, C, or D. The map from quadratic differentials to surfaces (up to
ambient isometry) is given by solving the Schwarzian differential equation,
and the inverse is via the map from surfaces to the zz—part of their second
fundamental forms.
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