DUAL DYNAMICAL SYSTEMS FOR CIRCLE
ENDOMORPHISMS

FREDERICK P. GARDINER AND YUNPING JIANG

ABSTRACT. We show that every uniformly asymptotically affine circle en-
domorphism has a uniformly asymptotically conformal (UAC) extension
to the complex plane. Then we use the UAC extension to construct the
dual dynamical system, the dual annulus, and the dual circle expanding
map.

INTRODUCTION

We recapitulate basic properties of uniformly asymptotically affine circle
degree d > 1 endomorphisms. Then we show how to use the Beurling-Ahlfors
extension to realize any uniformly asymptotically affine system as the restric-
tion to the circle of a uniformly asymptotically conformal system. (Most of
this exposition is a recapitulation of work of Guizhen Cui.) Then we introduce
dual dynamical systems, dual Cantor sets, and show that Thompson’s F-group
acts naturally as a group of isometries of the degree 2 UAC Teichmiiller space.
Finally, we show that the dual Cantor set completes projects a natural way
to a dual circle with a given symmetric structure depending on the dynamical
system. Also, the scaling function is continuous in this circle.

1. CIRCLE ENDOMORPHISMS

Let St = {2 € C : |z| = 1} be the unit circle. The map 7 : R — S* defined

by

7'('(1') — 627”'96
realizes R as the universal covering of S! with covering 7 and covering group
Z. 7 induces an isomorphism from R/Z onto S.

Let d be the degree of an orientation preserving covering f from S' onto itself
and assume 1 < d < oo. f is an endomorphism of S! and it necessarily has one
fixed point p. By selecting an orientation preserving Mobius transformation A
that preserves the unit disk with A(p) = 1, we may shift consideration of the
map f to the map f =AofoAl f has the same dynamical properties as f
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and it fixes the point 1. Therefore, without loss of generality, we may assume
to begin with that f fixes the point p = 1. We denote the homeomorphic lift
of f by F. F is uniquely determined by f if we assume it has the following
properties:

i) F is a homeomorphism of R,

ii)yroF = fom,

iii) F(0) = 0.

Note that F(x + 1) = F(x) 4 d. In this paper we refer either to f or to its
unique corresponding lift F' as a circle endomorphism. We denote the n—fold
composition of f with itself by f™. Similarly, F™ is the n—fold composition of
F.

Definition 1. A circle homeomorphism h is called quasisymmetric if there is
a constant M > 1 such that for all real numbers x and ¢

1 H(zr+y) — H(x)
W M S H(z) - Hz —y)

The expression

<M, VrxeR, Vi>D0.

H(zx+y)— H(x)
P\, Y) =
"9 = Hw)— H —y)
is called the distortion function for H.

Definition 2. A circle homeomorphism A is called symmetric (or asymptoti-
cally affine) if it is quasisymmetric and if there exists a function €(y) — 0T as
y — 07 such that

(2)

A positive function €(y) defined for positive values of ¢ is called vanishing if
e(y) » 0asy — 0.

1 <H(x+y)—H(:c)
1+e€(t) ~ H(x)—H(z—y)

<1+ €(y).

We say asymptotically affine in this definition since the ratio in the middle
expression in (2) is identically equal to one if and only if H is affine, that is,
if H(z) = ax + b, for some a # 0.

Definition 3. A circle endomorphism f of degree d is called uniformly sym-
metric or uniformly asymptotically affine (UAA) if all of the inverse branches
of f", m =1,2,..., are symmetric uniformly. More precisely, f™ is UAA if
there is a bounded positive function €(y) with €(t) — 0" as y — 0% such that
for all positive integers n and all real numbers z,

1 F™x+y)— F "(x)
) [T ely) = Fla) — F(z —y)

<1+e(y).

We say uniformly since the ratio in the middle expression in (3) approaches
1 when y approaches 0 independently of the number n of compositions of F.
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2. BEURLING-AHLFORS EXTENSIONS OF SYMMETRIC MAPPINGS

Consider all possible extensions of H to self-mappings H of the upper half
plane H and let

K(H) = inf{K(H) : H extends H}.

Note that if K(H) = 1, then H is affine, that is, H(x) = ax + b,a # 0.
Similarly, H is also affine if M = M(H) =1 in the M-condition (1). Thus, we
may take both M(H) and K(H) as measurements of the extent to which H
fails to be affine. A well-known result of Beurling and Ahlfors [2] shows that
M(H) and K(H) are simultaneously finite and there are estimates for M (H)
in terms of K (H) and vice-versa. Moreover, M (H) and K (H) simultaneously
approach 1.

The Beurling-Ahlfors extension procedure provides a canonical extension H
of any quasisymmetric homeomorphism H such that the Beltrami coeflicient
v of H has the following property. There is a vanishing function n(y) such
that |p(x + iy)| < n(y) if, and only if, there is a vanishing function €(y) such
that |p(z,y)| < 1+4n(y).

In this paper we require a more intricate estimate that involves comparing
the distortion functions two quasisymmetric homeomorphisms of the real axis
Hy and H; fixing 0, 1 and ooc.

Suppose the distortion functions po(x,y) and pi(x,y) of Hy and H; satisfy
the inequality

lpo(z,y) — p1(z,y)| < €(y),

where €(y) approaches 0 as y approaches 0. Suppose furthermore that p; and
p2 are the Beltrami coefficients of the Beurling Ahlfors extensions Hy and Hj.
That is,

H, H
0z and ,LL]_( ) 12'
H, Hy,

Then there is a vanishing function 7(y) depending on €(y) such that

po(z) =

lo(z +iy) — w1 (z 4 3y)| < n(y).

We take the following formulas as the definition of the Beurling-Ahlfors
extension:

H=U+1V,
where
1 x+y 1 1
(1) Uleg) =5 [ HGs)as = [ Ha+ k)i
2y T—y 2 —1
and

1 T4y 1 x
(5) V(n,y) = y/x H(s)ds—y/m_yH(s)ds
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In (4) and (5) we have chosen a normalization slightly different from the one
given in [1] so that the extension of the identity is the identity and so that
this extension is affinely natural in the sense the extension is natural for affine
maps, by which we mean that for affine maps A and B,

AoHoB=AocHoB
and
idgr = tdc.
Except for minor modifications all of the following calculations are taken
from [3] . In addition to the distortion function
H(z +y) — H(x)
H(z) - H(z—y)’
we will need the weighted distortion function

H(z + ky) — H(x)

p(r,y) =

) = ) —Ha -y
Note that
1 4y
(6) /O pla . Rk = 11[[ = Cj H(s)ds — H(x))
and
1 T
(7) /0 plx,—y, k)dk = @ "Hj —H@) (H(x) - gl/ ) H(s)ds) .
Let
L = H(z)-H(z—y)
. R = H(z+vy)— H(z)
(8) L' = H(x)- L[ Ht)t,
R = L["WH(t)dt - H(z).

and let p, = fol p(z,y,k)dk and p_ = 01 p(xz, —y, k)dk. Then

plz,y) = R/L
9) p+(x,y) R'/L
p-(z,y) = L'/R.

Notice that for symmetric homeomorphisms all three of the quantities p, p+
and p_ approach +1 as y approaches zero. The complex dilatation of H is
given by
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where ~ ~
H.+H;: U+iV),+{U+iV)z
K(Z) = — — = - - =
-HZ_HE (U"‘ZV)Z—(U—i—ZV)g
(U+iV)y —i(U4+iV)y+ (U +iV), +i(U +iV), B
(U+iV)y —i(U+iV)y — (U+iV)y —i(U +iV),
U, + 1V,
Vy — in'
Thus
1+a
K(z) =
() b—ic’

where a =V, /Uy, b=V, /U, and ¢ = U, /U,.
To find estimates for these three ratios we must find expressions for the four
partial derivatives of U and V in (4) and (5). In the notation of (8)

Uy = 55(R+1L),

Vo = ,(R-1L),
Vy = ;(R+L)—,(R+1L),
Uy = 5,(R—L)—4 (R—-L).
Thus
a(l+p) = 2% . II%JLFLI,
b(l+p) = 2R+LR*+§*,L AL = 92(R/L+1-R'/L— (R/L)(L'/R)),
c(1+p) = BLAEL BtL — R/ —1-R'/L+ (R/L)(L'/R).
Finally, we obtain
_  2(p—1)
2(’;)111—’0 —pp—)
(10) b = SR
c = p—=14p4+—pp—
p+1 )

Theorem 1. [Cui [3]] Let Hy and Hy be two quasisymmetric homeomor-
phisms of R normalized to fix O and 1. Let p1 and pg be the symmetric distor-
tions of Hy and Hy, and let uy and pg be the Beltrami coefficients ofPfIvl and I%.
Then if there is a vanishing function n(y) such that |p1(x,y) — po(z,y)| < €(y),
then there is a vanishing function n(y) such that

11(2) = po(2)| < n(y)-
Proof. Since K(z) = (1+ia)/(b—ic), K(z)+1= (1+ia+b—ic)/(b—ic), we

have

Ki(z) —

i) = mle) = F g ot Ki(z) —Ko(x) _ _

Ko(z)+1  “(Ki(2) + )(Ko(2) + 1)

2(1 + ial)(bo — iC()) — (1 + iao)(b1 — icl) _
(1 +ia; + by — icl)(l + iag + by — iCO)

1
1
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(a1 —ap)(iby +c1) + (bo — b1)(1 +iay) + (c1 — ¢o) (i — a1)
(1 +ia; + by —icy)(1 +iag + ba — icy) '

From the first equation in (10), a; lies between —2 and 2. Also note that since

(1) 2

H is quasiconformal,

B |1+ ial B
o b—ic]

H, +
K(z -
K2) e

z
T
and, therefore,

lib+c| =1b—icl > 1/K.
From the equations (10)
p+1+2(p+1—py—pp-)

14+0b=
p+1
and
1-— _—2
p+1
Therefore,

5 1)—2 —200_ — 2 290, — 4
14b42la—c] > [14b+2(a—c)| > 2LT D =20+ pi = % +2pp_ —4 _
p

5(p+1)—4py —4 - p+1 _

p+1 p+1
because p4 < p. Since |1+b|+2|a—c| > 1, either [1+b] > 1/2 or [a—¢| > 1/4.
Of course, the same inequalities are true for aq, by, c; and for ag, by, co as are

Y

true for a, b, c. Thus, (1/4) is a lower bound for each factor in the denominator
of (11).

On the other hand the coefficients (iby + ¢1), (1 4+ ia1) and (i — ay), in the
numerator of (11) are bounded above because of the equations in (10). These
equations also show that if pg — p1, then ag, by and ¢y approach ai,b; and cq,
respectively. Consequently, |u1(2) — po(2)] — 0 as y — 0 uniformly in z. O

For the previous argument we have needed the following two lemmas.

Lemma 1. Suppose po(x,y) and p1(z,y) are the distortion functions for nor-
malized quasisymmetric mappings Hy and Hy of the real axis. Suppose also
that there is a vanishing function n(y) such that |po(x,y) — p1(z,y)| < n(y).
Then there is a vanishing function 7(y) such that

‘,00(%', Y, k) - p1(:1:, Y, k)‘ < ﬁ(y)
independently of 0 < k <1 and of x € R.
Proof. For 0 < k < 1, put kR equal to the interval from H(z) to H(z + ky),
and as before, L is the interval from H(z — y) to H(z). Then, by an affine

change of coordinates, L and kR transform to the interval [—1,0] and [0, k|.
So the extremal length A(k) of the family of curves joining [—oo, H(xz — y)] to
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[H(z), H(x + ky)] is equal to the extremal length of the curve family joining
[—00, —1] to [0, k.] From the Beurling-Ahlfors extension theorem, the Beltrami
coefficients pg and pq of the Beurling-Ahlfors extension satisfies

[o(2) = m(2)] < €(y),

where €(y) is a positive function which approaches zero as |y| approaches 0.
Thus,

A(k1)
lo <

® Xho) e(y).

Let A’(k) be the derivative with respect to k of A(k). By relabelling if
necessary, we may assume that kg < k; and by the mean value theorem applied
to log A(k), there is a number k between ko and k; such that
A (k)

A(k)

log A(kl) — log A(k)g) = (kl — ko)

Thus, we obtain the estimate

A(k)

A (k)
To calculate A’(k) we make a quasiconformal deformation f*(z) that keeps

—1,0 and oo fixed and moves kg to ky. It is given by

kk .

+ Oz ifx>0
1 O =
(13) F(2) {0 if 2 <0.

(12) k1 — kol < e(s).

Note that f*0(ky) = ko, f*(ko) = k, and f¥1 (ko) = k;. The Beltrami coefficient
of £k is % if x > 0 and 0 if z < 0, and the derivative of this Beltrami
coefficient with respect to k is % for x > 0 and 0 for x < 0. From the formula
for the derivative of the extremal length of an annulus with respect to a variable
Beltrami coefficient in the direction of increasing k, ([?],[?],[?] [?]), we obtain

// k‘—l—l)
kUﬂ- >0

(z+1)(z— k)
Moreover, for some number ¢ > 0 and some number 8 > 0,

// k(k + 1)
x>0

z(z4+1)(z — k)
for all £ with 0 < k < (. To see this put

' dxdy.

1
dxdy > cklog T

k(k
// + 1) dxdy,
>0, |2(z+1)(z — k)
and note that g(k) = g1(k) + g2(k) where
E(k+1)
1(k) = // ‘ dxdy
x>0,|z|<1 Z + 1)( k)
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and
1
k:_// k(k+1) 'dxdy.
250,2>1 | 2(2 + 1) (2 — k)
Obviously 0 < g2(k) < (constant)k and
14 ) > k// dxdy.
14) x>0||<1zz_k)

Substituting kz for z in the integrand of (14), we obtain

o]
>0,|z|<1/k

The last integral is greater than or equal to a constant times log(1/k) and,
in summary, we conclude that there is a constant ¢ such that for sufficiently
small k£ > 0,

dxdy.

z(z—1)

g(k) > cklog(1/k).

Putting these inequalities together with the obvious estimate
1
A(k) < Clog 4,

we obtain

A(k‘) < CCkolog%
A(k) — klog%

Since kg < k we conclude that
k1 — ko < cCe(y),

which implies that

pl(‘T’ Y, k) - PO(% Y, k) < CCE(y)
A similar argument shows the parallel statement for p(z, —y, k). ([l

Lemma 2. Suppose p1(z,y) and pa(z,y) are the distortion functions for nor-
malized quasisymmetric mappings of the real axis Hy and Hy. Suppose also that
there is a vanishing function n(y) such that |p1(x,y) — po(x,y)| < n(y)|. Then

Ip1+(2,y) — po+(z,9)| < n(y) and |p1-(z,y) — po-(2,y)| < n(y) independently
of x € R.

Proof. The hypothesis implies there is a vanishing function 7(y) such that
lp1(z,y, k) —po(z,y, k)| < 7(y) uniformly for 0 < k < 1. Therefore, |p14(x,y)—
po+(z,y)| < fol |p1(z,y, k) po(:r Y, )\dk < 7(s). The same type of argument
works for p_ because p_ fo k)dk. (I
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3. THE UAA TEICHMULLER SPACE

The endomorphism p(z) = 2™ of S! is a degree m circle endomorphism and
its lift via the covering mapping 7 is P(x) = m x. That is, P(0) = 0 and
mo P =pomw. Obviously, p"” is UAA with constant M = 1. We will ultimately
learn that the restriction to the unit circle of the ratio of Blaschke products,

Hk’—i—m z—Qy
j=1 1-a;z

k z—P;
Hj:1 17,87jz

for sufficiently small |o;| and |3;], is also a degree m UAA circle endomorphism.

flz) =

)

Theorem 2. Given any degree m UAA circle endomorphism f, there is exists
a unique quasisymmetric map h such that hopoh™' = f, where p(z) = z™.
Proof. We begin by using the dynamics of the iterations of p and f to construct
a self map H of R satisfying

i) H(0) =0,

ii) HoT =T o H and

iii) HoM = Fo H.
From H(0) = 0 and H o T*(0) = o H(0), we conclude that H(k) = k.
Note that F o T'(0) = T™ o F(0) and F( ) = 0 implies that F'(1) = m. Also,
FoT =T™o F implies

F'oT =T
and so F"(1) = m". Since F is an increasing homeomorphism, F(0) = 0
and F"(1) = m", we may select numbers a;, between 0 and 1 such that
F™(a;y) = j for integers j and n with 0 < j < m™. Then, by definition, if we
put H(j/m"™) = a;n, we obtain
HoP"(j/m")=H(j)=j and F"oH(j/m")=F"(ajn)=j.

This defines H on a dense set of the unit interval with the property that for
points x in the dense set H o P(x) = Fo H(z). We extend H to a dense subset
of the interval [k — 1, k] by requiring that H o TF = T% o H.

In the definition of a UAA system put x = j/m™ and t = 1/m'. Then we
obtain

1ty
M ™ ajn—aj_1n —

This is what is required to construct a quasiconformal homeomorphism H of
C with restriction to the real axis equal to H and with a Beltrami coefficient
w such that ||p|le < 1. O

Definition 4. The Teichmiiller space 7 (m) consists of all UAA circle endo-
morphisms of degree m > 1 factored by an equivalence relation. Two endomor-
pisms fo and f representing elements of 7 (m) are equivalent if, and only if,
there is a symmetric homeomorphism h of S! such that ho foh™! = f. Since
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the dynamics of the mappings 7', M and F' uniquely determine the points a;,
the mapping H is unique.

4. UAC SYSTEMS

If f* is a UAA circle endomorphism, it is possible that f has a reflection
invariant extension f defined in a small annulus r < |z| < 1/r such that

f(1/z)=1/f(2),
and such that for every e > 0 there exists a possibly smaller annulus U = {z :
r’ < |z| < 1/r'} such that

(15) K.(f™) <1+e¢

for all z in U. Here K,(g) is the dilatation of g at z and inequality (15) is
meant to hold for almost every z in U and for all positive integers n. If such
an extension exists, then f” is called a uniformly asymptotically conformal
dynamical (UAC) system.

Lemma 3. If f” is a UAC system acting a neighborhood of S', then fm = the
restriction of f™ to S' is a UAA system.

Lemma 4. For any UAC system f” acting on a neighborhood of S' with
f(l) =1, there is a unique lift F to an infinite strip containing R and bounded
by lines parallel to R such that

(1) mo F= f o,

(2) F(0) =
(3) FoT = TmoF and
(4) F preserves the real axis, in fact, F(Z) = m

Lemma 5. In the notation of the previous lemma, if f* is UAC then F™ is
UAC in the sense that for every e > 0, there is a § > 0 such that if the absolute
value of y = Im z is less than 9§, then

K(F ™" <l+e

Theorem 3. If f is a UAA system acting on the unit circle, then there exists
a UAC system f acting in a neighborhood of the circle such that the restriction
of f to the circle is equal to f.

Proof. Let (F,T) be the lift to the real axis of the system f such that F'(0) = 0,
FoT =TmoF and such that m o FF = f oxw. By Theorem 2 there is a
quasisymmetric homeomorphism H of R fixing 0 and 1 such that

i) Ho Mo H ! = F where M(z) = m x, and

ii) HoT o H™! =T where T(z) = x + 1.
By Lemma 5 it will suffice to find an extension F of F such that

i) FoT(2) =T™o F(z)
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and
ii) the Beltrami coefficients jiz_,, of F~™ satisfy

|~ + iy)| < e(y)

where €(y) is independent of n and z.
We define F to be H o M o H™1. Since H extends H, clearly F extends F.
Since have F'~"o H and H have quasisymmetric distortions p; and ps satisfying

1p1(2,y) — pa(z,y)| < e(y),
by Theorem 1 the Beltrami coefficients IO and pup satisfy

g, (2) = g ()] < n(y),
where 7(y) is independent of n > 0. Since

—_—~—

FroH=HoM "=HoM™,

we conclude that
gz (m™"2) = p(2)] < n(y)-
Also, since the Beurhng—Ahlfors extension is affinely natural, u(z +1) = u(z)

and HoT o H'(z) = T(z). We conclude that F = Ho M o H~! and T form
a uniformly asymptotically conformal circle endomorphism of degree m. O

5. DuaL UAC SYSTEMS, SCALING FUNCTIONS AND SOLENOID FUNCTIONS
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