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Abstract

We consider two questions related to planar simple random walk. Our first result
confirms an observation made by Mandelbrot about the number of large holes made
by planar simple random walk S. We show that if Ns is the number of components
of €\ S[0,2n] of area greater than n'=°, then for all § less than or equal to some
0o > 0,

10(‘:{2#5)]\]6 Eit 2w, as n — oo.
n

In the second part of the thesis, we establish some of the basic estimates needed

to extend the main result of [23], where it is shown that the scaling limit of loop-
erased random walk from an interior point of a domain to the boundary is the radial
Schramm-Lowner Evolution with parameter 2 (SLE,), to the chordal case. The
expected result is that the scaling limit of loop-erased random walk (LERW) excursion
in the upper half-plane H is chordal SLE5. The natural time parameter for chordal
SLE is the half-plane capacity, hcap, as introduced in [17]. We define the discrete
half-plane capacity, denoted by dhcap, an analogous quantity for discrete subsets of
the discrete upper half-plane H, as well as a natural correspondence between discrete
sets A C 'H and continuous sets A C H. We show that for a large class of such sets
dhcap(A) is close to heap(A). We estimate very precisely a discrete Green’s function
in H \ A and express it in terms of various parameters of the set A. Applying this to
LERW excursion and using the relationship between hcap and dhcap should provide
information on the driving process of the LERW path, whose scaling limit is expected
to be Brownian motion with variance 2. In the event that the scaling limit of LERW

excursion is indeed chordal SLEj, this work should give us the necessary background

to study another question: how does SLFE relate to general Laplacian random walks,
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a family of random walks of which LERW is a special case?

In both problems we work with coupling methods for random walk and Brownian
motion, namely Skorokhod embedding and the so-called KMT approximation. Other
tools used are bounds on derivatives of conformal transformations, the Beurling pro-

jection theorem, and ideas involving Brownian disconnection exponents.
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Introduction

Simple random walk, which we will denote by S throughout this thesis, and standard
Brownian motion, denoted by B, are two of the most common stochastic processes
and they appear naturally in a variety of areas, such as physics, biology, or finance.
The first is a discrete process, whereas the second is continuous. It has been known
for a long time that Brownian motion is the scaling limit not only of simple random
walk, the most elementary random walk, but also of a much larger class of random
walks. Brownian motion is the limit of random walk very much in the same sense as
the normal distribution is the limit of normalized sums of random variables. Many
properties are shared by Brownian motion and random walk and knowledge about
one has often helped understand the other better. There is still a multitude of open
questions related to these processes. Moreover, it has recently been observed that
Brownian motion is related in a particularly strong way to a whole range of other
discrete stochastic models arising in the field of statistical mechanics, when placed

into Lowner’s ordinary differential equation

0 eVt + gi(2)

Egt(z) = gt(z)m, 90(2) = 2,

defined for z in U, the open unit disk centered at the origin, and some real function
Uy.

The one-parameter family of processes obtained when letting U; = B,;, where
k > 0 was introduced by Oded Schramm in [29] and is now commonly called the
radial Schramm-Léwner Evolution with parameter x (SLE,).

One obtains a similar process in the upper half-plane, called chordal SLE, by

solving the equation

0 2
Egt(z> = M7 90(2) = 2,
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defined on {z € C : Im(z) > 0}.

Depending on the value of k, this process has been found to be related to a variety
of discrete models in probability, such as the loop-erased random walk, the uniform
spanning tree, and the critical percolation cluster interface. Furthermore, connections
with the self-avoiding walk, the Ising model, domino tilings, the Potts model, are still

at the conjecture level.

In this thesis, we address two questions. The first is on planar simple random
walk. We prove that an observation by Mandelbrot on the behavior of the number of
large holes made by planar simple random walk is correct. This problem is discussed
in Chapter 2. The second problem is related to SLE. In Chapter 4, we define
a capacity for discrete subsets of the upper half-plane {(z,y) € Z* : y > 0} and
prove some important properties of this object. We also provide some estimates for a
particular Green’s function. Applying this work to loop-erased random walk (LERW)
excursion in the upper half-plane should allow us to prove that the scaling limit of
LERW excursion in the upper-half plane is chordal SLE, (it has already been shown
in [23] that radial SLE, is the scaling limit of LERW from the interior of a domain to
its boundary), and provide the tools needed to investigate the relationship between
the one-parameter family of Laplacian random walks (as introduced in [25]) and the
one-parameter family of SLE curves.

A few of the techniques we use are common to the two problems. We therefore
treat them in separate chapters.

In Chapter 1, we present two well-known coupling methods between random walk
and Brownian motion, namely Skorokhod embedding and the KMT approximation,
which we use in the two problems mentioned above.

Appendix A contains a series of standard estimates for random walk and Brownian

motion. These are all well-known.



In Appendix B, we provide a few interesting estimates for random walk, which
we could not find anywhere in the literature.
Finally, Chapter 3 gives the background on SLFE needed to understand the rele-

vance of our work in Chapter 4.



Chapter 0

Definitions and Notation

This thesis will be concerned with two problems in which standard Brownian motion
and simple random walk play a central role. Many objects will appear in all the parts
of the thesis. To keep the text as compact as possible and to make the reader’s work
a little bit easier, we give the essential definitions of the thesis in this chapter.

First, we give definitions which do not involve probability:
7. ={.,-2,-1,0,1,2,..} will denote the set of integers and we choose the definition
N = {1,2,..} for the natural numbers. Q and R will stand for the set of rational
numbers and real numbers, respectively. In general, if A is a subset of R, then we let
Ay =ANJ[0,00),A- = AN (—00,0], and A* = A\ {0}. For instance, R = (0, 00).

If 2,9 € R d(x,y) denotes the Euclidean distance between z and y. For any
space € and any measurable set A C (2, the complement of A is A° = Q\ A. If
Q = C, |A] will denote the area of A and diam(A) = sup, .4 d(7,y) the diameter
of A. A will stand for the closure of A. The distance from a point z to a set A
is d(x,A) = infyecad(z,y). For a countable set A, #(A) is the cardinality of A.
If Ais a subset of Z? we let A = {z € Z? : d(z,A) = 1} be the boundary of
A, 0ii(A) = {z € Z% : d(z,A°) = 1} the inner boundary of A, and write A for



AUOA = {2z € 7% : d(z,A) < 1}. Note that we use the notation JA and A for
continuous and discrete sets alike. It will be clear from context which definition is
being used.

We denote the real and the imaginary part of a point z € C by Re(z) and Im(z),
respectively.

Disks will be particularly important in many of the estimates we need. For x € C

and d € R, we let
D(z,d) ={yeC:|ly—z| <d}, D(zx,d)={zeZ:|z—z|<d}.

If 2 = 0, we will just write D(d) and D(d). If moreover d = 1, we write D for D(1),
the closed unit disk centered at the origin. We will write U = {z € C : |z] < 1} for

the open unit disk centered at the origin.

Similarly, we define the continuous and discrete circles
C(v,d) = 0D(z,d), C(v,d) = 0ynD(z,d),

and write C'(d) and C(d) if = = 0.

For any z € C, we define Sq(z) to be the closed region bounded by the square
centered at z, whose sides are parallel to the axes and of length 1.

K, (4, Cs will denote arbitrary positive constants and will be independent of all
other quantities involved in a given equation, unless stated otherwise. Their value
will be allowed to vary from a line to the next.

Many of the results in this thesis are about the asymptotic behavior of various

quantities. We describe the symbols we will need to denote different forms of asymp-

totic behavior. We write h(z) ~ g(x) if



and h(z) < g(z) if there exist constants C4, Ca, xo such that for all x > x,
Cig(x) < h(z) < Cag().
h(z) = O (g(x)) means that there exist 1,z such that for all x > x,
h(z) < Cig(z).

At times, the constant C will depend on parameters that are present in the functions
h(z) and g(z). When we state this explicitly, we will refer to C; as “the constant of
the O”. Finally, h(z) = o(g(x)) if

>
~

lim (@

=0.
a—00 g(x

~—

All these definitions are concerned with the behavior of functions as * — oc.
They can be made for other limits, such as glclir(l) , as well, and it will be clear from
context which one is being considered.

We will now define objects involving probability: The letter B is reserved for
standard Brownian motion and so is S for simple random walk. The dimension will
always be one or two and it will be clear from context which it is. It is assumed
that the reader is familiar with these objects. Except in Chapter 1, where we work in
dimensions 1 and 2, whenever we write “Brownian motion”, we will mean planar stan-
dard Brownian motion and “random walk” will implicitly refer to two-dimensional
simple random walk.

If © is a probability space and {X,},>; and X are random variables, we say
that X, converges to X in probability if for every e > 0,P{|X,, — X| > ¢} — 0 as
n — oo. In that case, we write

X, — X.



IfP {w €0 X,(w) =" X(w)} = 1, we say that X,, converges to X almost surely

and write

X, = X.

We will be working with various stochastic processes in this thesis, but will use
only the letter IP to refer to their probability measure. Again, it will always be clear
from context to which process(es) P refers. For a point z in R¢ (d € {1,2}), P?
will denote the probability measure associated to a process started at z and E* will
denote the expectation associated to a process started at z.

In general, stopping times for random walk will be denoted by lower-case Greek
letters and stopping times for Brownian motion by upper-case Greek letters. We will
be particularly interested in hitting times of a set. For a set A C C (which may be

discrete), we let
Ta=1inf{n >1:5,€ A} and T,y =inf{t >0: B, € A}.

The exit times from the disk of radius r € R, centered at the origin, are the

following:
& =inf{k >0:|Sk| > r}, E.=inf{t >0:|By >r}.

We will also need to consider the first time a certain distance is reached by the

Brownian motion or the random walk:
& =inf{k >0:|Sy — So| >}, =, = inf{t > 0:|B, — By| > r}.

Note that & = & if Sy = 0 and 2, = Z, if By = 0.
Important ideas from complex analysis will be used in the forthcoming chapters
and we will give the necessary background later. However, we just give two definitions

for reference here. A function h : R¥ — R is called C* if all its kth partial derivatives

7



exist. If D, D’ are domains, we will call a bijective conformal map f : D — D’
a conformal transformation. If such a map exists, we say that D and D’ are

conformally equivalent.



Chapter 1

Coupling Methods

Since the 1960’s, much has been written about ways to couple random walk with
Brownian motion and the subject is now quite well understood. Usually the goal is
to put the two processes on a same probability space in such a way that with large
probability they remain close to each other at all times of a given time interval. For
an extensive discussion of this problem, see [5]. Two such couplings of somewhat
different nature will be needed in this thesis and we discuss them in this chapter.
The first is based on the Skorokhod embedding scheme. The second is much sharper

and is the so-called KMT approximation.

1.1 Skorokhod embedding

We state here Skorokhod’s theorem on how to embed general random walk in Brow-
nian motion but will not need it directly since we will make an explicit construction
of the coupling. Note that in this section, random walk and Brownian motion are

one-dimensional.

Theorem 1.1.1 (Skorokhod Embedding). Suppose that (X;);>; are independent,

identically distributed real-valued random variable with mean 0 and variance 1. Then



there exist a probability space containing a Brownian motion {B; : t > 0}, the
random variables (X;);>1, a sequence of stopping times 0 =Ty < T; < T3 < ..., such
that the increments T,, — T,,_; are independent, identically distributed, E [T,] = n,
and the sequence {B(7},) }»>1 has the same distribution as the random walk {S,, },>1

associated with {X;};>1.

For more details, see for instance [7]. Note that although this theorem is a beauti-
ful result, it does not say anything about how close the random walk and the Brownian
motion actually are if we look at them path by path. For theorems addressing this
question, we again refer the reader to [5].

We want to make the random walk S,, a continuous process and define for all
t>0,

Sy = Sy + (¢ = [t (Sig+1 — S),

where [t] denotes the integer part of £. In what follows, the subscripts k,n will refer

to positive integers, whereas s,t will be positive real numbers.

For simple random walk, it is easy to see that by defining Ty, = 0 and for ¢ >
1,7, = inf{t > T,y : |B; — B(T;—1)| = 1}, the conditions of Theorem 1.1.1 are
satisfied. From now on we denote the simple random walk {B(7},)},>1 by S, and

keep in mind that {S}+>0 and {B;}:>¢ are not independent.

This section’s main result is the following theorem:

Theorem 1.1.2. There exists a coupling of standard Brownian motion B and simple
random walk S such that ¥V g(n) > 1 satisfying g(n) = O (nl/ 4), there exist constants
b, K > 0 such that

IP{ sup |B; — Si| > n1/4g(n)}} < Kne %™,

0<t<n

10



Proof. For notational purposes, we let h(n) = g(n)y/n and for k > 1,
L = [(k = D)[A(n)], K[a(n)]

[n/g(n)]+3
For n > 4, we have the covering [0,n] C U Iy Also, if 0 <t — s < h(n), the
k=1

interval [s,t] covers at most 3 of the [’s. We use this and Lemma A.1.5 to see that

there exist constants C'1,a > 0 such that

1
P{ sup |Bx — Sil = 5n'/g(n))

0<k<n

1
< IP’{ max |1y — k| > h(n)} +P sup |By — Bs| > 5711/49(”)

[t—s|<h(n)
—ag(n) 1 1/4
< Cine +P sup | By — Be—1)[any| = 3" g(n)
1<k<[yn/g(n)]+3
tely

1
< Oyne~®™ 4 2ﬂIP’ sup  |By| > =n'/*g(n)
9(n) " | o<t<ih(n)] 8

vn

—ag(n) / —a’g(n) —b1g(n)
< Cine + Clig(n)s/ze < Kine ,

where we use Lemma A.1.1 in the last step and K; = max{C}, C}}, by = min{a,d'}.

Now it suffices to observe that

P{ sup |B, — Si| > ntg(n)}

0<t<n

1
< IP{ sup |By — Si| > §n1/4g(n)}

0<k<n

1
+ nP{ sup |B; — S| > n'*g(n);|By — So| < 5”1/49(71)}

0<t<1
_ —bonl/ _
< Kyne 9" 4 Kone ban!/2 < Kne bg("),

11



where K = max{K7, Ks},b = min{by, bs}.

Remark 1. The theorem implies that for any ¢ such that ¢(n) — oo as n — oo,

su —|Bt — 54| 2o
0ten 11/ log n(n)
This is close to being the best we can hope for when using Skorokhod’s method. In

[11], Kiefer shows that the best possible result for simple random walk with Sko-

rokhod’s method is

‘Sn - Bn‘ a.s.
(nloglogn)'/*(logn)'/?

1.2 Extending the result to the plane

The construction we made in the previous section does not work in dimensions other
than 1. However, there is a nice way of getting around this problem, which is as
follows:

Let B}, B? be independent one-dimensional Brownian motions. Then
Bt = (Btlv Bt2>
is a planar Brownian motion. For ¢ > 0,5 = 1, 2, let Tij be the stopping time for Btj
as defined in the previous section and for « > 0, define S{V = B/(T7). Then S, S? are

independent one-dimensional random walks. We let L; = (L}, L?) be independent

random vectors, independent of B!, B?, with distribution

P{L=(1,0)} =P{L=(0,1)} = 5.

If we define 77 = Z L7, it is easy to check that S, := (S}, S2,) is a planar simple
=1

random walk. The statement and the proof of the main result are essentially the same

12



as in one dimension. The only difference is that now, the time-parameter is different
for the two processes. A one-line heuristic argument is that Brownian motion moves
a little bit faster since it is not restricted to moving along the lines of the lattice, but

can take “diagonal shortcuts”.

Theorem 1.2.1. There exists a coupling of standard Brownian motion B and simple
random walk S in the plane such that V g(n) > 1 satisfying g(n) = O (n'/*), there
exist constants b, K > 0 such that

IP’{ sup |B; — Sot| > n1/4g(n)}} < Kne t9™.

0<t<n

Proof.

IP{ max |Bj — Sox| > n1/4g(n)}} < QIP’{

1<k<n

1
1:(%1%)(” |B} — Silp;k\ > ﬁnlmg(n)}} .

Since Ty is a sum of 2k random variables of mean 1/2 and finite variance, the

exact same argument as in Theorem 1.1.2 can be used to show this result. O

Remark 2. Obviously, the extension we just did works in higher dimensions as well.
Since we are working in the plane, we could also have used the method which we

discuss in the next section.

1.3 The KMT approximation

In [12], Komlés, Major, and Tusnady provide a coupling between random walk and
Brownian motion, in which the typical distance between the two paths is significantly
smaller from that obtained by the Skorokhod embedding. The coupling is constructed
in a “non-Markovian” way and more caution is needed when computing hitting times
for the coupling. The statement we present here is in fact a particular case of their
result.

13



Theorem 1.3.1 (KMT Approximation). There exist a probability space contain-
ing a Brownian motion B and a simple random walk S, constants K, A\, C' > 0 such

that for all x > 0 and every n,

IP{ max |Sx — Bi| > C'logn + :c} < K exp{—Az}.

1<k<n

An immediate consequence is that there exists K > 0 such that for every A > 0

we can find a C'= C'(\) > 0 such that Vn > 1,
P{f?;?gxnw’“ — Bg| > C’logn} < Kn™, (1.1)

We want the paths to be close not only at integer times, but at all real times up

to n.

Corollary 1.3.2. There exist a probability space containing a Brownian motion and
a simple random walk and a constant K’ > 0 such that for every A > 0 we can find

a C" = C'(\) > 0 such that for every n > 1,

IP{ sup |S; — By| > C”logn} < K'n™.

0<t<n

Proof. We let C' = 2C', where C is as in (1.1).

P{ sup |S; — By| > 2Clogn}

0<t<n

< IP’{ max |Sy — By| > C’logn}
1<k<n

—i—nIP’{ sup |S; — Bi| > 2C'logn; |Sy — By| < C’logn}

0<t<1

< Kn™ —i—nIP’{ sup |By| > %logn} < K'n™.

0<t<1

14



Figure 1.1: Two independent one-dimensional simple random walks on the diagonal
lattice (dotted lines) give a simple random walk in Z2.

Again, we need to extend the result to two dimensions. The coupling is so fine
that extending the result as we did with the Skorokhod embedding does not work.
We will use a very simple trick which works only in two dimensions. Fortunately, this
is all we need. The idea is to note that if we take two independent random walks,
one on the horizontal axis and one on the vertical axis and add up the components
at each step, we get a simple random walk in the plane on a “diagonal lattice”.

More precisely, for 7 > 1,k = 1,2, let X Jk be independent random vectors with
distribution

1, 1 1
PeX! = i—e”/‘*} =P {X? = i—e’g’r/‘l} =
P N

Then if we let S¥ = ZXJI-“, S! and S2 are independent simple random walks on
j=1

%e”/ Y7 = {k- %ei’r/ 1.k eZ}and %ei:’”/ 4.7, respectively. In particular, we can

couple each one with a Brownian motion with speed 1/2 in such a way that

P{ sup |S/ — BZ/2| > C'logn} < K'n™.

0<t<n

Then S, = (S!,S2) is a planar simple random walk and, using the rotational in-
variance of planar Brownian motion, B; = (B}, B?) is a planar standard Brownian
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motion. Moreover,

P{ sup |Sy — By > v2C"logn}

0<t<n

< P{ sup |Sy, — By + 183 — Bf|* > 2(0')210g2n}

0<t<n
< IP{ sup |521t — Btl\z > (C')210g2n} + IP{ sup |522t — Bf\z > (C')210g2n}
0<t<n 0<t<n

< 2K'n™.
This gives:

Corollary 1.3.3. There exist a probability space containing a planar standard Brow-
nian motion and a two-dimensional simple random walk and a constant K” > 0 such
that for every A > 0 we can find a C” = C”(\) > 0 such that for every n > 1,

IP’{ sup |Soy — By| > C” logn} < K'n™.

0<t<n

1.4 Reparametrizing the random walk

To conclude this chapter, we reparametrize the random walks defined by the Sko-
rokhod embedding and the KMT approximation in such a way that |B, — S| is small
(instead of |B; — Sy in the original coupling). We do this mainly for aesthetic rea-
sons. This time-change will not affect any of the forthcoming results, as it does not
affect hitting distributions which will be the object of our interest. From now on,
whenever we write S;, it will be understood that we are looking at planar
simple random walk with twice the usual speed; B; will be planar standard
Brownian motion. We rewrite the two main results of this chapter in the form in

which we will use them in the next chapters.
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Theorem 1.4.1. [Skorokhod Approximation] There exists a probability space con-
taining a Brownian motion B and a random walk S such that ¥V g(n) > 1 satisfying

g(n) = O (n'/*), there exist constants b, K > 0 such that

IP’{ sup |By — S| > n1/4g(n)}} < Kne %M,

0<t<n

Theorem 1.4.2. [KMT Approximation] There exist a probability space containing
a Brownian motion B and a random walk S, a constant K, such that for every A > 0

there is a C' = C'(\) > 0 such that for every n > 1,

IP’{ sup |S; — By| > C’logn} < Kn™.

0<t<n
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Chapter 2

The Distribution of Large Random Walk
Holes

2.1 Introduction

In [26], Benoit B. Mandelbrot, suggests the interesting behavior of an exponent re-
lated to planar simple random walk. Let the “holes” or “gaps” made by a continuous
planar stochastic process X over a time interval [a, b] be the connected components
of C\ X|a,b]. Mandelbrot observed the following behavior for planar simple random
walk loops (random walks of even length with same starting and ending point): Run

planar simple random walk for a fixed large time n. For A <1, let
N(A) = number of holes of area > An.
Then there exists an Ag, possibly depending on n, such that

e For A > A,
N <A

e For A < Ag, there is a broad range of hole sizes for which

NxA_%

Y
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N(A) = #{ holes of area > nA}

log N

log A

Figure 2.1: Two regimes

where N(A) < f(A) means that there exist Cy, Cy > 0 such that C; f(A) < N(A) <
Caf(A).

There is no reason to believe that the exponent should be different for simple
random walk, where we do not require that the starting and ending point be the same,
so we will consider that process instead. Two papers treating a similar problem were
written at the end of the 80’s. They are central to our approach. In [27], Mountford
proved the following result:

If Nig 4 is the number of components of C\ B[0, 1] whose areas lie in the interval

[a, b], then for all ¢ > 1,

1
UIOg2(Cu/7T)N[u,cu) £) 2m (]- - _) as u l 0.
C

Mountford’s paper is important for us as it contains some of the ideas which we
use in our approach to the problem. However, we will only use directly the results

of another paper ([24]), written by Le Gall, which is an extension and improvement
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Figure 2.2: Planar simple random walk of 10000 steps

of Mountford’s result. We will write more on Le Gall’s estimates in a forthcoming

section.

This chapter’s main result is the following:
Theorem 2.1.1. If S is simple random walk and
N(6) = #{connected components of C \ S[0,n] of area greater than n'=°},

then for a110<5§50=ﬁlo,

log”(n?)

5 N(5)£27T, as n — 00.

n

Remark 3. Recall that we reparametrized S in Chapter 1, so that it takes two steps

every unit of time.

As a general rule, in this chapter, a tilde will refer to a quantity related to random
walk.

Here are the key ideas of the argument (formal definitions of all the quantities
involved are made in the next section):
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1. Couple random walk and Brownian motion via Skorokhod embedding and use

Le Gall’s result to find information about the large random walk holes.

19 ~0) into a union of smaller intervals I; = [n!=°¢/, n!=0c/ 1),

2. Decompose [n
where j > 1 and ¢ = 1 4+ € > 1, and show that on each one, for every ¢ > 0

small enough,
P{\Nj — N;| > KeNj} — 0 fast enough, as n — oc.
Here,
N; = #{ connected components of C \ B[0, n] with area in I,},

N; = #{ connected components of C \ S[0, n] with area in I;},

and K is some positive constant.

3. Reduce the problem to a question about A(z) := ||C(2)] — |C~’(z)|} for each
z € 72, where C(z) is the connected component of C\ B[0,n] containing z,
C(z) is the connected component of € \ S[0,n] containing z. The idea is to
show that on “good configurations” and for large components, A(z) is small

compared to the size of the components.

4. Eliminate the “bad configurations” by showing that their probabilities go to 0

as n — oo. This involves

e Handling the case where 2 is close to dC/(z) or dC(z). We do this with the
help of ideas relating the two-sided disconnection exponent for Brownian

motion and random walk to the fractal dimension of the Brownian frontier.

e Look at other “bad cases” which can occur even if z is far from 9C(z)
and 9C(z): C(z) closing very late before time n or C(z) being a very thin
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component, and the same for C(z). The ideas involved for these cases
involve the one-sided disconnection exponent for Brownian motion and

random walk, and Beurling estimates.

In Section 2, we give all the definitions needed for this chapter. In Section 3, we
discuss Le Gall’s results and give a list of the consequences which will be essential
for us. The fourth section looks at how “thick” the boundary of a Brownian motion
or random walk component is. The idea is based on the method of [15], which
exhibits a relationship between the two-sided disconnection exponent of Brownian
motion to the Hausdorff dimension of its frontier. Section 5 contains a sequence of
preparatory lemmas which compare the areas of the Brownian motion and random
walk component containing a given lattice point. In the last section, we use the
results of all the previous sections to prove Proposition 2.6.1 from which the main

result of the chapter, Theorem 2.1.1, follows directly.

2.2 Definitions

In what follows, all multiplicative constants will be denoted by K. It will be under-
stood that they may be different from one line to the next. Also, all inequalities will
be limiting inequalities in the sense that they are valid for n large enough.

Most of the definitions we make in this section will only come into play in Section
2.5, but to keep the sequence of lemmas in that section as compact as possible we
write the required definitions here together with those needed in Section 2.3.

We know from Chapter 1 that there exists a coupling of standard Brownian motion
B and (re-parametrized) simple random walk S such that for every g(n) > 1 satisfying

g(n) = O (n'/*), there exist constants b, K > 0 such that

IP{ sup |By — S| > n1/4g(n)} < Kne %M, (2.1)

0<t<n
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From here on, we will be working with this coupling. We define

P = { sup |B, — S| < n'/* logzn} . (2.2)

0<t<n

(2.1) implies that we can find an appropriate coupling of Brownian motion and ran-

dom walk and constants b, K > 0, so that
P(P°) < Kn'~blosn, (2.3)

Note that this means that P(P¢) decays faster than any power function. For any

z € C and any t > 0, we let
Ci(z) = the connected component of C\ B|0, ] containing z (2.4)

and

Ci(z) = the connected component of C \ S[0,#] containing z. (2.5)

If z € B[0,t] we let Cy(2) = 0 and if z € S[0,],Cy(z) = 0. If t = n, we just write
C(z) and C(z).

For a curve 7 : [a,b] — C and a point z ¢ ([a, b]), we define arg,(y(¢)) to be the
continuous argument of v around z, with the convention that arg,(v(0)) = 0. Note
that arg,(-) is defined on the parametric interval [a, b], not on the image of . For
a proof of the fact that a continuous choice of the argument exists, see for instance
[31].

It is a well-known property of Brownian motion that for a given z € C other than

the starting point, and any t > 0, P{z € B[0,t]} = 0, so that for z € C\ (0,0),
P{Ci(z) =0} =0 and P{arg,(B;) is well-defined} = 1.

In particular, P {B[0,n] N (Z*\ {(0,0)}) = 0} = 1. In order to avoid overloading the
equations in the next sections, we assume from now on that every z € 7>\ {(0,0)}
satisfies z € B[0, n].
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The quantities we define now arise naturally in the treatment of the problem. We
will need to consider the first time at which points lie in a finite component and also
what happens between a time at which they “almost” lie in a finite component and

the time at which they actually do.

We define the closing times for z by Brownian motion and random walk:
T, =inf{t > 0: Cy(2) < o0} and T. = inf{t > 0: Cy(2) < oo},
as well as the closing points for z:
x, = B(T)) and i.=S(T.).
Another characterization of T3, is
T, =inf{t >0:30 < s <t with By = By, |arg,(B;) — arg,(B;)| # 0},

and similarly for T . Note that T, and TZ are stopping times.

The last call for z by Brownian motion is

T'=T.,=inf{t >0:30<s<t:|arg,(B,) — arg,(B;)| > 37/2;d(B;, B;) <
3n'/*log*(n)},

and

T =T!,=inf{t>0:30<r <t:|arg,(S,) —arg.(S;)| > 37/2;d(S,, S;) <
3n'/*log?(n)}

is the last call for z by random walk. The last call points are just
2t = B(T!) and #' = S(T)).

Note that
TV < T, and T <T..
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We define
Niap) = Niapy(n) = #{ connected components of C \ B0, n] with area in [a,b)},
Niap) = #{ connected components of C \ S[0, n] with area in [a,b)}.
Throughout this chapter, § will always refer to a real number € (0, 555]. We let

c=1+¢, (2.6)

where € > 0 is small. Eventually, we will let ¢ — 0. Most of the quantities with
which we will work below depend on n,d, and e. To simplify the notation, we will
not keep the indexes which refer to them, but the reader should be aware of their

implicit presence. Let
I=[n'"’ 00), N =Ny, N = Ny,
and define for all 7 > —1,
IJR = [R10I (L + €2)7L, pl=dcit),

for all j > 0,

I; = [0 pl =00t IF = [n'%cd n*0c (1 + ),

ID =1\ (IfUIf), IF=LUIf, ull,).
The number of components in the corresponding intervals will be

N; = Ny, N; = Ny, NI = Ny, NI = Nyr, N = Npz.
J J J
We let

Zf = the set of all components of C\ B[0, n] with area in I f,

Z; = the set of all components of C \ S[0,n] with area in I,
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Z; = the set of all components of C\ B[0,n] with area in I;,

and define the random variables
Af =125 - 1Z71. A7 =1Z7 |~ |Z).

In the analysis of the problem, we will need to assume that the Brownian paths

do not go too far and it is therefore natural to introduce

N = {sup |Bi| < +v/nlogn}.

0<t<n

In Appendix A, we show that P(N°) decays faster than any power function.

We let 8 = & and define for y, z € C,

25
B.(y) = {d(y,00(z)) 2 n'/*=%},  B.(y) = {d(y,0C(2)) = n'/*~7},
B2 (y) = {d(y. 9C(2)) = 3n' "7}, B_(y) = {d(y, 9C(2)) = %n”g‘ﬂ}- (2.7)
Remark 4. The 1/3 exponent is 1—2/3, where 2/3 comes from the quantities related

to the boundary of the components. See Section 2.4. [ is chosen in such a way that,

among other things, we have n'/3=7 . n2/3+% = o(n).

B(z) will be short for B,(z) and similarly for the other definitions of (2.7). The
following events will also appear naturally in the analysis of the problem and we

define them here:
E1(z) ={|C(2)| < 0}, &(2) ={|C(2)] <0}, E(2) = &i(2) N&x(2),
Li(z) ={n'"° <|C()I}, La(2) ={n' P <|C()},  L(2) = L1(2) N La(2).

To keep the notation as simple as possible in the next sections, we will use the
abbreviation
G=G()=NnNPnB(z)NE(z)NL(z).
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G stands for “good” and is an intersection of events on which the result we wish to
show will be more likely to hold.
Finally, we define the difference in area of the Brownian motion and random walk

component containing a given point z € Z?:

A(z) = |IC(2)| = 1C ()] (2.8)

2.3 Consequences of Le Gall’s result

In [24], Le Gall computes the expectation and an upper bound for the variance of
|Ay|, where

Ay ={y e C:m(0u)* < |Ci(y)| < mu?}

A < 1, and C4(z) is defined as in (2.4). In particular, he shows that the variance is
of smaller order of magnitude than the second moment. His two estimates which are

relevant to us are the following:

E(A,] = Toe (1 +0 < log |log )) , (2.9)

| log u|? | log A|| log u|'/2

where O () is for u — 0, but the corresponding constant may depend on .
2. There exists a constant K > 0 such that Vu € (0,1/4),

Var||Ay|] < K|logu| /2. (2.10)

As an intermediate step towards the estimates we need, we rewrite these equations
for a slightly different quantity. Let A, = {y € C : vn < |C(y)| < cvn}, where
¢ =14 € > 1 is the same constant as defined in the previous section. (Recall
that C'(y) is short for C,,(y).) Then a change of variables and scaling properties of
Brownian motion allow us to deduce the following from (2.9) and (2.10):
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" 2w log c log log(cv) ) )
E[Av}zi 140 , 2.11
4, log?(cv/7) " ( <log c(log(cv))t/2 210)
where, again, O (+) is for v — 0, but the corresponding constant may depend on c.

Var [|Av|} < Kn?|log(cv)| 1172, (2.12)

for all v with cv € (0,1/4).

We can now easily translate these facts into the results we need for our problem,
namely results about the number of components of area lying in a certain interval,
rather than the total area covered by these components. This just requires dividing
the total area by the area of one component, as well as choosing the appropriate
values of v. Since the areas are not a determined number, but lie in an interval, this

generates an additional error term.

We let m = [‘;‘(’é’g} The motivation for this definition will become clear in

Section 2.6. What matters for now is that for every j < m — 1, components of area

1-6/2

in I; have area less than n , which is smaller than in for n large enough, so that

we can use (2.12). Then, for 0 < j <m — 1,

E[N;] = v; <1 — (14 0(e)+0 <log(%| log(%)l)» |

[log(Z20) 7

1
(@)‘3/2’

Var[N;] < Kv? Tog

- B loglog(c/tn=0(1 + €2)71)

_ 2
E [Nj ] = 7 (1 +0 () +0 <| log(citin=3(1 + 2)-1)[12 ) )
1

[log (o )72

Var[Ny] < K(v;)?
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log (3 log(“2=)])
L1 _ LR 2
E [N/] =~ <1+(9< log(20) 172 +re? |,

1

Varl[NF < K S —
VA < KOP Y

and for —1 < j7<m —1,

R LR log( |10g(c]n ) 9
E N = . O 5 —Te )
[ ’ } E (1 i ( |log(—d?r IRE ) )

1
| Log(=2=) /2’

Var[NJ] < K(v/™)?

where

27 lo 2m log(1 + €2 B 27 log(c
- j l ggjzl n6’ JLR = Jj l gg cJ )né’ fyj = . 2 gEjJr)l n57
¢/ log ( ) ¢’/ 10g (m) ol log (m)

(2.13)

r € (0,1), and K and O may depend on e. O (-) is for n — co. These estimates are
useless if ¢/n? does not decay uniformly in j as n — co. Fortunately, as mentioned
before, we will only need them for j < m — 1, for which ¢/n=% < Kn~%2, with some
constant K uniform in 7, 6, €.

The most important consequence of these estimates for us is that for every C >

0,6 > 0, and € > 0, there is a constant K = K(C1,d,¢) > 0 such that for all

. dlogn
-1 SJ S |:210gc]’

P{|N; — | = C1y;} <

< Tiog )i (2.14)

We will also need the main result of Le Gall’s paper, which is the following: If
Np = Np(u) is the number of connected components of C\ B|0, 1] of area greater
than u, then

lin% u(logu)’Np = 27, as. (2.15)
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Recall that N = Np1-5 o) and note that different scales are involved in Le Gall’s
results and the problem which we wish to study here: while N is concerned with
holes made by B[0,1], N and N are concerned with holes made by B[0,n]. Using
the scaling properties of Brownian motion, the following is a trivial consequence of

(2.15): For every Cy > 0,

N
P{|7—1|201}—>0asn—>oo, (2.16)
where
27mn?
— 2.17
7 log?(nf) (2.17)

In particular, for every 6 > 0, Ky < 27, Ky > 2,

P{N < Ki7} - 0asn — oo and P{N > Kyy} — 0 as n — oc. (2.18)

Of course, (2.16) and (2.18) still hold if we replace the pair (N,v) by (N;,7;),
(NF A7), (NS AR, or (Nf,75)-
We conclude this section by stating the following fact which will be useful later

and which can be easily deduced from (2.13) if one remembers that ¢ = 1 + e:

fijR =e7; (1+ 0 (e)). (2.19)

2.4 Disconnection exponents and the components’ bound-

aries

In [20], [21], and [22], Lawler, Schramm, and Werner computed a whole class of pla-
nar Brownian intersection exponents and disconnection exponents. In this section,
we introduce two of these exponents, the one-sided and two-sided disconnection ex-

ponents and use the exact value of the latter to estimate the expected number of
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lattice squares intersected by the boundary of the “large components” of a planar
Brownian motion. More precisely, we give an upper bound for the expected box

counting dimension (see [9] for a definition) of the boundary of

C,=Cn(e)={2€ C\ B[0,n] : |C(2)| = n'~}
and

Cn=Cnle) ={z € C\ S[0,n] : |C(2)| > n'~c}.

Burdzy and Lawler showed in [4] that the intersection exponents for random walk
and Brownian motion are the same. Lawler and Puckette extended this work and
showed in [18] and [19] that the two exponents which we discuss in this section are the
same for Brownian motion and random walk. This allows us to estimate the expected
number of lattice squares intersected by the boundary of the “large components” of

a planar random walk as well.

We use the notation of [15] and let P*"** be the probability measure associated to
two independent planar Brownian paths B! and B? with B*(0) = z! and B?(0) = 22,
where z!', 22 € C. Similarly, P*" will denote the probability measure associated
to the lone Brownian path B! started at z'. For i = 1,2 and n € N, we define
Ti(x) = inf{t > 0:|Bi(t) — x| = n}; if z = 0, we just write T_.

We give the analogous definitions for random walk: P*" " is the probability mea-
sure associated to two independent planar random walks S* and S? with S*(0) = 2!
and S2(0) = x2, where 2!, 22 € Z2. Also, P*" is the probability measure associated to
St started at z'. It will be clear from context whether P refers to Brownian motion or
random walk. We also let 7 (x) = inf{k > 0 : |S"(k) — 2| = n}, and write 7(0) = 77,

where, again, i = 1,2 and n € N.

For any compact A C C, we let Q(A) be the unbounded component of C \ A.
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2.4.1 One-sided disconnection exponent
Let

A, ={D(0,1)NQ(B'0,T}]) # 0} and P(A,) = supP*(4,),
where the sup is over all z with |z| <1, and

A, =1{(0,0) N Q(S'[L,7,]) # 0}

The following lemma is a consequence of the three papers mentioned at the beginning

of this section and of [18], which gives part (b).
Lemma 2.4.1. There exists a constant K > 0 such that for all n > 1,

() P(A,) < Kn~V4, (b)) P(4,) < Kn~'/*,

2.4.2 Two-sided disconnection exponent and the boundary of C,

Let
F, = {D(0,1) N Q(B*0,n] U B*[0,n]) # 0},

D, ={D(0,1) NQ(B'[0,T,] U B[0,T;]) # 0},
F, = {(0,0) N Q(S'[1,n] U S°[1,n]) # 0},
Dy ={(0,0) N QS'[1, 7,] U S[1, 7)) # 0},
where D(0, 1) is the closed disk of radius 1, centered at 0. We will write
P(F,) = sup Ile’x2(Fn) and P(D,,) = sup le’x2(Dn),
where the sup is over all [z!| < 1,|2?| < 1. In the same way, we let
P(F,) = sup P(F},) and P(D,) = sup P(D,),

where the sup is over all possible pairs of vectors (S*(1), 5%(1)).
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The following Lemma is a consequence of [20], [21], and [22], where the value of
the Brownian disconnection exponent is computed and [19], where the equality of the

Brownian exponent and the random walk exponent is shown.

Lemma 2.4.2. There exists a constant K such that for all n > 1,
(a) P(F,) < Kn~'/3, (b) P(D,,) < Kn™?/?

(¢) P(F,) < Kn~'/3, (d) P(D,) < Kn~%3,

We now turn to the question in which we are interested for our specific problem,
which concerns the “size” (fractal dimension) of the boundary of large components.
Lawler first showed in [15] that there is a strong link between the two-sided discon-
nection exponent and the Hausdorff dimension of the Brownian frontier. The proof
of Lemma 2.4.3 below is essentially based on ideas of his paper.

Recall the definition of C, and C, at the beginning of this chapter. The main
lemma of this section gives an upper bound for the expected number of squares of
the dual lattice of Z? (i.e. squares of side-length 1, centered at the points of Z?, and
whose sides are parallel to the coordinate axes) which are intersected by the boundary
of C,,. Whenever we write “squares” below, we mean the squares of the dual lattice.

We will say that a square S is hit by a set A if ANS # 0.
Lemma 2.4.3. There exists a constant K > 0 such that for every ¢ > 0, every n > 1,
E [#{y € Z° : Sa(y) N 9Cu(e) # 0}] < K ns*3

and

E[#{y € 7 Sa(y) N 0C(e) # 0}] < Knits.

Proof. The general strategy of the proof is essentially to bound the expected number

of time segments [j — 1, j] over which the Brownian path intersects 9C, (€). This will
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suffice thanks to the fact that the expected number of squares hit by B([j — 1, 7]) is
finite. For 1 < j < n, let d; be the diameter of B[j — 1, j] and B, the closed ball of
radius d;, centered at B;, so that B[j — 1,j] C B;. We let 7 = [n'~¢(logn)~?] and
call
Ab=B[0V (j —1-#),j— 1] and AT = B[j, (2] — 1) A (j + )]

the left arm and right arm, respectively, of B;. The left and right arm span time
intervals of same length and that lengthis j —1if j <n+1land nif 7 >n+ 1.

With high probability, for every 1 < j < n, both arms of B; are completely
contained in a disk of radius n*=9/2(logn)~!. The idea which we will use below is
that if B[j—1, j] is to intersect JC, (¢€), then on one of these events of high probability,
the arms of B; cannot disconnect B; from infinity. Indeed, since the arms span a

time interval of at most n, we expect them to cover roughly a distance of at most

Vi = %. If they disconnect B; from infinity, then assuming that d; is bounded,
B[j — 1, j] can intersect a component of area at most K (12‘;—:)3. We now write out

this argument formally. The main difficulty is to handle the cases where either d; is

very large or the arms of B; are unusually long.

We define m = [n/2] + 1. By symmetry, we have

E[#(squares hit by 0C,)] < 2ZE [#(squares hit by dC, N B[j — 1,7])].  (2.20)
j=1

We first look at the terms for j < 7. It is easy to check that if B[j—1, j] intersects

[ squares, then d; > [%] This is not optimal but enough for our needs. Therefore,

for 5 < n, we have
E[#(squares hit by C, N B[j — 1, j])]

= ZIP’{#(squareS hit by 0C, N Blj — 1,j]) =}

>1
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J
<ZIP’{ j—1,7]nac, # 0;d; > [E_}l

>1

_ZZZIP{ j—1,5]N0C, # 0;d; € [I—g]ﬂc [£]+k+1

>1 k>0

-P{dj>[£]+k}

We now separate the last term into the case where the arms are not unusually long
Vi
[+ k[

s } (2.21)

{d > [£]+k}] (2.22)

+P {diam(.AjL) >n'z log™! n} +P {diam(Af) >n'z log™! n} (2.23)

[ﬁ]“ﬁ [\g

d; € |+k+1

ngZP{ J

>1 k>0

and the case where they are. This gives

<> [zzﬂv {Bj NQAF U AT

1>1 L k>0

dj € [

l
\€]+k+1

By looking at the time-reversal of AX and Lemma 2.4.2 (a), scaling tells us that

the probability in (2.21) is bounded above by K ( /3 Since for any a > 0

Wi /10+k)2)
and b > 1,a + b < 4(a + 1)b, this is smaller than Kj~/31/3k%/3, For the probability
n (2.22), we use Lemma A.1.1 to get an upper bound of K exp{—3(5! + k?)}.
The same lemma also implies that the probabilities in (2.23) are bounded above by

Kn~'/2. This gives the following:
E[# (squares hit by oC, N B[j — 1, j])]
< En VP4 KN 1 1M exp{—1/200}) kP exp{—k*/2}
I>1 k>0

< Kj7Y3, (2.24)
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since both sums are finite.

In the same way, if 7 < j < m, then the arms of B; are very likely to reach

distance at least n'=9/2(logn)~'. Using Lemma 2.4.2 (b), we get
E[# (squares hit by dC,, N B[j — 1, j])]

< K(n1=92(1logn)~1)=2/3. (2.25)

Now all that is left to do is use (2.24), (2.25), and (2.20) to conclude that

E[# (squares hit by 9C,]

<K [Z] 1/3+Z (1— 5/2 (logn)~ )—2/3]

gK[ﬁ2/3+n-( (1=9/2(logn)~ )_2/3]

IA

K [ng(l_e) +niti (log n)2/3] < Knits,
This gives the lemma. O

The exact same ideas combined with Lemma 2.4.2 (¢) and (d) give

Lemma 2.4.4. There exists a constant K > 0 such that for every € > 0, every n > 1,

E [#{y € 7* : Sa(y) N 9Cu(e) # 0}] < K n3*3

and

€

E [#{y € 72 : Sq(y) N OC, () # @}} < Kni*s.

2.5 Preliminary lemmas

The work of this section leads to Proposition 2.6.1, of which Theorem 2.1.1 is an
almost direct consequence. The general strategy of the proof of the proposition is to
eliminate all the “bad cases” (events on which {|{N — N| > eN} is likely to hold) by
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Figure 2.3: Proof of Lemma 2.5.1: T! is the first time at which D(z,n'/37%) is
“almost” disconnected from oo.

showing that they have a probability which goes to 0 as n gets large. This is handled
in the sequence of lemmas of this section, as well as in Section 2.4.

The first two lemmas are results which concern either Brownian motion or random
walk, but do not consider the coupling. Lemmas 2.5.3 and 2.5.4 address questions
on the joint behavior of the coupled random walk and Brownian motion.

The first lemma of this section shows that outside of an unlikely set, the closing
time by Brownian motion for a point which is not too close to the Brownian path

comes soon after the last call. Recall that § = %

Lemma 2.5.1. There exists a constant K > 0 such that for any z € C,

(a) P{T. — T! > n2/3;l5’(z)} <P{T. - T! > n*3; B~ (2)} < Kn2 s logn.

(b) P {TZ ~ T > nz/?’;l’;’(z)} <P {TZ —T!>n?3 B (z)} < Kn2 s logn.

Proof. [See Figure 2.3]
(a) We start by pointing out that if z € (D(z,n'/37%))¢ and 0 < s < t are such

that Bls,t] C D(z, "11/5(; %), then we have the obvious rough bound

T
larg, (Bs) — arg,(By)| < 3 (2.26)
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We define
T! = inf{t > 0: |arg,(B;) — arg,(Bp)| > 37/2,d(B;, Bri) < 3n'/*log? n},

zf = B(TY), and ®/ = inf{t > T/ : B, € 9D/}, where D = D(z{, ”1{§5B).x£ can be

thought of as being the point “across from” z! on the Brownian path up to time 7"

(see Figure 2.3).
We first note that on the event B(z), the definition of z! implies that the connected

random set A, = B[TY, ®/] contains 2/, intersects 9D, and satisfies
1. d(zt, A,) < 3n'*log?(n).
2. For any t € [T/, ®]], |arg,(B;) — arg_(B(T}))| > .

The second point is true because |arg, (B(TY)) — arg_(B(T'))| > 37/2 and in-

z

side D!, arg,(B,) does not vary by more than Z, by (2.26), since on B(z),z! €
(D(z,n'/37%))¢. In fact, as n increases, |arg (B(TY)) — arg,(B(T'))| becomes arbi-

z

trarily close to 2km for some strictly positive integer k.

If we let ® = inf{t > T : B, € 0D/}, the fact that T' is a stopping time and
that A, is measurable with respect to T! allows us to use the strong Markov property
and write

P{T, — T' > n*3}

<P{B[T,T!+n**|nA, =0}

zZ2) Tz

z) 4

<P{B[T.,T! +n**|n 0D, =0} + P{B[T}, | N A. = 0}

<P { sup | By < 2n1/3—5} + P3N (B0, B, s 5] N E = 0

0<t<n2/3

by Beurling’s projection theorem (see Appendix A) and translation invariance of

nl/3-8

Brownian motion. Here, ¥ is the straight line from (0,0) to (— 55—,

0) and for
a>0,Z,=inf{t > 0:|B > a}.
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Thus, P{T, — T} > n*3} < eXp{—C’nzﬁ}—l—Kng_i < Kn%_i, by Lemmas A.1.2
and A.3.2.
The proof of (b) is virtually the same, but in this case we use the discrete Beurling

estimate.

O

It should be intuitively clear that many points are disconnected from infinity in
the time interval [n — n% n], where a < 1, but most of these points will lie in rather
small components. Lemma 2.5.2 shows that in fact it is unlikely that the closing time

for a point which lies in a large component occur very late.

Lemma 2.5.2. There exists a constant K > 0 such that for any z € Z2,0 < § < 200,

and 0 <a<1-9,

() P{T, € [n —n% n]; L1(2)} < Kn" s 5 (logn)1/4.

() B{T. € [n —nnf: £a(2)} < Kn**E (1ogm) "/

Remark 5. The result holds, in fact, for any a > 0, but ceases to be interesting if

1/4

a>1— 6, since for those values of a, Kn""s (logn) — 00, as N — 00.

Proof. [See Figure 2.4]

(a) Recall that £1(z) means that z lies in a Brownian motion component of area
> n'~%. In Section 2.4 we defined, for any compact A C C, Q(A) to be the unbounded
component of C\ A. We call I the first time at which D(n%?logn) is disconnected
from oco. If we let A = sup{t > 0: D(B,,n%?logn) N Q(B[t,n]) # 0} be the greatest
time at which B[t, n] disconnects D(B,, n%?logn) from infinity (with the convention
sup() = 0), then if diam(B[A,n]) < n(=9/2 and Bln — n% n] € D(B,,n"?logn),

B[n — n% n| cannot intersect the boundary of a component of area > n'~°. Thus,
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Figure 2.4: Proof of Lemma 2.5.2: Time-reversed Brownian motion must get from
B(n) to distance n!=9/2 without disconnecting D(B(n),n%?logn) from infinity.

P{T, € [n —n",n]; Li(2)}

<P{B[n—n*n]NaC(z) # 0; Li(2)}}

< P{ sup |B, — B,| > n"? logn} + P {diam(B[A, n]) > n(l_‘;)/Q}

n—n2<t<n

= IP’{ sup |By| > n/? logn} +P{=,-s <I'}

0<t<n®

< Kn—logn/2 +Kn(a+5_1)/8(log(n))1/4,

by Lemmas A.1.1 and 2.4.1 (a). The equality can be seen by time-reversing Brownian
motion.

Again, the proof of (b) is the same but uses the corresponding results for random
walk, namely Corollary A.1.4 and Lemma 2.4.1 (b).

O

Lemma 2.5.3 shows that the chance of C'(z) being finite and C/(z) being infinite is
small when z is not too close to the boundary of C'(z). The condition that z be away
from the boundary of C'(z) is essential, since otherwise, it could easily happen that
the Brownian path passes on one “side” of z and the random walk on the other (see

Figure 2.5). To avoid this, we need z to be at a distance from 0C(z) which is greater
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Figure 2.5: z close to the boundary of C'(z)

than the maximal distance between the coupled random walk and Brownian motion,
i.e. n'/*log?n. In fact, the condition B(z) = {d(z,0C(z)) > n'/3~?} which we use
to restrict ourselves to points away from the boundary gives us more room than we
really need. Recall that (£,(2))¢ = {|C(2)| = oo} and (&2(2))° = {|C(2)| = cc}. P
is still the condition associated with the coupling, i.e. that B and S be close to each

other in the sense of (2.2).

Lemma 2.5.3. There exists a constant K > 0 such that for every z € C, 57 > 0, and

n>1,

(a) P{|C(2)] € I;; B(2): (£2(2))% P} < Kn* % logn.

|~

Nis

2

=

(1) B{IC(2)] € ;s B(=); (8:(2))5 P} < Kn~Hilogn.

Proof. [See Figure 2.6]

(a) The key idea of the proof is that when the Brownian motion component closes,
the last call for random walk has already occurred. At that instant, either it is very
late, i.e. a time very close to n, which is unlikely by Lemma 2.5.2 (a), or the random
walk has plenty of time left to disconnect z from infinity and will do it with high
probability by Lemma 2.5.1 (b). We can easily check that B(z) NP € B~ (z) and
B(z) NP C {T! < T.}. The first inclusion is obvious. The second follows from an

argument similar to the one we used at the beginning of the proof of Lemma 2.5.1:
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Brownian motion

Random walk

Figure 2.6: Proof of Lemma 2.5.3: When Brownian motion disconnects z from oo,
random walk is close to doing so as well.

By definition of 7}, there is a time ¢ < 7, such that B, = Br, and |arg,(B;) —

arg,(Br,)| > 2m. The conditions B(z) and P ensure that |arg,(B;) — arg,(S;)| < g
and |arg,(Br,) — arg,(St.)| < %, so that |arg,(S;) — arg,(Sr.)| > 2. Also, the

condition P guarantees that d(S, B;) < n'*log®n and d(Sr.,Br,) < n'/*log®n,

which implies d(S;, Sz.) < 2n'/*log*n. By the definition of T! it is now clear that
TZI < T,. Therefore,
P{|C(2)| € I;;|C(2)| = oo; B(2); P}

< P{|C(z>| < 00;|C(2)| = 003 B(2); P; T! < n—n2/3}
+P{Tz c [n— nz/g,n];ﬁl(z)}

<P{T. — T > n?%B(2); P} + P{T € [n—n®* n]; £1(2)}

by Lemma 2.5.1 (b) and Lemma 2.5.2 (a).

Part (b) is done in the same way, but we use the other parts of Lemmas 2.5.1 and

Lemma 2.5.2.
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The last preparatory lemma shows that if y € C(z), but y and z are not too close

to the boundary of C/(2), it is unlikely that y ¢ C(z) if C(z) < oc.

Lemma 2.5.4. For any given y, z € C,

P {y e 0(2)\ C’(z);B(z);Bz(y);é'(z);P} < Kn2 31 (logn).

Proof. For y, z € C, we introduce stopping times similar to those defined in Section
2.2:
T,.=inf{t >0:30 <s <t with B, = B;},
|arg, (Bs) — arg, (By)| # |arg,(Bs) — arg,(By)l},
T,.=if{t >0:30<r <twith S, = S,
|arg, (Sy) — arg, (Si)| # |arg, (Sr) — arg.(Si)|},
T;Z — inf{t > 0:30 < s < t with d(B, B;) < 3n"*log*(n),
|arg, (Bs) — arg, (By)| # |arg,(Bs) — arg,(By)|},
T;Z —inf{t > 0:30 <r <t with d(S,, S;) < 3n**1log?(n),
|arg, (Sy) — arg, (Si)| # |arg, (Sr) — arg.(Si)|}-
Note that y and z lie in different components of C\ B[0,t] if and only if ¢ > T, ..
P{y €C(2) \ C(2); B(2); B-(y); €(2); P}

<P{yeC(2);B(z); B.(y); P; T, < n—n*3}

yiz

+P{T~y7z € [n—n2/3,n]}.

Exactly as in Lemma 2.5.3, {B(2); B.(y); P} C {B~(2); B; (y)} C {1}, < T,.},
and so

P{y e C(2)\ C(2); B(2); Buly): £(2) | < Kn i logn.

43



Remark 6. In the last lemma, it is clear that unless d(y, z) > 2n5+7, the probability

1s 0.

We are now ready to attack the core of the argument. The next lemma contains
some of the ideas needed for the proof of the main theorem and we provide it here

with its proof.

Lemma 2.5.5. For every C; > 0, there exists a constant K > 0 such that for any

O<5§ﬁlo,anyz€C,

P {A(z) > Cynt=A8, g} < Kn—38/8,
Proof. We will show that
E[A(2); G; £] < Kn#it2 log® n. (2.27)
Once we have this, the lemma follows from Chebyshev’s inequality. We note that

Alz) < #{y € Z*: Sq(y) N 9C(2) # 0}
+ #{y € 7% : Sq(y) NOC(2) # 0}
+ #yeZyeC(x)\0(=)}
+ #y €2y e C(x)\ C(2)}
The first two terms on the right side are related to the Hausdorff dimension of the
Brownian frontier. By using Lemma 2.4.3 for those terms, we can show that for every

0 >0,
E[A(2);G] <E [#{y € 2% : d(y,0C(2)) < n"*"}; £1(2)]

+E [#{y e 72 . d(y,0C(2)) < n'/>-9); cg(z)]

+E | Y 1y € C(x)\ C(2); G B.()} + 1y € C(2) \ C(2); G; B.(y)}

yEZ?
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< Kn' 4 3T P{y e O(2)\ C(=):0: B.ly) }

yEZ?

+ Y P{yeC()\ C::G:B.) }.

yEZ?

We estimate Z P {y € C(2)\ C(2);G;B. (y)} here. The other term is done in

yEZ?

the exact same way.

S P{yece\CE:gBm) < Y PlyeC()\C():0:5.0))

yEZ? ly|<v/nlogn
yEZ?

< Kn3it3(logn)?,

by Lemma 2.5.4. Thus, for every d € (0, 5],

3

E[A(2);G] < Kn' ™" 4 Kn3i*2 (logn)® < Kn3i™

N\Q

(logn)?,

[es]Rey

since 3 —0 > 57 — 8 5- Chebyshev’s inequality now gives for any o <

B0 3

nl—a

< Kn®~ 5 < KnP/8=B812 = Kp=3/200,

2.6 Main results

Proposition 2.6.1. If a planar simple random walk S and a planar standard Brow-

nian motion B are coupled as in Section 1.4 and

N = #{connected components of C \ B[0,n] of area larger than n'~°},
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N = #{connected components of C \ S[0,n] of area larger than n'~},

1

then for every € > 0 and every 0 < 0 < 555,

P{|N—N|>6N}—>Oasn—>oo.

Remark 7. Recall that in Section 1.4, we decided to re-parametrize the random
walk, namely to double its usual velocity, so that B; is close to S, rather than to Sy.

The random walk of the Proposition is the re-parametrized version.

Proof. As always in this chapter, we will be using the coupling based on Skorokhod’s

method (see Chapter 1). First of all, note that it suffices to show this result for e
small enough. We set ¢ = 1 + ¢, we will show that PP {|N — N| > 13€N} — 0 as

n — o0o. The following is an important idea for the proof: Most of the holes of area

greater than n'~° have an area which is close to n'~%. For instance, as can be seen

é

from (2.17), there are many more holes of area in the interval [n'=% n'~%] than in

the interval [nl_% ,00).

If we let m = m(n,e,6) = [510gn
P{W—N\>13€N} < P

o)~ Nt f ) > EN}

+ P Nm>eN}+IP’{Nm>eN},

where as before, N,, = N; and N,, = N; .. We can show almost immediately that
some of the terms on the right side go to 0. For the second term, the idea is that
if there are to be many such large holes, either the Brownian motion or the random

walk must cover a great distance. By (2.18), we can assume that N > %. By

observing that if N[ 1§ o0) > e% then the area swept by the Brownian motion
n ,00
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Figure 2.7: Comparing areas over smaller intervals

. 1+6/2
is greater than 2612?

oL and that the same holds for random walk, we can conclude

that

IP){ |N[n17g’

o) ' 00)

(146)/2
+IP’{ sup |Sy| > 2627} — 0 as n — oo.
0<t<n log™(n?)

In the same way, we can show that for every ¢ > 0,

lim P{Nm > eN} = lim P{N,, >N} =0,

n—oo n—oo

so that it now suffices to show that

lim P {|N[n176’n1750m) - N[nks’nkacm)‘ > 106]\7} = 0.

n—0o0

First, using the notation of Section 2.2,

P{|N[nlf6’n1760m) - N[n176’n1760m) > 10€N}
m—1 ~ m—1 m—1 ~
<P {Z N = Ny > 10ey Nj} <3P {|Nj ~ N> 106Nj}.
=0 =0 =0

The definition of m shows that it now suffices to prove that for every e > 0,0 < § <

55, 0<j<m—1,

P {|Nj —Nj| > 106Nj} = o ((logn)™"), (2.28)

where o may depend on € and 0 but is uniformly bounded for all 0 < 5 < m — 1.

Recall that we defined

Z; = the set of all components of C \ S[0,n] with area in I,
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Z; = the set of all components of C\ B[0,n] with area in ;.

Unfortunately, we cannot use arguments related to area differences as developed in

Lemma 2.5.5 in a direct way to estimate (2.28). The problem is that the fact that

|N; — N;| > 10eN; does not imply anything useful about ||Z;] —|Z;|| and so estimates

about the latter cannot be used to show (2.28). It will become clear in (2.30) why
this is the case. To make things work, we need the interval in which lie the areas
of random walk holes to be strictly included in the interval in which lie the areas of
Brownian motion holes (or vice-versa). The key idea for creating such a situation is

to observe that
P{‘N] — N]‘ > 10€N]}
<P {Nj <(1- 2e)N;} +P {Nj > (1+ 2e)Nj+}
+P{N} > 4eN; } + P{N[* > 4eN; }

+P{N}\, > 4eN; } +P{N/, > 4eN}}. (2.29)

In words, if ]\7]- is much greater than NV;, then either it is somewhat greater than
Nj+, or there are a lot of Brownian motion holes with area in I ]+ \ Z;. Things work
nicely because the Lebesgue measure of 1 ]+ \ I; is of much smaller order than the
Lebesgue measure of I; and the same is true of the number of holes of areas in the
corresponding sets, by the work done in Section 2.3.

By (2.14), P{N; < 1} + P{N; >37} =0 ((logn)~*/?), uniformly for 0 <
7 <m — 1. Then

P{N} > 4eN; }

3 1
< IP{NJL > 46N]-_;N]-L < 5%'LR;N]-_ > _7]'_}
3 1
+IP{NJ-L > 5%“%} +P{NI = 5%_}
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3 LR - L 3 LR — 1 -

L

We know from (2.19) that if € is small enough, %7j < 2ey;, so that we may discard

the first term. The second and the third are O ((logn)~%/?).
The last three terms of (2.29) can be treated in the same way.

Recall that we gave the following definitions in Section 2.2:
NP =1Z) - 120 AT =% - 1Z)
For the first term on the right hand side of (2.29), note that
1Z7| > Nycdn'™ and |Z;] < N;d '™,
so that if N; < (1 — 2¢) N, then

A7 > Nj_nl_écj [1+ € — (1—2¢)]

7 -

> eNj_nl_‘scj > enl_‘;,

since we can assume that N~ > 0 by (2.14).
For any measurable sets A, B C C,the inequality |A| —|B| < |A\ B| always holds

and implies that
P {Nj <(1- QE)N]-_} <P {|Zj— \Z,| > enH} .

But
Z;\ Z; | Jsq(2),

where the union is over

{2 €22 :d(2,07;) <P PYU{z € 22 C(:) € 173 C(2) £ Ly d(2,07;) > n'* P},

49



At this point, let us assume that P and N hold. We can do this by (2.3) and
Lemma A.1.1. We have the following inequality, where the sums are always over

elements of Z2:
E(IZ7\ZiPN| < B Y 1{d(z07;) <ntF)
lel< VT logn

+ Y P{C(z)efj-;é(z)ngj;P;B(z)}

|z|<y/nlogn

IN

En'™ % 4 3" P{A(z) > &n' %G} (2.30)

|zl</mlog

+ Y IP’{\C(Z)\GIj_;é(z):oo;P;B(z)}

|2 <ylogn
< Kn'™* 4 Knlog®n(n=3%/% + % logn)

< Knl—35/8 log2 n,

by lemmas 2.4.3, 2.5.3, and 2.5.5, and where K may depend on €. Therefore,

- 1-38/8 2
P {|Zj‘ \ Z;| > en1‘5;P;N} < Kw < §n6—3ﬁ/8 < En—l/loo'
en € €

For every € > 0, this goes to 0 as n — oo. The second term of (2.29) is done in the

same way, which concludes the proof of the proposition.

Given this proposition, it is now straightforward to show Theorem 2.1.1:

P{IN — 27| > 7}
SP{|N—N| > gv}+P{|N—2m| > gy}
SP{W_N' ” EN}+P{7<N/2}+P{IN—2MI > %7}
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By Proposition 2.6.1, (2.18), and (2.16), we know that for every ¢ > 0, every § €

(0, ﬁlo], each of the 3 terms goes to 0 as n goes to infinity. This proves the theorem.
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Chapter 3

The Schramm-Lowner Evolution

3.1 Introduction

A long list of models arising in statistical mechanics have been studied for many
years by probabilists and physicists alike, some of them with more success than
others. Among them we cite percolation, self-avoiding random walk, loop-erased
random walk, uniform spanning trees, and the Ising model. By analogy with the case
of random walk and Brownian motion, disposing of a scaling limit for these objects

would be of great help in their study.

In 1999 (see [29]), Oded Schramm made a breakthrough in the field by proving
that if the scaling limit of loop-erased random walk (LERW) from 0 to the unit circle
OU is conformally invariant, as many people believed is the case, then it must have
the same law as the path g;(e/"**) where g;(z) is the solution of the following ordinary
differential equation in the open unit disk U:

9 et 4 g,(2)

a%(z) = gt(z) ciWar _ gt(Z)’ 90(2) =%

where W, is a standard one-dimensional Brownian motion and ¢;(z) is defined for
z € JU as the continuous extension of g; in U. For general x > 0, he called the
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solution of

0 et 4 g,(2)

agt(z) = gt(z)eiwﬂt “0(2)

go(z) =z
the Stochastic Lowner Evolution with parameter x (SLE,), but the three letter
acronym has now been accepted to be short for “Schramm-Lowner Evolution”
as well.

It turned out that Schramm'’s idea did far more than just provide a scaling-limit
candidate for loop-erased walk and we refer the reader to [32] or [16] for a list of
results proved with the help of SLE. In the next sections, we define two variants of

SLE and some associated quantities and give a few important results related to this

process.

3.2 Half-plane capacity

Consider the upper half-plane H = {z € C : Im(z) > 0}. For a set A C H we will
write Hy = H\ A. A hull is a bounded subset A C H such that A=HN A and Hy

is a simply connected subset of C. The following result can be found in [17]:

Proposition 3.2.1. For any hull A there exists a unique conformal transformation

ga : Hy — H such that

lim (ga(z) — 2) = 0.

For a hull A we define the half-plane capacity of A, denoted hcap(A), by the
equation

heap(A) = lim 2(ga(2) - 2).

It follows from the proof of the above proposition that for any hull A, hcap(A) is

finite and that we have the expansion

QA(Z):Z—FW—!—O(L)

z
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for z — oo.

If Ais ahull, r € R}, € R, we then have
gra(2) =rga(z/r),  gata(2) = a2 — @) + 7,
which gives the following scaling and translation properties for hcap:

hcap(rA) = r?hcap(A), hcap(A + ) = hecap(A).

Part (a) of the following Proposition, which can be found in [17] as well, gives
a probabilistic characterization of the half-plane capacity which will be particularly
useful in the next chapter. There, we define another capacity for discrete subsets
of H, in a context where the map g4 is not well defined. We state part (b) of the

proposition too, as we will need it in the next chapter.

Proposition 3.2.2. If A is a hull, B, is a Brownian motion, and Z = Z4 = inf{t >
0 : B, € OHu} is the first time the Brownian motion reaches 0H,4, then for all

zZ e ]HA,
(a) heap(A) = lim yEY [Im(Byz)].

(b) Im(z) = Im(ga(z)) + E* [Im(Bz)].

In fact, the limit on the right-hand side of (a) exists for all bounded subsets of H,
not only hulls. We can therefore use (a) to define the half-plane capacity of general
bounded sets A C H.

If Ais a hull, define h = h(A) = sup{Im(z) : z € A} to be the height of A and
R = R(A) = sup{|z| : z € A} to be the radius of A. As the next lemma shows, we

can find bounds for hcap(A) in terms of h and R:

Lemma 3.2.3. There exist constants C; and C5 such that for every bounded set
ACH,
C1h? < heap(A) < CohR.
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Proof. We will use Proposition 3.2.2 (a) and find a lower and upper bound for
E% [Im(By)], uniform for all hulls A.

The upper bound is straightforward. Let R = R(A) and D(R) = {Re? : 0 < 0§ <
7} be the half-circle of radius R. Then, trivially, yE% [Im(By)] < hyP¥ {Tpr) < Tr},
so that hcap(A) < CyhR.

For the lower bound, we choose the leftmost point w € A with Im(w) = h and
define the segment L = {z+ih : |x —Re(w)| < &}. By looking at the hitting density
of {x +ih : x € R}, it is easy to see that there is a K > 0 such that for all y large
enough,

Recall that we defined =, = inf{t > 0 : |B; — By| = a}. We have
pv {B[éh/lo, éh/Q] disconnects D(z, h/10) from oo} < P*{Im(Bz) > h/2}.

The probability on the left is independent of z and one can easily check that it is
strictly positive. Therefore, sup,.; P* {Im(Bz) > h/2} > K, > 0, which, together
with (3.1) gives the lower bound.

O

The next Lemma tells us how far off we are from the value of hcap, when we don’t
take the limit in the characterization of dhcap given in Lemma 3.2.2 (b). This error

depends on both R and h.

Lemma 3.2.4. Let A be a hull. Then

hecap(A) = yEY [Im(By)] + O (%RQ) .

Proof. Recall that we defined D(R) = {Re? : 0 <0 <7} T =inf{t >0: B; €
R UD(R)} and p(iy,-) is the density of By with By = iy, we have p(iy, Re??) =
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%% sinf(1+ O (%) ). Thus, using the strong Markov property and Lemma 3.2.3 for

the last inequality, we have
|hcap(A) — yEY Im(Bz)]| = |ZIE<I>10 2B [Im(Bz)] — yE™Y [Im(Bz)] |
" . i0 : . i0 Ret?
< [ lypli. Re) = lm zp(iz, Re)E™ m(Bz)
0 Z— 00
™2 ;
< / —R(1 +0 (5) — DE®" [Im(By)]
o TY Yy
R) hR?

< hcap(A) - O (— < K—o.
Yy Yy

O

We also state the following proposition which will be needed later. See [17] for a

proof.

Proposition 3.2.5. There exists a constant K such that for every hull A and every

2| = 2R(A)

R
|z — ga(z) + hcap(A)z71 < Kthap(A).

3.3 Chordal SLFE

Chordal SLE, is the random collection of conformal maps g; obtained by solving

the initial value problem

0 2

Egt(z) = 9:(2) — B’ 90(z) =z (z € H), (3.2)

where B, is a standard one-dimensional Brownian motion started at the origin, and
k> 0.
We denote by H; the domain of g, and let K; = H\ H;. Another way of thinking
of K; is the following: For any z € H, the solution of (3.2) is well-defined up to a
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time T, = sup{t > 0 : g;(2) is well-defined}, which may be infinite. Then it can be
verified that K; = {2z : T, < t}. The following result by Rohde and Schramm (see

[28]) is important in understanding the nature of K;:

Proposition 3.3.1. For every x > 0, with probability one, there exists a curve

v :[0,00) — ©C such that H; is the unbounded component of H \ [0, ¢].

The SLE, path is the random curve y of the proposition. In particular, we have
Gi(7(t)) = By in the sense that lim,_.,«) g:(2) = By.
Even though B,; has essentially the same behavior for all £ > 0, the same is not

true of SLE as shown in the following proposition:

Proposition 3.3.2. Let v be an SLE, path. Then the following holds:

e If k <4, then with probability one, v is a simple curve with v(0, 00) € H.

o If 4 < K < 8, then with probability one,

U K, = H, but 7(0,00) # H.

>0
Moreover, d(0, H;) — oo as t — 0.

e If K > 8, then 7 is a space-filling curve, i.e., ¥[0,00) = H.

Another important feature of v which can be easily verified is that ¢; : H, — H

has the expansion

2t
9:(2) =z + ST O ([217%).

In particular, heap(v]0,t]) = 2t.
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3.4 Radial SLFE

Radial SLE,; is the random collection of conformal maps g; obtained by solving the

initial value problem

0 eBrt 4 g(2)

&gt(z) = gt(z)eiBm ~ () go(2) =z (2 €U), (3.3)

where B, is a standard one-dimensional Brownian motion started at the origin, and
k> 0.

We will not use radial SLE in this thesis and do not push its description any
further here. For a detailed introduction to the process, the reader may consult [17].

However, we do point out the main difference between chordal and radial SLE.
These two processes do not only differ by the fact that they evolve in different do-
mains. The essential difference is that chordal SLE is a process going from a bound-
ary point, 0, to another, oo, whereas radial SLE grows from a boundary point, 1,
to an interior point, 0. For domains other than H and U, chordal and radial SLE is

just defined to be the conformal image of SLE in H and U, respectively.

3.5 Loop-erased random walk and SLE,

As mentioned earlier, SLFE is a relatively new process which has made it possible to
solve numerous conjectures which had been around for some time. We do not discuss
them here, but the reader can find a complete discussion of the current state of the
art in [17].

However, we give here the result from [23] which will be of interest to us, which
shows the convergence of loop-erased random walk in a domain to radial SLFE.

Consider a domain DgZ2 and a point a € D. Loop-erased random walk

(LERW) in D from a to 0D is defined as follows. Let S be a simple random walk
o8



started at a and stopped at its first hitting time 7" of 0D. Let 5y = a; for n > 0, if
By € 0D, then n = [. Otherwise, 5,11 = S(k), where k = 1+ max{m < T :S(m) =
Bn}. Then = (B, .., ) is the loop-erasure of S.

Let D g C be a simply connected domain containing the origin. For § > 0, let us

be the law of the loop-erasure of simple random walk on the grid 67?2, started at 0
and stopped when it hits D. Let v be the law of the image of the radial SLFE; path

under a conformal map from the unit disk U to D, fixing 0.

On the space of parametrized paths in C, consider the metric

p(B,7) = inf sup |B(t) —A(t),

te[0,1]
where the infimum is over all choices of parameterizations 3 and 4 of B and 7.

Theorem 3.5.1 (LERW Scaling Limit). The measures ps converge weakly to v

as 0 — 0 with respect to the metric p on the space of curves.
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Chapter 4

The Discrete Half-Plane Capacity and
Simple Random Walk Excursion

4.1 Introduction

The goal of this chapter is to establish the estimates needed to show that the scaling
limit of loop-erased random walk (LERW) excursion in the upper half-plane, denoted
by S , is chordal SLE,. There exist a number of quantities related to a stochastic
process and which depend on the realization of the process. An example of such a
quantity is the place where the process leaves a given domain. In some cases, one can
recover some of the information about the process from these quantities which we will
call “observables”. In this chapter, we will define a “discrete half-plane capacity”,
denoted by dhcap, for subsets of the discrete upper half-plane H = H N Z2. This
object is the natural analogue, in the discrete setting, of hcap, which we defined in
Chapter 3. dhcap will play the role of the time parameter for the LERW excursion.
Under this parametrization, we will eventually examine the evolution of the image
of the “tip” of LERW excursion under the map g; taking H \ S, to H and satisfying

the expansion at infinity

60



2t
9:(2) =z + ST O (|27 -

The afore-mentioned observable should give us information about this evolution. The
goal will then be to show that the scaling limit of this evolution is Brownian motion
with speed 2. The method is very much the same as in [17]. However, the observable
and the estimates needed to compute it are different.

In Section 4.2, we define the discrete half-plane capacity of a discrete set, in a
way very similar to that of Chapter 3 and show that the limit which serves as its
definition actually exists. We show in Section 4.3 how this quantity is naturally
related to random walk excursion.

In Section 4.4, we give a correspondence between discrete sets in H and continuous
sets in H and show how the discrete half-plane capacity and the half-plane capacity
are related for such corresponding sets.

Section 4.5 provides a list of standard results from complex analysis, which we
will need for the technical computation we do in Section 4.6.

In Section 4.7, we compute an observable for random walk excursion, which is the
expected number of visits to —n + ¢ by the excursion. Given the close relationship
between random walk excursion and LERW excursion, we hope to eventually use this

observable to find information about the scaling limit of LERW excursion.

4.2 The discrete half-plane capacity

We start by fixing the notation and giving a few definitions. We will use the complex
notation z = z + 4y (x,y € 7Z) for points in Z?. For simplicity, the set {z +i -0 :
v € Z} C 7?* will be denoted by Z. 'H = {z +iy € Z*> : y > 0} will denote

the discrete upper half-plane. For a finite set A C H, we let H4y = H \ A and
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Ca =inf{n > 1:5(n) € OHa}. Recall that we defined in Chapter 3 the following
quantities for continuous hulls: h = h(A) = sup{Im(z) : z € A}, the height of A and
R = Ry = sup{|z| : z € A}, the radius of A. We simply extend these definitions to
discrete hulls and it will be clear from context which type of object we are dealing
with. For any set D C H 4, the hitting time of D is 7p = inf{n > 0:S5, € D}. Also,

if v,y € E C 7Z?, we define the discrete Green’s function in E by

Gg(x,y) =E" Z Sy =y, k <Tor}| . (4.1)

k>0
For r € N, we let
l, ={2€7Z*:Im(z) =7} and 0, = inf{n > 1:S(n) €1,}.

We will say that a set D C Z? is connected if for any z,y € D, there exists a path
(Yo=2,71, e =y) withy, € Z2,0<i<kand |y —vi1| =1,1<i <k
The discrete half-plane capacity of a finite set A C H , denoted by dhcap(A)
is defined by
dhcap(4) = lim y B [lm(S(C)]

We will show in Lemma 4.2.3 that this limit exists. Although the definition of dhcap
holds for any finite subset A of H, we will be mostly interested in a particular type
of subsets of ‘H, which is the discrete analogue of the hulls defined in Section 3.2. A
discrete hull A C H is a finite subset of H such that H 4 is simply connected in Z2,
i.e. Z?\ Ha is connected. A discrete hull does not need to be connected. However,
if it is disconnected, the boundary of each of its components must intersect Z.

We start by showing that the discrete half-plane capacity exists. The proof will
rely on the hitting distribution of Z by random walk started in the upper half-plane.
In the continuous case, this distribution is well known to be the Cauchy distribution.
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More precisely, the hitting density of the real line by Brownian motion started at iy
is

_ 1y
f(x) = TPt (4.2)

In Lemma 4.2.1, we show that for random walk, up to an error term, we get a discrete
version of the Cauchy distribution as well.

To prove the existence of dhcap(-), we also need an estimate on the probability
of hitting A before leaving H, when starting at various points in H. We do this in

Lemma 4.2.2.

Lemma 4.2.1. For k€ Z,y € Z.,

Piy{S(ao):k}:% y +0< ! )

y? + k2 y? + k2
i.e., there is a constant C' < oo such that for all such £, y,

C
— y2_|_k2'

i 1 Y
]P)y{S(O'()):k’}—; y2—|—]{j2

Proof. We find in [30] (p.155) that

PY{S(o0) =k} = la((y+1)i—k)—a(ly—1)i— k).

>~ =

But we know (see e.g. [14]) that
2 -2
a(x):;ln|:c|—|—K+(’)(|x| )

for some (known) constant K. Hence,

; 1, (y+1)*+&? 1
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Using Taylor’s series, we can conclude by seeing that

ln(y+1)2—|—k‘2: 4y +O y72
(y _ 1)2 + k2 y2 + k2 (y2 + k2)2 :

Recall that h = h(A) = sup{Im(z) : z € A} and R = R4 = sup{|z| : z € A}.

Lemma 4.2.2. There is a constant C' > 0 such that for any finite set A € H and

any |k| > R,

P IS(Ch) € A} < O s (4.3)
A >~ 1]{:2' .

However, if we only consider |k| > 4R, we have the sharper bound

hR

P {S(Ca) € A} < G157

(4.4)

where again C; is uniform for all finite sets A € H and all |k| > 4R.

Proof. We will assume that & > R. The other case is done in the exact same way.
Let v; = v1(A) = {(z,y) € Z*: x = R,y € {1,..,k — 1}}. Then, in order to reach A

without leaving H, the random walk must reach [, or v; first:
PFHRES(Ca) € AY = PFYMIS(CL) € Asor < 1, Ao}
+ P IS(CL) € ATy, < 09 Aok} (4.5)
The event considered in the first term on the right-hand side of the equality can be
decomposed into two parts: first S must get to height k& without hitting A or leaving

H; from there it must hit A before leaving H. The strong Markov property and the

gambler’s ruin estimate give
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PFIS(Ca) € As oy, < Ty A 0o}

- ZPkJrih {on < 7o, Noo; S(ow) = L+ ik} - PHF{S(C4) € A}

€7

< r}laZXIP’l”k {S(¢4) € AAP*M {51 < )
S

h .
= Zmax P {S(C4) € A},

Now we can use Lemma 4.2.1 to find an upper bound for max PR {S(Ca) € A}.
S

P {S(00) € [~ R, R}

> Y [P {S(00) € [~ R, R]|¢a < 00; S(Ca) = w}

weA

P < 003 5(Ca) = w)]

=Y P"{S(00) € [-R. RI} P {4 < 00; S(Ca) = w}

weA

> O PR < 00:5(Ca) = w}

weA
= CP"™{S(Ca) € A},
where C' = il,}lf gleiEIP’w {S(0y) € [-R,R]} > 0. The fact that C' > 0 can be seen
from Lemma 4.2.1 and the first equality follows from the strong Markov property. It

follows that

PHE(S(C,) € A} < lpl“k {S(0y) € [-R, R]} = é Z_ P* {S(00) = m}

¢ m=—R—I

R-1

1 k 1 2R+1
= — — ——— | <
WCm;_lk2+m2+O(k2+m2>_c ko7

uniformly in [. Thus the first probability on the right-hand side of the equality in

(4.5) is bounded above by C'2%, where C' is independent of A and k.
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We now assume that & > 4R and define

vy = {(:c,y) cZ?:x= [g} Y € {1,..,k;—1}},

as well as the sets
D={(z,y) €Z?: R<x,0<y<k},
Dy ={(z,y) €Z*: R<z < [%],0 <y <k},
Dy ={(z,y) €Z*: [£] <z,0 <y <k}
Note that D = D; U Dy U vy. The following decomposition is trivial:

P {S(Ca) € A; Ty < 00 A Oy}

e

Z Pk 1S(7,, Ao Aay) = R+ il} PEY{S(C4) € A}

We already know from the computation above that PP {S((4) € A} = O ().

If we let p to be the last time before 7,, A 09 A 0y at which S is in vy, then

P*LS(1, Ao Aoy) = R +il}

P 7, < 00 A 0k §(riy) = (5] im; S(p) = (5] +im S(r,) = Rotil)

I
Mw

s 3
(]
==

I
E

Yo ) Pu}P{wn} P{us),

w1 €A(M) waeB(m,n) w3eC(n)

3

3

where
A(m) = {paths from k + ih to [k/2] + im, inside Dy except for the endpoint},

B(m,n) = {paths starting at [k/2] + im, in D, ending at [k/2] + in},
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k
C'(n) = {paths starting at [5] +in, ending at R + il,

in Dy, except for the starting and endpoint }.

Since Z P{wy} <1, the last expression is bounded above by

wo€B(m,n)

Z > P{wl}z > P{w3} PE {1, < oo Aop} Y PP {w},

m=1w;cA(m n=1 wzeC(n weD

where D = {w = [wo, ..,wy) : {w1, .., wn_1} C Dy, w, € v2}.

k
The equality Z Z P{ws} = Z PR L)) can be seen by reversing paths. We

n=1 w3zeC(n) weD

can use Lemma B.2.4 to see that

R+1 l
2P < oy <

since k > 4R. Also, Lemma B.2.5 implies that
Prrh LT, < oo Aoy} < Cr,
so that we have, for k > 4R,

i h i h
PFh £S(Ca) € A; Ty, < 09 Aoy} < C) ?%ﬁ —Cl R

=1

This gives 4.4. However, it is clear that there exists a constant C'y > 0 such that

sup P*HMIS(C,) € A} > Oy,
Alk|>R

so that the best uniform bound we can get for £k > R is C’lf—j with some positive
constant C1. O
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We are now ready to show that the discrete half-plane capacity exists.

Lemma 4.2.3. The limit
dhcap(A) := lim y E” [Im(S(¢4))]
Yy—00
exists and satisfies
; hR?
dhcap(A4) = yEY [Im(S(¢4))] + O - ) (4.6)
Moreover, for any r > h the following equality holds:

dhcap(A) = = 5B [Im(S(C4)] (17)

keZ

Proof. We will show the stronger fact that for every w € A, the limit
Qo = qu(A) = lim yPV{S(Ca) = w}

exists. This immediately implies that

lim yEY [Im(S(Ca))] = 3 gulm(w).

Yy—0oo
weA

By Lemma 4.2.1, for y > h,

7 (y—h)?+ k2

yPY {S(on) = b+ ih} = =YW =h) (1 +0 (yflh)) @)

Let Cruw = Cruw(A) := P {S(C4) =w}. If y > h, the strong Markov property
gives
yPY{S(Ca) = w} = yP¥{S(0n) = k +ih} Cp

Hence, by (4.8),

yPY{S(Ca) =w} = Cow__yly—1) (1 +0 (L)) .

A (y —h)? + k2 y—nh
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Therefore,

hm yPY{S((4) = w} = ZCkw

kEZ

By Lemma 4.2.2, for all A and |k| > R, Cp., < CE

77, and so E Cw converges. This

kEZ

proves the existence of dhcap.

Since by Lemma 4.2.1, for all k € Z and all r € N, yP¥{S(0,) =k +ir} ~1/7
as y — 0o, we also get for all r > h:

dheap(4) = lim yE” [Im(S(Ca)] = lim >~ PY{S(Ca) = w} Im(w)

Yy—0o0
wEA

= limy SN PY{S(0,) =k +ir} P {S(Ca) = w} Im(w)

wEA kEZ

= limy ZIP’W {S UT) =k+ 27"} EF [Im( (CA>>]

Yy—oo
keZ

= LSRR [In(S(C).

™
keZ

This gives (4.7). To get (4.6), we note that for y > h,

dhcap(A) — yE¥ [Im(S(Ca))]

= lim 2B [Im(S(¢a))] — yEY [Im(S(Ca))]

zZ—00

> (2113010 2PES(0y) =k-+ih} — yP¥{S(0o) :k:+ih}>IPk+ih{S(CA) —w}m(w)

S RS P
- (e o (mare) ) Gt

The trivial bound Im(w) < h for w € A show that the last term is bounded above by
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h~ (12K —yh y i
— s 5 - < P +ih A
W;((y—h)”—k?+O<(y_h)2+k2)) {S(Ca) € A},
which by Lemma 4.2.2 is smaller than
1 [(h?+K*—yh y 1
KhR? — (T = Yy 1
. (zfezz: W ((y—h)2+k‘2 v ((y—h)2+k2)) e (y)

2
< M
Y

4.3 dhcap and random walk excursion

Now that the existence of dhcap has been established, we introduce the notion of
random walk excursion in ‘H and derive a few estimates for excursions. These will
allow us to show that when adding a point v to a bounded set A C H, the increase
in dhcap can be expressed in terms of the imaginary part of v and quantities related
to the random walk excursion started at v, relatively to A.

S will denote a random walk excursion in H, defined informally as random walk
conditioned not to leave H. Formally, if z, 2z’ € H, the transition probability from z
to 2’ is

P{S(n) = |8(n—1) = z} = lim P{S(n) = 2| S(n— 1) = 20, < oy}

r—00

It is straightforward to show that if y > 1, the transition probabilities for an excursion

are as follows:

plx +iy,x +1+iy) = plx +iy,x — 1 +iy) = 1/4,

- . . +1 _ . . -1
Pl iy atity+ 1) =T Byt (= 1)) =T
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For x € Z,p(xz,x +1i) = 1. In other words, an excursion may start in Z but enters H

immediately and from then on never leaves H.

More generally, if zg, 21, ..., 2z, is any nearest-neighbor path with zg, 21,...,2, €
H, then
~ ~ 1., Im(z,)
IP’ZO{SIZ S = n}: ) . 4.9
(1) =210 S) = 2} = () g (19)

Note that this is equivalent to
. - I
P* {S(l) =z1,...,9(n) = zn} = MPZO {S(1) =2,...,8(n) =z,}. (4.10)

This simple equality will be very useful since it will allow us to reduce all computations

for S to computations for S, a more familiar object.

Like for simple random walk, we define the hitting times &,, 5 A and 74 for an

excursion by
Fa=inf{n>0:5(n) e A}, Ca=inf{n>1:S5(n)e A},

G, =inf{n >1:85(n) e},

where [, is as defined in Section 4.2.
The gambler’s ruin formula for excursions is as follows:

f0<a<b<c and z €Z,

a c—b
b c—a

P {5, < 6o} =

The second fraction on the right is the simple random walk probability and the extra

factor a/b comes from (4.9).

For any z € H and A C ‘H, we define the hitting probability of A by S and S:

Oalzw) =P {500 =wila< oo}, dalzw) =P {S(Ca) =w},
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and

Note that (4.10) gives

~ Im(w
da(z) => m< ) bz, w). (4.11)
In particular,
lim y*@4(iy) = lim yE [Im(S(Ca))] = dhcap(A).
Yy—00 Yy—00
Also, using (4.7) and (4.11), we can show easily that if » > h, then

rz Gk + ir) = w dhecap(A). (4.12)

kEeZ

When working with the probabilities defined above, it will be useful to consider
separately the portion of their path from the last time they are at height r before
getting to A to the time they hit A (in other words doing what is known as a last-exit

decomposition).

For z € Hy,w € OH 4, let
xa(z,w) =P7{5(Ca) = w;Im(S;) < Im(z),1 <j < (at,

Xa(z,w) =P* {g(@;) = w;Im(S;) < Im(2),1 < j < %A}

and

Note that by (4.10),

) Xa(z,w). (4.13)



Lemma 4.3.1.

lim 72 Z Xalk +ir) = %dhoap(A).

kEZ

Proof. From the definition of y4(z) and (4.13), we see that it suffices to show that

lim r Z Z xalk +ir,w) Im(w) = % dhcap(A).

keZ weA

Using the last-exit decomposition mentioned above, we see that for each w €

OH AN A and every r > h,

]Pk-i-i?“ {S(CA) = w} = ZGHA(]{? + Z"l“,j + ZT) XA(] + ir,w).

JEZ

Summing over k, we get

Zpkﬂ‘r {5(¢4) = w} = ZXA(j —|—ir,w)ZGHA(/{: +ar, j + ir).

keZ jez keZ

But by comparison with the cases A = and A ={z:1 <Im(z) < h}, we see that

A —h) < Gy (k+ir, j+ir) < 4r.
kEZ

Indeed, we have Gy, (k + ir, j +ir) = PEFr {(4 < Tj+ir}_1. For A =0,

Z Gy, (k+ir,j+ir) = E7[# of visits to [, before (4]
k

= P {Ca < ar}_l = 4r,

by the gambler’s ruin estimate, and we get the other bound in the same way. Hence,

as r — 0o,
Z Z PFT LS(C4) = w} Im(w) ~ 4r Z Z Xa(j +ir, w)Im(w).
keZ weA JEL wEA

But (4.7) shows that the left hand side equals m dhcap(A).
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If w € H, we define the escape probability by S from A at w by
Bsa(w) = 1 - da(w) = P {S[1,00)n 4 = 0}

Then,

Bsa(w) = lim P*{3[1,5,]n4=0}

r—00

= lim [r/Im(w)]P* {S[1,0,] N (AU Z) = 0}

r—00

= lim [r/Im(w)]* > Xa(k +ir, w), (4.14)

r—00
keZ

where the last equality can be seen by reversing paths. Note that with this definition,

Lemma 4.3.1 and (4.14) give a new characterization of dhcap:

dheap(A) = %Tlggo 2 YN Ralk +irw) = % > " Esa(w) [Im(w))*.

weA ke weA
If v € H4, then again by a last-exit decomposition argument,

ESA(U)

Sk mmt (4.15)

Es augu (V)

Note that (4.10) implies that Gy, (v,v) can be interpreted either as the expected
number of visits to v of a simple random walk starting at v before leaving H 4 or as
the expected number of visits to v of an excursion started at v before visiting A.

The computations done in the last few pages now yield the following expression
of dhcap(A U {v}) — dhcap(A) in terms of quantities for S depending on A and v

only.
Lemma 4.3.2. For a given set A and a point v € Hy4,

r _ Im(0)(Esa(v))’
7 (dheap(A U {v}) — dhcap(4)) = G, (UaA“) '
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Proof. For v € Ha and z € Haugy with Im(2) > Im(v), we have

Xaufey (2) = Xa(2) = Xauqey (2,v) Esa(v).

Hence,

% [dheap(A U {v}) — dhcap(A)] = lim 1?3 Yauqy(k + ir, v) Esa(v)

= [Im(v)]? Esauqey (v) Esa(v)

Im(v)?(Esa(v))?
Gy, (v,0)

where we used Lemma 4.3.1, (4.14), and (4.15) for the first, second, and third equality,

respectively.

4.4 How close are hcap and dhcap?

In this section, we will define a way to associate continuous sets to discrete sets in
such a way that these sets are “as similar as possible”. The way in which we create
this association will depend slightly on the underlying space, which will be either Z?
or H.

The continuous version F of a set E C Z2 is defined as follows: For each z € E,
let S, be the closed set in C bounded by the square centered at z with sides parallel
to the axes. Then E = U,er S-

We would like the continuous version of a discrete hull A € H to be a continuous
hull in H. Therefore, we must slightly modify our approach.

For any discrete hull A as defined in Section 4.2, we let S, be the closed set in
C bounded by the square centered at z with sides parallel to the axes if Im(z) > 1.
However, if Im(z) = 1, S, is the closed rectangle with corners Re(z)—1/2, Re(z)+1/2,
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Re(z) — 1/2 + 3i/2, Re(2) + 1/2 + 3i/2. Then we call A = J,_,S. the continuous
version of A and it is easy to check that A is a hull.

Since from here on and for the remainder of this chapter, the sets A and A will
go hand in hand, we will simplify the notation and write H4 for H\ A, unless stated
otherwise.

Recall the definitions related to Brownian motion and continuous sets, which are

the analogues to some definitions of Section 3.2 for discrete objects. If D is any

subset of H and A is a hull in H,
TD:inf{tZOZBtGD}, ZA:TmHA:iIlf{tZOZBtGaHA}.

For m a positive real, let A, be the set of all simply connected subsets A of H with
R <m.

Recall that in Chapter 1, we introduced the KMT approximation, a coupling in
which Brownian motion and random walk are close to each other up to a given time
n, with high probability. We will show below that if we define appropriate hitting
times for our random walk and Brownian motion, the bound on the distance between
the two processes given by the KMT approximation still holds up to the latter of the

two hitting times.

Let A € A,,, ( = (4 be the first time S is in OH 4, and Z = Z,4 the first time B
is in OH 4.

Lemma 4.4.1. There exist a probability space containing a simple random walk S
and a standard Brownian motion B with By = Sy and a constant K such that for

every A > 0 there exists a constant C; = C1(\) < oo such that

IP’””{ sup |B; — S zClogm} < Km™\

0<t<(VZ
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Proof. We know from Theorem 1.4.2 that for some Ky > 0 and for all A\ > 0 there is

a Cy = Cy()) such that for all m > 1,

pim { sup |By — Si| > Oy logm} < Kom™.

0<t<m

We let C'= C(X\) = Cy - (4N + 3) and, for d € RY, let &; and =, be as defined in

Chapter 0. The probability in the lemma is bounded above by

Pim {Z > m4)\+3} 4 sz {C > m4)\+3}

—l—IP)im{ sup |B; — S 202(4)\+3)10gm;CvZ§m4’\+3}

0<t<(VZ

<pm {Z >m'* sup |By — By| < m”“} + P {Z > Eprn}

0<t<Z

+ pim {( > m" 3 sup |S, — So| < m%“} + P L > Epanin

0<t<(¢

—i—IP)im{ sup |Bt—St\ZC’2(4>\+3)10gm}

0§t§m4>‘+3
< pm {Emm“ > m4’\+3} + pm {Z > E 2011}
+ P & > mP TP L PT{C > Eani )

+ pim { sup |By — S¢| > Cy logm4’\+3} )

0§t§m4>‘+3

By Lemmas A.1.2 and A.1.6, the first and third terms are bounded above by
exp{—Km} for some positive constant K. The second and fourth terms are bounded
above by K;m™ by Beurling’s continuous and discrete estimates (see Section A.3).
Finally, Theorem 1.4.2 tells us that the last term is bounded above by Ko(m**+3)=2,
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Since K, K1, K5 are independent of r or A\, we can choose a K, independent of r and

A, such that the Lemma holds.

Lemma 4.4.2. There is a constant K such that if A € A,,, then
|dhcap(A) — heap(A)| < Km®/? logm.

Remark 8. Recall that we showed in Chapter 3 that there is a constant C; > 0 such

that hcap(A) > C; h(A)% Hence, for sets A such that h(A) > R(A) (i.e., sets which
grow as much in the vertical direction as in the horizontal direction), hcap(A) is of

order R?. For such sets the result of the lemma is nontrivial.

Proof. In what follows, we assume that m is an integer. The proof for real m only

requires minor modifications.

Lemma 4.4.1 guarantees that we can define B and S on the same probability

space and choose a constant C; so that

P* { sup |By— S| > C logm} < Cym 10, (4.16)

0<t<(VZ

We assume for the rest of the proof that B and S are coupled in this way.
Recall that h = h(A) = sup{lm(z) : z € A},(a =inf{n >1:S, € OHA},Z4 =
inf{t > 0: B, € 9H,}, and let z = im?. We know from Lemmas 3.2.4 and 4.2.3 that

heap(A) = m® E* [Im(By)] + O (hR/m?),

dhcap(A) = m*E* Im(S¢)] + O (hR?/m?) .

Hence it suffices to show that

E? [|[Tm(Bz) — Im(S;)[] < Km~? logm.
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Note that since A € A,,, we obviously have |Im(Bz) —Im(S;)| < m, so that trivially,
E* [[Im(Bz) — Im(S¢)|] = E* [[Im(Bz) — Im(S¢)| A m]. (4.17)

This observation may seem irrelevant for now, but will be essential later.

We define the set
3m
V ={z€H:|Re(z)| > 7;0 < Im(z) < 2Clogm},
where (y is the constant of the coupling, and the stopping times
f=inf{j > 0:d(S;, AUZ) < 2C;logm;|S;| < 3m}, v=1inf{j >0:5(j) € V}.

We also define the following events which will appear naturally below in the sense

that we will evaluate E* [|[Im(Byz) — Im(S¢)|] over these events and their complements

separately.
Elz{ sup |B;— S| > C4 logm}, Ey, ={Z < (},
0<t<(VZ
Esy = {[Re(Bz)| = 2m}, Ey={p<(}.

Note that F; is the event considered in (4.16), so that by the observation of (4.17),
we have

E* [[Im(Bz) — Im(S¢)|; By] < mP(Ey) < Cym™. (4.18)
We will show that there exists a constant K, independent of m, such that
E? [|[Tm(Bz) — Im(S;)|; Ex N ES] < Km™ % logm, (4.19)

where EY denotes the complement of E;. A similar argument (reversing the roles of

random walk and Brownian motion), which we omit, shows that

E? [|[Tm(B) — Im(S;)|; ES N ES] < K m~"% logm. (4.20)
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This then implies that E* [|[Im(Bz) — Im(S¢)|; E5] < K m~'/2 logm, which, together
with (4.18) gives the lemma.

To show (4.19), we look at the expectation separately over the events F5 and F¥.
For the first case, we observe that F3 C {Im(Bz) = 0} and Es N Es N Ef C {y <

Z < (}, and so
E? [[Im(Bz) — Im(S¢)|; Eo N Es N EY] < E* [Im(Se); B> N E3 N EY]
< E*[Im(S¢);y < (]
Note that this is a quantity for random walk only. Fix w € A and recall that

for a € N o, = inf{n > 1 : Im(S,) = a}. Since v > 0jp¢; 10gm|, the strong Markov

property gives

P*{S¢ = w;y < (}

S p? {SC = W;7Y = 0[2C1 logm] < C} _'_]P)Z {SC = W; 0[2C; logm] <7< C}

< Z P* {S(0jacy 10gm)) = k + i[2C) logm] } PFHECHesm £6(¢) = 4}

[e|>3m,/2

+ P {‘Re(s(a[201logm]))‘ < 3m/2} iggpm {5(¢) = w}

< > P{S(0pc 0gm) =k + [2C; log m]i PR s {élk\—m/z < UO}

[|>3m,/2

+ P {IRe(S(0120,og))| < 3m/2} - sup P {S(C) = w}.

where for a € ]R*Jr,éa = inf{n > 0 : |S, — So| > a}. We can find some constant K

and |k| > 22 such that

logm < Klogm

P[2Cllogm]i {ék—m y < 0_0} <K < '
=/ k| —m/2 k]

(4.21)
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This can be shown by inscribing a rectangle in the half-circle and proceeding as in

the proof of Lemma B.2.4. Similarly,

supP* {S(¢) = w} < KB

eV m

This, together with

=

P? {Re(S(apcllogm])) < 3m/2} < —,

which follows from Lemma 4.2.1, allows us to see that

P*{S; = w;y < (}

1 m?—[2C,logm)| 1 Klogm log m
< — K
- Z (7?(7712 — [2Cy log m|])? + k2 0 mt + k2 |k| TR

[o|>3m,/2

m? 1 1 log m
< Ktosm 3 (0 () ) K

[o|>3m,/2

For the first inequality, we used Lemma 4.2.1. The sum can be estimated by com-

puting

2

> m? ™ dw ® dx logm
—dx < m? —_— — | <K )
/3m/2 [L’(m4 + x2) = [Am/2 mtz * [nQ lB] N m?

(log m)?

Therefore,

P*{Sc=w;y<(} <C

)

m2

and since every w € A satisfies Im(w) < m,

E* [Se;y < (] < clogm)”
m

We still have to compute

E* [|Im(By) — Im(S)|; Bz N ES N E].
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We use the fact that E, N E§NEf C {8 < Z < (}. (B < Z because of E§N EY
and Z < ( because of Es.)

E* [|[Im(By — S¢)| Am: By N ES N EY]

< E*[[Im(Bz — Sz)| + (IIm(Sz — S¢)| Am); By N E5 N Ef]

< Cylogm+E* [[Im(S; — S| Ami < Z <

< Chilogm+E? |2 sup |Im(S; — Ss)| Am; 5 < (.
B<t<(C

Observe that this is where we need the remark made in (4.17), since, although

IIm(Sz) —Im(S¢)| < 2r, sup |Im(S; — Ss)| may be arbitrarily large.
B¢

It now suffices to show that

E* | sup [Im(S; — Sg)| Am; B<C| < em™? logm. (4.22)
B<E<¢

Note again that this is a quantity for random walk only. If we recall the definition of
B, we see that it follows from the discrete Beurling estimate (see Section A.3) that
there is a positive constant Cy such that for every a > 0,
P? { sup |S; — S| > « logm} < Cya V2.
B<I<C

We now use the strong Markov property to see that

P*{s < (; sup |S; — Ss| > alogm}
B<t<(¢

= % P (o< Gsi=u) P { s |5 5ol > alogm )

< Ca VPR < ¢} = 0720 (i) |

m

where
U¢={w:dw,AUZ) > 2C;logm or |w| > 3m; }
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is the complement of U and the O (%) term can be seen from Lemma 4.2.1. Therefore,

a change of variables and straightforward observations give

E*[ sup [Im(S; — Sp)|; <]

B<t<(C

g/ P* {6 < (; sup [Im(S; — Sg)| Am > alogm}

log m=0 B<t<(

< / P {ﬁ < ¢; sup [Im(S; — Sg)| > alogm}

log m=0 B<t<¢

S/ P? {ﬁgg; sup |St—55|2alogm}
a B<t<¢

log m=0

m/logm
zlogm/ PZ{ﬁg(; sup |St—55|2alogm} do
0 B<E<C

_ f(logTn/m/logmOé_l/2 o — Klogm m 1/2 o lOgm 1/2
- mJo m  \logm m '

This gives (4.22), which implies (4.19). (4.20) can be done in the exact same way.
The lemma then follows directly from (4.18), (4.19), and (4.20).

4.5 Standard results for conformal maps

At the center of our estimates in the next section will be bounds related to the
derivative of conformal maps. We state the results in this section without their

proofs, as they are rather standard. They can be found in [6] or [17].

Let S to be the set of analytic one-to-one maps f defined on U, the open unit
disk centered at the origin, with f(0) = 0 and f(0) = 1.

Theorem 4.5.1. [Koebe One-quarter Theorem| If f € S and 0 < r < 1, then
D(0,r/4) C f(rU).
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Corollary 4.5.2. Suppose f : U — D’ is a conformal transformation with f(z) = 2’.
Then

where d = d(z,U),d = d(Z,D’).
Theorem 4.5.3. [Distortion Theorem] If f € S and z € U,

1— |7
(1+]z])

1+ |7

3_|f()\_W-

Theorem 4.5.4. [Growth Theorem] If f € S and z € U,

G

ST—)
Corollary 4.5.5. If f : D — D’ is a conformal transformation, z,w € D, with
f(z) = 2/, then for all r € (0,1), all w satisfying |w — z| < rd(z,0D),

4d(#, 8D )

Fw) - 7] < 52

jw = z].

4.6 Getting away from the boundary

We now turn to a toilsome computation which will be essential in our main estimate

of this chapter, i.e. the computation up to error terms of
PY{5(Ca) = —n} (4.23)

where A is a discrete hull, Hy = H\ A,w € OHA N A, and (4 is as always inf{n >
1:5,€0H4}.

In this section, A will always denote a discrete hull with R(A) < n”, where 8 < 1.
The continuous version of A, denoted by A, is as defined in section 4.4, and we write
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Hy for H\ A. g4 will be the conformal map taking H4 to H, satisfying

ga(z) =z + hca%(A) +0(]2]7?) . (4.24)

Recall that Z4 = inf{t > 0: B, € 9H,}. In what follows, we will show that the image
under g4 of a random walk in H 4 does not move too much laterally before covering
a certain vertical distance. More precisely, the horizontal displacement of g(S,) is
of the same order of magnitude as its vertical displacement, with high probability.
We should note that showing this fact for random walk itself, rather than its image,
is trivial and nothing more than solving the Dirichlet problem. Unfortunately, the
question we consider here is not as straightforward.

We start with a general result about domains in Z? and their continuous version.
Let D C 72 be a bounded set and D its continuous version, as defined at the beginning
of the previous section. Let 7" = inf{t > 0 : B, € 0[?} be the first time Brownian
motion leaves D and 7 = inf {n >0:5, € 9D} the first time random walk leaves D.
If V C D, we define V to be the union of all the boundary edges of D which intersect
an edge between neighboring points @ € V and b € D. For any such boundary edge
e € V, we say that a is the corresponding boundary point. Note that an edge has
exactly one corresponding point a € V', but a boundary point a € V' can correspond

to more than one edge of V. The following result, which we do not prove here can

be found in [13]:

Proposition 4.6.1. For every ¢ > 0, there exists a 6 > 0 such that if D is a
finite connected subset of Z2, V C OA and x € A with P? {BT € ‘7} > €, then

Pr*{S, eV} >o.
For points z € Hy, we introduce the notation

ia(z) =Im(ga(z)) and ra(z) = Re(ga(z)). (4.25)
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The purpose of the next lemma is to find bounds on |ga(x) — ga(y)| for points z,y €
H 4 which are close to each other, but x is away from OH 4. In particular, if we assume

that d(z,0H4) > K > 0, we can show that the bound depends only on i4(s).

Lemma 4.6.2. Let A be a discrete hull and w,w’ € H4 with |w —w'| = 1. There
exist constants Lq, Lo, L3 such that

(a)lga(w) — ga(w')] < Lyia(w),

(b) for any 2 € Sq(w), [94(2) — ga(w)| < Laia(w),

(c) for any z, 2" € Sq(u’), |9a(2) — ga(w)] < Lslga(z") — ga(w)].

Remark 9. In particular, the lemma implies that if w,w’ € Hy with |w —w'| =1

and z € Sq(w),
ia(2) < (14 Ly)ia(w) and ig(w') < (14 Ly)ia(w) (4.26)

Proof. Take a sequence of four open disks {D;};—1 4 of radius 1/3, such that D, is
centered at w, for i = 2, 3,4, D; is centered at a point inside D,_;, and v’ € D,. By
applying the Growth and Distortion Theorems from Section 3.2 to each of these disks,
we see that there exists a universal constant K such that [ga(w)—ga(w')| < K|g/y(w)].
Since d(w,0H,4) > 1, Corollary 4.5.2 gives (a).

To show (b), we use the same argument, but in the case where d(z, 0H 4), we also
need Schwarz reflection to extend the result to the boundary of Sq(w).

Finally, (¢) can be shown by letting noting that on one hand, by part (a), the

Growth Theorem, the Distortion Theorem, and Corollary 4.5.2,

IN

94(2) — ga(w)] |ga(w") — ga(w)| + |ga(z) — ga(w’)
< Lyia(w) + Kilgh(w')| < Lyia(w) + Ka|g)y(w)]
< le’A(w) + KgiA(w) = K4iA(w).
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On the other hand, since 2’ is not in the disk of radius 1/3 about w, the Koebe

One-quarter Theorem and Corollary 4.5.2 give

194(2") — ga(w)| = Ks|gy(w)| = Keia(w).

Choosing L3 = % concludes the lemma.

O
If Ais a hull, w € Hy, and ¢q, ¢y are two positive constants with ¢; > 1, we let
R =Ra(w,ci,c3) = {g € H:Im(q) < cria(w) and [Re(q) —ra(w)| < caia(w)}

be the rectangle sitting in the upper half-plane, around g4(w), of height cyi4(w),
width 2¢9i4(w), and define

n= TIA(w;ChC2) = mln{j Z 0: Sj ¢ QZI(RA(U%CMQ))}-

Lemma 4.6.3. There exist constants ¢y, co, ¢, € > 0 such that if A is a discrete hull
and w € Hy, then

(a) P*{S(n(w,c1,c2)) € Ha} > €.

(0) P {ia(S(n(w, ¢1,¢2))) = cria(w); [ra(S(n(w, e, ¢2))) — ra(w)] < caia(w)} > e

(e) P {[ra(S(n(w, c1,¢2))) = ra(w)] < éia(w) | S(n(w, c1,¢2)) € Hat = 1.
Proof. Fix A, w € Ha, 1 < C; < Cy, and define

J={z2€Ha:94(2) € R(w,C1,Cy)}, J- ={2€Hs:d(z,J) <1}, 0J=J"\J

v

Let .J be the continuous version of J* in Z2. Clearly, if z € d.J, [ga(z) — ga(w)|
(Cy — 1ig(w). Lemma 4.6.2 (¢) now implies that if 2 € 8.J, |ga(3) — ga(w)| >
=15 4 (w).

L3

It is clear that there is a 6; > 0 (independent of w and A) such that
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_ ga(w) (Cl — 1) (Cl - 1)
o P {Bt leaves R(w, 3L, ' oL, ) at R

S ]PgA(w) {B(TagA(j)> c R}

— P"{B(T};) € OH,}.

By Proposition 4.6.1, there is an €; > 0 such that P¥ {S(79,+) € OHa} > €. Since
by Lemma 4.6.2 (a), every z € 0J satisfies |ga(z) — ga(w)| < (Cy + Ly)ia(w), this

proves that there exist ¢; and ¢, such that

P {S(n(w, c1,c2)) € Hat > €1

This proves (a). Note that this construction works for any constants Cy > Cy > 1,

but that ¢; may depend on them.

Now take C] > 0 and C} > (L* + L + K)C}, where K is defined below, let
R = R(w,C},C), define L, R, and T' to be respectively the left, right, and top side
of R, and define I = {z € H4 : ga(z) € R'}. If z € 0;,u] and we let e, be the set of
edges leading from z to a point 2’ € 9I with d(z, 2') = 1, two things can occur. Either
the image of at least one of the edges of e, intersects R’ at L U R, or none of them
does. We call the set of points z € 0;,,] which satisfy the first condition F; and the
set of those that satisfy the second condition Fy. We let L = max{L;, Lo, L3}, where
Ly, Ly, Lz are as in Lemma 4.6.2. If 2 € Fy, [ra(z)—Chia(w)| < L?ia(z) < L2Cia(w),
by Lemma 4.6.2 (a) and (¢). Also, by using the same lemma one more time, we see
that if £y = |J{Z € Sq(z) N dI}, where the union is over all z € Ey, then for € Ej,
[7a(2) — Chia(w)| < L2Clia(w) + LClia(w) = (L? + L)Clia(w). In particular,
lra(2)| > (C} — (L* + L)C!)is(w). Also, with the definition £, = I\ Ej, we can

easily see that any Z € E, satisfies i4(2) < LC%is(w). Also, there exists a constant
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K such that if C} > KC, E, is nonempty. Now it is clear that there exists a dy > 0

such that
5y < Poaw) {Bt leaves gA(f) at gA(E2>}

= P¥ {Bt leaves I at Eg} .

If z € E5, one can show by contradiction that i4(z) > (Lj—éiA(w). Proposition 4.6.1,
now implies that (b) holds with ¢; = (Lj—é, co =Ch— (L*+ L)CY, and € = 6.
It is easy to see that we can choose ¢y, ¢o, and € so that both (a) and (b) hold. (c)

just follows from Lemma 4.6.2 (a).

O

We define a new rectangle whose main difference with the rectangle R above is

that the side lengths do not need to scale with i4(w) anymore,
Qa(w,a,b) = {g € H:Im(q) < a, [Re(q) —ra(w)| < b}
and the exiting time of its inverse image under g;' in H4,
fa(w,a,b) =min{j > 0:5; ¢ 93" (Qw,a,0))}.

In what follows, the constants ¢; and ¢y are those from Lemma 4.6.3. Note that

0122.

Corollary 4.6.4. There exist constants cs,c4 > 0 such that for any a > 0, any

discrete hull A, and any w with is(w) < 2,

a

P {ia(S(04(w,a,c3a))) > a;|ra(S(0a(w,a,csa))) —ra(w)| < cza} > (Z’A(w))m.
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Proof. We define a sequence of points. Let zog = ga(w). For i > 1, let w; =
S(n(zi—1,¢1,¢2)) and z; = ga(w;). In what follows we work with the assumption that

at each point w; the event described in Lemma 4.6.3 (b) occurs. Then Im(zx,) > a,

where kg = [M} . However, it could happen that Im(z) > a for some k < k.

Tog c1
For a given realization, suppose k; is the smallest integer for which Im(zy,) > a. We
will now find a bound on |Re(zx,) — 7a(w)|, independent on the realization.
For i > 1, let v; = Im(z;) — Im(2;_1) and h; = |Re(z;) — Re(z;—1)|. Then, if the
event described in Lemma 4.6.3 (b) occurs, v; > (¢; —1)ia(w;_1) and h; < coia(w;_q).

Therefore, h; <

clciﬂ’i' This means that the total horizontal displacement between

two points z; and z; is bounded above by Cf—il times the total vertical displacement

between those points. Since Im(zy,) < a by definition of ky, |Re(zy,) — ra(w)| <

-2(a —ia(w)) < ;25a. Now since Im(zy,) < a,[Re(zr,) — Re(zi,-1)| < ;Z5a.

Therefore, |Re(zx,) — ra(w)| < 2-—2-a.

c1—1

The sequence of points in our construction has length at most kq. Therefore, by

Lemma 4.6.3,
2
P ia(S(0a(w,0,2—2—0))) 2 a3 [ra(S(Oa(w,a,2—2—a))) = ra(w)| < —
C1 — 1 C1 — C1 — 1
log e/ log c1
SES

ia(w) ’

from which the corollary follows if we choose ¢z = 2-%; and ¢4 = —ILOggcel.

O

Proposition 4.6.5. There exists constants ¢, e > 0 such that for all a > 0, for any

hull A, and any w € H4 with is(w) < -
PY{is(S(O(w,a,ca))) > a|S(O(w,a,ca)) € Ha}t > €.

Proof. For any m > 1, let
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Sy = supP¥ {is(S(0(w, a, cza))) > a|S(O(w,a,cza)) € Hat,

where the sup is over {w : ciln <ia(w) < £} and ¢z is as in Corollary 4.6.4. Then,

since for any ¢ > 0 and a > 0,
PY{is(S(0(w,a,ca))) > a|SO(w,a,ca)) € Ha} > PY{ia(S(O(w,a,ca)))>a},
Corollary 4.6.4 implies that for any m > 1 we can find ¢,, > 0 such that

S > €m.

Let ¢; be as in Lemma 4.6.3 and fix a > 0. Suppose ¢; a <islw) <c™a

and for such a w consider the rectangle
R =R(w,c1,m) = Q(w, cria(w), mia(w)) (4.27)

and the corresponding exiting time

n =n(w,c;,m*a) =min{j > 0:5; € g," (R)}. (4.28)
Then, if m is an integer greater than ¢y, Lemma 4.6.3 (b) gives that

P {ia(S(n)) = ¢;a; [ra(S(n)) = ra(w)| < me;Ma} > e
In particular, repeated iterations of Lemma 4.6.3 (a) give
P {[ra(S(n) — ra(w)| = 7'} < (1 — /e = ¢=om,

where ¢ is as in Lemma 4.6.3 (¢), and therefore (8 is independent of m or a.This
implies that
PE{Jra(Sm)) — ra(w)] = me;™al S(n)) € Ha}

3 P {Ira(S(0)) — rafw)| > me;™a)
= B {ra(S () = ralw)] = mei"a} + P {ia(5(n)) = cria(w)}

< e leAm

Y
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where, again, € is as in Lemma 4.6.3. In particular, for m > ¢,
P{lra(S(n)) —ra(w)] < mia(w)|S(n) € Ha} =1,

and so we get for all w satisfying i(w) € (cl_(m+1)a, c; "a], with the definition ¢ =

chl_j, and 6 = 0(w, a, (¢ + ¢3)a),

j=1

PY{is(S(0)) > a|S(O) € Ha} > ﬁ (1—ete™™) - S,

Jj=mo

where my is the smallest integer greater than sup{cs, ¢}.
Since [[;Z,(1 — ete™P™) > 0 and S,,, > 0, this gives the proposition.

O

Corollary 4.6.6. There exist constants d, 3 > 0 such that for any a > 0, any hull

A, any r > 0, and any = € A,
PY {is(S(O(w,a,ra))) > a|S(O(w,a,ra)) € Ha} > 1 —de ",
In particular, there is a constant d’ such that
P {ro(S(0(w,a,ra))) > ra} < de PP {i(S(O(w,a,ra))) > a}.

Proof. We just iterate Proposition 4.6.5 as often as is needed.

4.7 A hitting probability
We now have most of the tools needed to compute

PY{5(Ca) = —n} .
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A continues to denote a discrete hull. We fix v < 1 and define the continuous and
discrete halo associated with A: ilv ={ze€Hy:ia(z) <n’} and h, = Bv NH. The
halo’s boundary is 137 = 8717 in the continuous case and b, = Oh, in the discrete case.
7, will be short for 7, = inf{n >1: S, € b,}.

Recall the definition of the discrete Green’s function in a domain E C Z? for
r,y € b

Gp(z,y) =E° Z Sk =y;k <7Tor}| -

k>0

Since for the remainder of this section we will mostly be working in the domain H 4,
we will simplify the notation and write G 4 for G,.

If £ C C is conformally equivalent to the open unit disk U, z,w € F, z # w, and
f: E — U is a conformal transformation with f(z) = 0, then we define the Green’s
function in F to be

9(z,w) = —log|f(w)].
Note that since f is unique up to a rotation, this is well-defined.

Like for the discrete case, we will write ga(z, w) for gu , (2, w) until the end of this
section. A word of caution is needed here since we use the same symbol -g4- for the
continuous Green’s function in H,4 and the map defined in (4.24). However, it will
always be clear from context what is meant. If A = (), we will just write G(z,w) and
g(z,w) for the discrete and continuous Green’s functions in the upper half-plane.

We now prove a few ancillary lemmas. The first three give information about the
thickness of a halo, the image of its boundary, and the escape probability from A by
random walk excursion started at its boundary.

Recall that for a € R, D(a) is the disk of radius a centered at the origin and

C(a) = 0D(a) is the circle making up its boundary. For the purpose of the following
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lemma, we define the upper half-disk and upper half-circle
Dy(a) = D(a)NH, Cy,(a)=C(a)NH. (4.29)

Lemma 4.7.1. For all 5, < 1, there exist constants N > 0, K; > 0, K5 > 0, such

that for all n > N, for every continuous hull A with R(A) < n”, and for all z € b,

d(z, AUR) > Kyn?max{7.5} (4.30)

In particular,

Im(z) > Kyn?~maxtn6},

Moreover, if § < v < 1,

d(z,AUR) < Kyn". (4.31)

Proof. (4.31) follows immediately from Proposition 4.5.5, so we can concentrate on
(4.30).

We start with the case 8 > . If n is large enough and |z| > n®?, the fact that
Im(2) >ia(2) =n", (4.32)

which follows from Proposition 3.2.2 (b), gives the result.

For |z| < n%?, we will proceed by contradiction. First suppose that VN >

0, we can find n > N, a hull A with R(fl) < n” and a point z € g;l(by) such

that d(z, AUR < —L:n*7P where Cj is the constant in the continuous Beurling
64C%

Estimate (Theorem A.3.2). We can assume that Cg > 1. Then, the fact that

la> — b?| < |a — b| - |a + b| implies that

n?"

A2 A2UR,) € —n@r-0onf = T
(% ATURY) < grean " T 50
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Here, A% denotes {2% : z € A}. Thus, conformal invariance of Brownian motion and

the continuous Beurling Estimate give

P {S,. < Z4} < P {é,m < TAZUR}

1 2y 1/2
3203 " R PR
CB( nt /2 ) 1"

On the other hand, it follows from Proposition 3.2.5 that there is a constant K

IA

such that for all w € C,(n?), |[w — ga(w) — hCEfQ(A)\ <K R(A)};Zap(j). In particular,
3N > 0 such that ¥ n > N, for every hull A with R(A) < n® and all w € C,(n?),
|ga(w) — w| < 2n2B=1) Therefore there exists N > 0 such that for all n > N, for all
A with R(A) < n?,

Dy(n?/2) C ga(Dy(n?)) C D,(2n?).

This implies that
PO Ty ooy < 00} = P {Eye < 0}
(2) 1 2
Z P94 {02n2 < 0'0} = iny 5
by Gambler’s ruin and since i4s(z) = n.

Since P? {£,2 < Taur} = P94>) {TgA(C(nZ)) < 00}, this gives a contradiction.

If 3 < 7, the lemma is straightforward, since (4.32) implies that we can find an

N so that for all n > N, d(z, AUR) > %n“*.

O

Lemma 4.7.2. For every 0 < § < =, there exists a constant K such that for all

z € b, and every discrete hull A with radius R(A) < n”,

0<ia(z) —n’ < Kn?77.

95



Proof. Note that by lemma 4.7.1, there exist constants K7, K5 > 0 such that Im(z) €
[K1n?, Kyn?).
The first inequality is obvious since if 2 € b,, then z € hS, so that ia(z) > n”.
We know from Proposition 3.2.2 (b) that Im(2) = is(2)+E? [Im(B(Z4))]. Clearly,
if we recall the definition of D,, in (4.29), use the conformal invariance of Brownian

motion, and since R(A) < n”, then,

E* [Im(B(Z4))] < nPP*{B(Z,) € A}

< P {B(Zp,ws) € Du(n”)}
= nPrue [ B(TR) € [-2n°,2n7]}
< K'n?*,

Lemma 4.7.1 implies that Im(z) > Kin"” and one can check easily by considering
the explicit map gp, sy that this implies Im(gp, (,s)(2)) > Kyn? for some constant
K5 > 0. From this and the hitting distribution of R for Brownian motion (see (4.2)),

we get the last inequality. K’ is independent of A, n, and z. Therefore,
0 <Im(z) —ia(z) < K'n*.

Since z € b,, there exists 2/ € h, with |z — 2’| = 1 and clearly, since Im(z) >

Kin?,Im(z") > Kin? — 1 > K3n". In the same way as above, we then get
0 < Im(2) —ias(2) < K'n?*7.

Therefore,

IN

lia(z) —ia(2)] lia(2) = Im(2)| + [Im(2) — Im(2")[ + [Im(2") —ia(2')]

< K'n?™7 414+ K'n?~7 < Kn?7

Since i4(2') < n?, this implies that is(z) < n¥ + Kn??~7,
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Recall that we defined for z € ‘H and A C 'H a discrete hull,
Esa(z) = P* {5[1, 50) N A = @} .

Recall also that we defined for r € N, [, = {2z € Z* : Im(2) = r} and o, = inf{n >

1:S5, €l,}. For the next lemma, we will simplify the notation and write, for o« > 0,
lo={2€ 7 :Im(z) = [n*]} and 6, =inf{n >1:9, €l,}.
The corresponding quantities for Brownian motion are
L, ={z€ C:Im(z) = [n"} and X, = inf{t > 0: Im(B;) € L, }.

If random walk excursion started at w € A escapes from A, it does so in two
steps. First it gets to b, without hitting A. Then it goes to infinity without hitting

A. We give a precise estimate on the probability of the second step here.

Lemma 4.7.3. For z € hfy,

Esa(z) = Ilril((i)) (140 (n*7?)).

Proof. We start by computing P* {3; < Z4} and will then show that this is very

close to P*{oy < (a}.

By conformal invariance of Brownian motion, Lemma 4.7.2 with the value y =1

and the gambler’s Ruin estimate (see Section A.2),

14(2 _
P {51 < Za} = PAOT 1y < Tr} = Aé )(1 +0 (n*72)).

We use the KMT approximation to couple a random walk with a Brownian motion
so that before they reach height n or 0, they are within clogn of each other, up to a
probability of less than n =10,
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We introduce the stopping times
M =inf{t >0:d(B;,AUR) < clogn}, N =inf{t > 0: Im(B;) = n — clogn},

where the constant ¢ is that of the coupling, and the corresponding stopping times

i, v for random walk.
P= {(0'1 < CA;Zl > ZA) U (0’1 > CA;Zl < ZA)}
S]P)Z{N< Zy < 21}—|—]P)Z{M< X < ZA}
+P{yv <a <o} +PP{u<op <)+ Knlo.

By the strong Markov property and the gambler’s ruin estimate, the first and third

probabilities are bounded above by

logn
<K )
n — Kn? - n

n— (n—clogn)

If d(z,AUR) < clogn and if we let \ = %, the gambler’s ruin and Beurling

estimates give

P (%) < Z4} < P{%, < Z,} PV, < 35}

/2 x B
< K(log”) Ly o
- n n—nP —

The exact same argument works for random walk too. This shows that
P {0y < (a} =P {E; < Za} + O (n71?)

and so

P {0’1 < CA} = iA(z)

(1+0 (n*7?)).
From this we easily find, for R > n,

ZA(Z)
R
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Using (4.10) we can translate this equation for simple random walk into an equation

for simple random walk excursion:
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IP’Z{&R<§A} _!

Our last preparatory lemma is just a continuous Green’s function computation.

Recall that for z,w € H, we chose the notation g(z,w) for the Green’s function in H.

Lemma 4.7.4. Suppose z,y € R satisfy |z —y| > 5. Then,
n?

10 ().

gz +in",y+in?) =2
(y — )

Proof. One can easily verify that
glx+in”,y+in?) = g(in?,y — x +1in?).
Since we know that f(z) = i—jrj maps the upper half-plane H onto the unit disk U, we

can reduce the question to one about the Green’s function in the disk, gy, for which

the solution is well known (see for instance [3]).

n' =1 (y—x)+i(n” —1)\
m+1’(y—x)+z'(m+1)) = log

uv — 1

Y

g(in”,y —x +1in") = gru(
u —7v

R B T L R

n=1-2-0 D = m.To evaluate this,

where u =

we need precise estimates for |uv — 1| and |u — v|.
2 n’+1 n 8
el (Y -2t () (y - 2)?

u —1=—

y—= 8 '

- (_2(?/ —x)?+ (n7 +1)? " (7 + 1)(y — x))l
2 (7 + 1) A+ 1)
- m+1<1+(y—x)2+(m+1)2 (y_@z)

-2

y—x (1_4(y—x)2+(n7+1)2).

(y— )2 + (7 +1)? -2 +1) )"
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Also,

2 B (n" +1)* B y—
wmo= e (- g ) e e

This gives

2nY+1)2 —2)2(n7+41)? —
|u'U - 1|2 = ﬁ (1 + (y—x§2+—é—n’)v+1)2 + ((y(g90)2)—1—((n’Y4-i_-1))2)2 +0 (nﬁf 2)>

and

2 _ 4 2(n7+1)? (y—2)*(n7+1)° dy—4
v = v = Giae (1 ~ e T oy T O 07 )> ’

which, with the help of Taylor’s expansion for log(1 + z), gives

2v

(y —x)? (

gz +in",y+in?) =2 1+0 (n27_2)) .

O

Since the continuous Green’s function has the nice property of conformal invari-

ance which the discrete Green’s function does not possess, we will find good use in a

result from [13] which says that the discrete Green’s function is close to the continu-

ous Green’s function when both points are away from the boundary. This will allow

us to reduce a discrete Green’s function in H 4 to a continuous Green’s function in

H, which we just handled in Lemma 4.7.4. The result from [13] is the following:

Proposition 4.7.5. Suppose a set E C Z? satisfies mé%|z\ € [n,2n]. Then forz € E,
zZe

Gr(0, 2) = ;gE(O, 2)+0 (ja2) + 0 (nHlog(m)

Note that this result does not include the sets H 4, since their continuous version

is constructed in a slightly different way. However, the result still holds in that case.

100



If we assume for u,v € Hy that [u —v| > § and u,v € b,, we get from this,

Lemma 4.7.1, and conformal invariance of the Green’s function that

GAmav>=:igA@uv>+49(n-%mgn)::ggapxungmo>+«9(n-%mgn),<43@

Proposition 4.7.6. If 0 < 8 < v < 1, Ais a hull with radius R(4) < n®, w € 0ANH,

and X = r4(w), then
w _ o1 1
P {S(Ca) = —n} = TEsalu)lim) {1+ O (6(n)
where ¢(n) = n20=2 4 p7tog’ n4+n"3 .

Proof. A last-exit decomposition gives

PY{S(Ca) = —n} = Z PU{S. =u;m <(a}P"{S., =v;7 < Ca} Galu,v)

u,vEby
+ PY{S;, = —n;Ca <7 }.

Also, if we let € = inf{n >1:|5,| > n#}, we see that
P {S(Ca) = —n;Ca < 7}
Pv{S(Ca) = —n; 7y < Ca}

B {¢ < Capsup, P*{S(Ca) = —n;Ca < 74}
- Ppw {g < CA} inle P¥ {S(CA) =-—Nn;7, < CA}

_osup, PP{S(Ca) = —n;Ca < 7}
~inf P {S(Ca) = —n; 7y < Ca}’

where the sup and inf are both over {z € H : n" < |z| < n’t + 1}. One can check

easily that the supremum is bounded above by K; exp{—K,n'~7} for some positive
constants K; and K, and that the infimum is greater than Ksn~2 for some positive
constant K3. Therefore,
PY{S(Ca) = —n} = Z P {STW =u;Ty < CA}IP’_” {STW =T, < CA} Ga(u,v)
u,VEDLy
(14 O (exp{—Kn'7})). (4.34)
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This, together with (4.33) and Corollary 4.6.6, gives
P{S(Ca) = —n}

= P{S, =uim <GPS, =iy < Caf 1+ 0 (7))

' {29(9A(U),QA(U)) +0 (0 lognﬂ (140 (exp{=Kn'™})),

™
where the sum is over all u,v € b, such that |rs(u) — ra(w)| < rn? and |ra(v) —

ra(—n)| < rn?. Letting r = log® n, we get from Corollary 4.6.6 (for the first equality)

and Lemmas 4.7.2 and 4.7.4 (for the second),
P{S(Ca) = —n}

=P{r, <} P " {1, <} (1+0 (eXp{—knl_v}))(l + 0O (n—ﬁlogn))
. EQ(TA(UJ) +0(n? log? n) +ia(u)i,ra(—n) 4+ ia(v)i) + O (n—% log n)}
=P {7, < Q}P " {r, < Ca} (1 4+ O (exp{—kn'""}))(1 + O (n~P="))

: [;g (ra(w) —ra(=n) + O (n"log?n) +i(n? + O (n**77)),i(n” + O (n**77)))

+0 (n_% logn) } .

Proposition 3.2.5 shows that 74(—n) = —n(1 + O (n*72)). If we let X = ra(w)

and note that exp{—kn'=7} = o(n="!¢"), Lemma 4.7.4 gives

P{S(Ca) = —n}

=P {7, < Q}PT" {7, < Ca} (14O (n77%7))

_a 4 nP(1+00*PP) 1+0nP?)
' [O <n ’ logn) * ;|X—|—n+0 (n7log®n) |2 1+ 0 (n%2)

=P {7, <Ca}P " {r, <Ca} (1 + O (n7"5"))

_a 4 n? _ _
| {O (w7 10gn) + S+ O (A + O (7 ”og?"))}
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=P {7, < C}PT"{r, <Ca} (14O (n77F%"))

4

7T X + 0

6—Tv

(10 ("7 ))(1+0 (1 log?n))

2 6—7v
4_n7 2(1+(’)(nT))(l—i-(’)(n'y_llogzn)).

=P {7, <} P7" {7, <Ca} TIX +np

We also have

Bsa(w) = P*{S[1,00)n4=0}

= S PU{S[L, )N (AUZ) = 6 5(r,) = ”3}112((3?96 {3[1, o) N A = @}
x€by

_ w _ 0. _ Im(x) ia(r) 26-2

— ZIP’ {S[1,7,]N(AUZ) = 0;S(r,) = x} () Im(x)u +0 (n*7?))
x€by

= PY{7, <4} n(1+0 ()1 + 0 (n*7?)).

Im(w)

Here, we used (4.10) for the second equality, Lemma 4.7.3 for the third, and Lemma

4.7.2 for the last. This implies that

Esa(w)Im(w)

PY {7, < (a4} = (1+ 0 (n*772)).

Also, by Lemma 4.7.2 and the gambler’s ruin estimate (see Section A.2),

P {T’Y < CA} = i%(l +0 (n2ﬁ—2"/)).

Therefore,

P {S(Ca) = —n} = ~Bsa(w)im(w) g (14 O (9(n))),

| X + n|?

where ¢(n) = n2*2 4 7 tog’ n4+n"s .
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Appendix A

Standard Estimates for Brownian Motion
and Random Walk

This appendix will be devoted to state and prove some elementary results on random
walk and Brownian motion which are needed in this thesis. All of them are rather
standard. They include large deviations estimates for random walk and Brownian
motion, the gambler’s ruin formula, Beurling estimates, and the Harnack principle.
Although the Harnack principle is formulated in terms of harmonic functions, the
relationship between harmonic functions and hitting distributions makes the Harnack

principle a statement about the latter as well.

A.1 Large deviations

It is easy to check that in time n, Brownian motion and random walk are expected
to reach a distance of roughly y/n. In this section we show how likely it is that
they travel far (i.e. reach a distance which is much greater than /n) or are very
constrained (i.e. remain in a disk which has a radius much smaller than \/n). We
only give upper bounds for these probabilities, except in the case of Brownian motion

travelling too far, where the lower bound is straightforward enough for us to write it

104



here as well at no cost.

Lemma A.1.1. If B is a planar Brownian motion and r > 1,

2
IP’{ sup |By| > rnl/z} =t exp{—%}.

0<t<n

Proof. 1f we write B; = (B}, B?), simple geometric considerations, Brownian scaling,

and the reflection principle give

P{B) >r}
=P{B! >rm'/?%}
< P{ sup |By| > rnl/Q}

0<t<n

< QIP’{ sup |B}| > rnl/z}

0<t<n

< 4P < sup Btl > rnl/2}
0<t<n

= QIP’{B}L > rnl/Q}
=2P{B} >r}.

If ¢(x) is the normal density and r > 0,

1
) SP{BL 21} < 2o(r),

from which the result follows immediately

Remark 10. The following is an equivalent formulation of the lemma:

2
P{ 12 <n} =< rt exp{—%}.

We have evaluated the probability that Brownian motion goes farther than ex-

pected. We now look at the probability that it moves less than expected.

Lemma A.1.2. There exists a constant K > 0 such that for alln > 1,7 > 2,

IP{ sup |By| < r_1n1/2} < exp{—Kr?}.

0<t<n
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Proof. For [ > 1, we define

I = I(r,n) = [(I - 1)%,1 2.

.
Then, if k = [r?],
Ulell C [O,TL]

A simple geometric argument, the Markov property, and Brownian scaling give:

IN

IP’{ sup |By| < r_lnl/Q}

0<t<n

HIP’{sup|Bt _ya| <2r 1n1/2}

tel;

0<t<1

< HIP’O{ sup |By| < 2}

S Pk S eXp{_KT2}7

where p < 1 is independent of r and n, and K = —=£ > 0.

O

We need the same results for random walk. The nice scaling properties of Brow-

nian motion cannot be used here and we must do a little bit more work. We first

prove the result for random walk under slightly milder assumptions than needed for

simple random walk. These are still quite restrictive, but will be sufficient for our

needs.

Lemma A.1.3. Suppose (X;);>1 are independent random variables with mean 0 such

that for some a > 0, the moment generating function

M(t) =E[e"™"] < oo for |t| < a. (A.1)

Then there exists a constant K; depending on a and the distribution of X; such that

ifSn:ZXi, forallm >1,r >0,

i=1
P{|S,| > rvn} < Kie ™.
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Proof. Choose a distribution X; and an a for which (A.1) holds. It suffices to show

that there is a K7 > 0 such that P{S,, > r/n} < Kie~*. By Chebyshev’s inequality,

n B ev

p{S2 /) < Elowles/v)

But by expanding E [¢'*1] about 0, we get for |¢| < a,

M(t):l+%X12]t2+(9(t3),

so that we can find a constant K such that for all n > 1,

Thus,

E [exp{aS,/vn}] = M(

where K; = eX. This implies that

5% —ar
P{ﬁzr}§K1€ .

O

The next Corollary is an immediate consequence. We point out that it is not
optimal in the case of simple random walk, but as it will be sufficient for the purpose

of this thesis, we content ourselves with it.

Corollary A.1.4. Under the hypotheses of Lemma A.1.3, there exists a constant

C7 > 0 such that for alln > 1,r > 0,

IP’{ max |Sy| > T\/ﬁ} < Cyne ™.

1<k<n
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The following particular case is of special interest:

Corollary A.1.5. For one-dimensional standard Brownian motion started at 0, de-
fine 71 = inf{t > 0: |By| =1 and for j > 2,T; = inf{t > T;_, : |B; — Br,_,| = 1}.

Then there exist constants C7,a > 0 such that for alln > 1,r > 0,
P {1123%(” T}, — k| > r\/ﬁ} < Cine™™.

Proof. The fact that E [17] = 1 is well known and since for all j > 1,7; — T, 24 11,

it suffices to show that there is an a > 0 such that E [e“(Tl_l)} < 00. It follows from
P{Ty >k+ 1Ty >k} <P{|Bys1 — By| <2} =p <1

that P{T} > k} < p*, and it suffices to choose a < In(p™") to ensure that E [e*"'] <

0. O

We now complete the picture by giving the analogue to Lemma A.1.2 for planar

simple random walk.

Lemma A.1.6. There exists a constant K > 0 such that for alln > 1,7 > 2,

IP{ max |Sg| < r_1n1/2} < exp{—Kr’}.

0<k<n

A.2 Gambler’s ruin

It is often useful to know what the chance is that Brownian motion or random walk
move much more in one direction than in the opposite. The following facts are well

known and their proofs can be found in any basic book on stochastic processes:

Let rq, 75 be positive reals and ny, ny be positive integers. Define

o=inf{k > 0:Im(Sk) =ny or —ny}
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and

Y =inf{t > 0:Im(B;) =r; or —ra}.

Lemma A.2.1. If z € Z? satisfies Im(z) = 0. Then

(a)P* {Im(S(0)) = n1} = nqunz and P* {Im(S(0)) = —ns} = anW.
(B {(Im(B(2) =} = = and P* {Im(B(X)) = —ra} = .

A.3 Beurling estimates

It is often useful to know how likely it is for Brownian motion to get to distance R
without hitting a set A with d(By, A) = r and rad(A) > 2R, when 5 gets small.
The probability of this event can be bounded above by a power function of the ratio,
uniformly for all sets A. The same question for random walk is of course of equal
interest. Given the Beurling Projection Theorem which we state below, it is easy to
find the best possible exponent of this power function so that we do it in this section.
The discrete case is more difficult and we just refer the reader to [10], where the proof
is given.

The first result of this section is the Beurling Projection Theorem. It says that
among all connected sets of a given radius, that which Brownian motion will most
likely avoid is a straight line. Consider a set £ C RD = {z € C : |2|] < R}. The

circular projection of E is v(E) = {|z| : z € E}.
Theorem A.3.1 (Beurling Projection Theorem).
P! {ER < TE} < P! {ER < TA/(E)} .

For a proof, see [3] or [1].
We will be interested in the case where E satisfies 7(F) = [0, R]. Now that we
have Theorem A.3.1, we know that finding an upper bound for P! {E r < T, R]} also
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Figure A.1: The sequence of conformal transformations leading to the Beurling
estimate.

provides an upper bound for P™' {=p < Ty} for all sets E C RD with v(F) = [0, R].
We can compute such a bound via a sequence of conformal maps, the fact that the
exit distribution of the upper half-plane is a Cauchy distribution, and the fact that
harmonic measure is conformally invariant (see [3] for a proof of this). It turns out
that the bound we find is optimal up to a multiplicative constant.

Consider the following domains, where U = {z € C : |z|] < 1}: the upper half-
plane H = {z € C : Im(z) > 0}, the slit unit disk Uy = U\ {z € C: 0 < Re(z) <
1;Im(z) = 0}, the upper half-disk U, = UN H, and the complement of the closed
upper half-disk Hy=Hn{z € C: |z| > 1}.

We have the following conformal transformations (surjective conformal maps):
U, Lu, S Hy B H,
where f(z) = \/z,9(2) = =1, h(2) = 2+ L. Then hogo f(—¢) = (ﬁ — /€)i and
Conformal invariance of Brownian motion implies that
P {B(Tyv,) € U} = PV Y9 (B(Tg) € [-2,2]} .

Using the fact that the exit distribution of the upper half-plane is a Cauchy distri-
bution and the Beurling Projection Theorem, Brownian scaling gives the following:
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Theorem A.3.2 (Continuous Beurling Estimate). There exists a constant K >

0 such that for any R > 1, any x with |z| < R, any set A with [0, R] C v(E),

1/2
PP {épr < Ty} <K <%) :

As we pointed out earlier, showing that this result is true for random walk as
well is not as easy, mainly because none of the conformal invariance techniques are
available. In [10], Kesten first showed that the Beurling estimate holds in the discrete

case as well. We state the the theorem here without a proof.

Theorem A.3.3 (Discrete Beurling Estimate). Let R € R be positive and
define Ag to be the set of subsets of Z? for which sup{|z| : © € A} = R. Let
T4 = inf{n > 1: S5, € A} and {g = inf{k > 0 : |Sk| > R}. Then there exists a

constant K > 0 such that if A € Ag, |z| < R,

1/2
PI{’TA>§R}§K<%) .

Note that although the exponents are the same in the continuous and discrete
case, it is not clear that in a given discrete disk, a straight line is the easiest set to

avoid for random walk.

A.4 Harnack inequalities

Harmonic functions play a fundamental role in analysis and have a strong connec-
tion to exiting probabilities for random walk and Brownian motion. Indeed, finding
a harmonic function with specific boundary conditions (in other words, solving a
Dirichlet problem) is equivalent to computing exiting probabilities. This is true in

the continuous setting as well as in the discrete.
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A.4.1 The continuous case

Recall that a function h : R? — R is C? if its second order partial derivatives exist.

The Laplacian of a C? function h : R? — R is the operator A defined by

_9h | O

Ah = — + —.
h 8x2+8y2

If D is a domain and h : D — R is C?, we say that h is harmonic on D if Ah =0
in D.
The following is an important but well-know result about nonnegative harmonic

functions. Recall that for a € Ry, D(a) is the disk of radius a, centered at the origin.

Theorem A.4.1. Suppose r < R are positive reals. There exists a constant ¢ such

that if u is nonnegative and harmonic in D(R) and z,y € D(r), then
u(z) < culy).
For a proof, see [3].

A.4.2 The discrete case

If f:7% — R, the discrete Laplacian of f at x € Z? is defined by

where the sum is over {z/ € Z? : |2’ — x| = 1}. If A C Z?, we say that f is discrete
harmonic on A if for each x € A, Af(x) = 0.

Let C, = {r € Z* : |z| < n} and recall that C,, = {z € Z* : d(z,C,) < 1}.
Then the following theorem, which can be found with its proof in [14], is the discrete

analogue of Theorem A.4.1:
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Theorem A.4.2. For every r < 1, there exists a constant ¢, such that if f : C,, —

[0,00) is harmonic on C,, and z1, xo satisfy |z1| < rn, |xe| < rn, then

fz1) < e fla).
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Appendix B

Less Standard Estimates for Random
Walk

B.1 Introduction

The Laplacian A of a C? function f : R? — R is defined by

0? 0?
Affay) = 55+ 55 @)

If in a domain D, Af = 0, we say that f is harmonic in D. Similarly, recall that we
defined in Appendix A for any function f : Z? — R the discrete Laplacian

Af(ay) = 1 (6 ~ ),

where the sum is over {(2', ') : |(2/,y')—(x,y)| = 1}. By analogy with the continuous
case, we say that f: D — R is discrete harmonic in a set D if Af =0 in D.

To solve the Dirichlet problem in a domain D with boundary condition ¢, where
¢ : 0D — R is to find a function u : D — R such that u is harmonic in D and u = ¢
on 0D. The discrete Dirichlet problem is defined in the natural analogous way.

The Dirichlet problem is intimately related to Brownian motion and so is the dis-
crete Dirichlet problem to random walk. Solving the Dirichlet problem with appro-
priate boundary conditions is equivalent to computing the probability that Brownian
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motion (or random walk in the discrete case) leaves a domain at a given subset of the
boundary. More precisely, if A and B are disjoint subsets of the boundary of D and
AUB = 0D, solving the Dirichlet problem with boundary value 1 on A and 0 on B is
equivalent to finding the probability that Brownian motion (in the continuous case)
or random walk (in the discrete case) leaves D at A. (See [8] for a discussion of this
in the continuous case and [14] for the discrete case.) We will need upper bounds for
various such exiting probabilities in this thesis and solve the corresponding Dirichlet
problems here. We also prove a “difference estimate” which gives a bound on the
difference between the exiting distribution of a domain when starting at neighboring
points. While working on the problems of this thesis, we initially believed that we
would need this estimate, which eventually was replaced by another. As the result
is of interest by itself and is not, to our knowledge, anywhere in the litterature, we

present it here as well.

B.2 Discrete Dirichlet problem in the finite and infinite rect-

angles

We will solve the Dirichlet problem with boundary conditions a general funtion ¢ on
one side and 0 on the others. We will then use this to find bounds for the problem
with specific ¢ and starting points.

We start with a trivial lemma which will be needed in our study of the discrete

Dirichlet problem in some specific domains.

Lemma B.2.1. If for 1 <j <n—1, a; = aj(n) is defined by the equation

cosh(a;) =2 — COS(%),

then

aj; = %‘7(1 +0 <l>).

n
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Moreover, for any 1 < j <n —1,

g <
2n n
Proof. The equality
k
3 0" _ S (1o T (mj/m)**
(2k)! (2k)! 7
k>1 k>1
obtained by Taylor-expanding the equation for a;, allows us to see that V n > 0,V j <
n/m,
<o <
2n n

Indeed, suppose that a; > 7;—] Then

Zm/n < 31 m/?”;)'

k>1 k>1

This is clearly impossible. Also, if we suppose that a; < g—i, we get the inequality

7.[. n 122k 1k+1
o<y (P - 1)

k>1

The first term in this sum is =2(Z)2. The sum of the positive terms is

177‘(']4 17Tj
_16 n Z4/<:'_10 n)

and we get a contradiction. It is also easy to see directly from the cos and cosh
functions that for n/m < j <n —1,1/2 <a; <. This is not optimal but sufficient

for our needs. The lemma now follows easily.
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We let
R(L,N)={(z,y)€Z* 1<ax<L-1,1<y<N-1},

be the discrete rectangle of “side lengths” L —1 and N — 1, with boundary OR(L, N)
and closure R(L, N) = R(L,N) UOR(L, N).

Lemma B.2.2. Let ¢ : {1,.., N — 1} — R be a given function. Then the unique
function f: R(L, N) — R satisfying

Af(z,y)=01in R(L,N),

is given by
N-1 .
sinh(a;z) .  myj
— b J B.1
f(:(:, y) . ]((b) Slnh(ajL) Sln( N )7 ( )
7j=1
where a; is the positive solution of
cosh(a;) =2 — cos(ﬂ), (B.2)
N
and
2 Tyj
bj(¢) = m; o(y) Sm(w)- (B.3)

Proof. 1t suffices to check that the given function is harmonic and that it has the

right values on OR(L, N). Uniqueness follows from [14, Theorem 1.4.5].

We first check the boundary conditions. It is clear that

f(07y>:f<x70):f(va>:0 Va,ye.
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Also,

fLy) = X b))

It is easy to see that if 1 <y < N — 1, then

N-—1 . .
k N -1
> sin() sin(S) = ——dy.

=1

from which it follows that

f(Lyy)=9y) Vye{l,.,N—1}

To see that f is harmonic in R(L,N), we do a straightforward computation: Fix

(x,y) € R(L, N). Then, using the fact that sin(z +y) = sin(z) cos(y) + sin(y) cos(z),
Af(z,y)

N-1

sinh(a;x)
sinh(a;L)

b; [28111 Wy] (cos(m 1))

L TYT
N + QSID(W) sinh(a;z)(cosh(b;) — 1)]

=1

<.

2y 11 b, {si (7Y ;IEEE ]L)) ((cos(%‘j) ~ 1) + (cosh(a;) — 1))].

,7:

We see that this is 0 if cos(3) + cosh(a;) = 2.

We now turn to the infinite rectangle
R(n)={(r,y)€Z? 2 >1,1<y<n-—1}

with boundary OR(n) and closure R(n) = R(n) U dR(n).
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Lemma B.2.3. Let ¢ : {1,..,n — 1} — R be a given function. Then the unique

bounded function f(x,y) : R(n) — R satisfying
Af(z,y) = 0 in R(n),

_foly) on{(0,y):1<y<n-—1}
f(“"’y>—{o on AR\ {(0,): 1<y <n—1}

is given by
n—1 .
. TY)
Flr9) = 3 bi() exp(—aa) sin("2), (B.4)
j=1
where a; is the positive solution of
cosh(a;) =2 — cos(ﬂ),
n
and
b6 = 25 oty sin("H)
/ n—1 - n

Proof. We invoke [14, Theorem 1.4.8] to show uniqueness. We can check that f has
the right boundary conditions exactly as in Lemma B.2.2. Harmonicity follows from
n—1 - i
Af(z,y) =Y bij(d)exp(—a;x) sin(Z27) (2 cos(™L) + 2 cosh(a;) — 4).
n

n
=1

O

We now find upper bounds for solutions of the Dirichlet problem in a finite and

infinite rectangle at particular points.

Lemma B.2.4. If f(z,y) is the solution of the Dirichlet problem in R([an],n) with
o(y) = 1, then there exists a positive constant K, depending on a, such that for all

y and all n,
Y
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Proof. This is a particular case of Lemma B.2.2. First note that a; and b; depend

on n.

n—1 . 1 4 ;
2 n—00 . . )
bj :==b;(¢) = . g sin (W—k‘]) — 2/0 sin(mjx) de = { 6] Jodd
1 Y

n

so that 3C' >0, s.t. Vn >0, Vje{l,.,n—1},

(B.5)

m.'| Q

sinh(a;x)

Stnh(a, [an]) is more delicate. We first note that for all

Finding a bound for the term
x > 0, sinh(z) > z, and for z < 1, sinh(z) < 2z. We also recall from Lemma B.2.1

that a; > L.
e If 1 <j <L then ajfan] > C for some C' > 0, and a; is small, so that

Sinh((lj) < C’laj
sinh(a;[an]) = O

<cl.
n
o If ﬁ <j < 2 and n is large enough,

a;lan] > [an]% > ¢j > 1, for some ¢ >0, and a; < 1,

so that
sinh(a;) <C j/n
sinh(ajan]) = ~ exp(cj)
e Finally, if j > n/m, then
sinh(a;)

Sinb(a[an]) < Cexp(—n/2).
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We also note that

sin(z) <z, Vo > 0.

(B.6)

Plugging these bounds into —“22%)_ ag well as (B.5) and (B.6) into (B.1), we

sinh(aj[an])’

get

[n/m] .9 n—1

IN
Q

j=[4/an] j=[n/m]

[n/7]

IN

<i17en) OPLE)

[g] A S S S myj exp(—n/2)
i mjin? myn? exp(cy)

y .Y J y
C ﬁjLﬁ Z( ) +4yexp(—n/2) | < C=

O

Lemma B.2.5. If f(x,y) is the solution of the Dirichlet problem in R(n) with ¢(y) =

1, then there exists a constant K > 0 such that for all n and all y € {1,..,n — 1},

a
f(n,a) < KE'

Proof. This is a particular case of Lemma B.2.3. From the proof of Lemma B.2.4,

we know that

c . 4
b; < — and sin(@) < @.
j n n

We also know from Lemma B.2.1 that for j < [Z], a; > ;% so that
exp(—a;n) < exp(—mj/2) < exp(—j/2).

For [n/7m] < j<n—1,a; > 1/2, so that we also have

exp(—a;n) < exp(—n/2) < exp(—j/2).
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Plugging all this into (B.4) gives

-1
na§ Z

%ll—‘

B.3 Difference estimates

Let @ < 1,D(r) = {z € Z* : |z| < r} be the discrete disk of radius r, centered at 0,
and D, = D([n®]) N'H. D will be short for D;.

The purpose of this section is to show that the probability that a random walk
starting at D, leaves D at wy € H, given that it leaves D at some point of H, depends
mostly on the imaginary part of the starting point.

Since we have an exact expression for the solution of the Dirichlet problem in a
square, we will prove the result in the case where we replace the half-disks by squares.
Once this is done, extending the result to half-disks is straightforward.

Recall from (B.1) that the solution of the discrete Dirichlet problem in R(n,n)

with ¢(y) = Jg~ is

Lysinh(an)) o omEy B

H k, k")
(4 k4 n smh( n) n

where a,, is as in (B.2). Here, j, k, and k* are integers. This series is unfortunately
hard to estimate precisely. Instead of analyzing it directly, we will show that it is
very close to another series which corresponds to a continuous Dirichlet problem for
which we can find a very precise solution.

Let X be the open domain bounded by the square with vertices (0,0), (0,1), (1, 1),

and (1,0). The solution of the continuous Dirichlet problem in ¥, with boundary
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condition the delta function at 1 + ¢y* can be found by separation of variables to be

sinh(7mmz)

Hy(x + iy, 1 +iy*) = 22 sin(mmy™) sin(mmy). (B.8)

= sinh(7m)

Note that this is just the Poisson kernel. Here, x,y, and y* are real. The following
Lemma shows that the solution of the discrete Dirichlet problem in R(n,n) with a
certain boundary value can be expressed precisely in terms of the solution of the

continuous Dirichlet problem in Y with the “corresponding” boundary value.

Lemma B.3.1. There exist constants C, N > 0 such that Vn > N, j < ﬁ, and

kels—

2

2 1ogn’ logn]

H(j + ik, n+ k") = Ho(% +i- 1+ )| < —Hy(2 4im 14 =),

n

Proof. We may suppose without loss of generality that k* < 5. We first show that in

the sums for H and H, most of the terms bring no contribution. For H we have

, k* sinh(mm?l) k
Z sin(rm—)———= sin(mm—)
n * sinh(mwm) n
m>(logn)?
sinh(rm2)
< — "< ——1 1+0(e™
< X W S el - noeo()
m>(logn)? m>(logn)?
<C Z exp(—— / eXp —W—)dx<C’en,
(logn)? 2
m>(logn)?

(B.9)

where €, decays faster than any power of n. In the case of H, we use Lemma B.2.1

to see that
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n—1 PR .
Z sin( k*  sinh(a,,7) k

Toan)? 7Wnﬁ)smh(amn) s1n(7rmﬁ)
m=(logn
< ¥ md o S et
R exp(——n
- sinh(a,,n) — P77
m=(logn)?2 m=(logn)?2
m > x
<C ——)<C ——) dx < Ce,,
<C > exp( 1) S (logn)2_1exp( 7) de < Ce

m>(log n)?

(B.10)

where again €, decays faster than any power of n.

We know from Lemma B.2.1 and the Taylor expansion of sinh that for any m and

any 7 <n,
sinh(a,)) = 2 (140 (") +o ((227)) = ™)+ 0 (7))
n n n n n/”
so that
(log n)? e j - .
. k* sinh(mmi) k , k* sinh(a,,j) . k
Z sin(rm—)—————== sin(mm—) — sin(rm—) ————= sin(mm—)
— n’ sinh(mm) n n ~sinh(a,,n)
< (kirf)z in k* (sinh(mm)  sinh(anj) \ . ( k‘>
I ] ST n sinh(7m) sinh(a,,n) i 7Tmn
(logn)? . i
k* sinh(mm2) k
C . n .
S o rnZ::l msm(ﬁmz)m Sln(ﬂmg) .
(B.11)

We now note that
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. k* sinh(mrm?l) k
Z msin(rm—)———=2= sin(mm—)
— n~ sinh(7mm) n

:sin(ﬂz Sinh(7) sin(m—)
(logn)® sin(ﬂm%)sinh(ﬂm%) sinh(r) sin(mmk)
1+ Z m———r= ; = P
= sin(r%)  sinh(xl) sinh(7m) sin(r¥)

Using the fact that sin(rmZ) < 7m& sin(72) > £ sin(rk) > C, and recalling

that for small z, sinh(x) < z, we see that this last sum is smaller, in absolute value,

(logn)?
than C' Z m3e™™", which itself is bounded by a constant. Therefore,
m=2
Goen® g sinh(emd) k. k* sinh(rd) |k
mZ::I msm(ﬁmg “Snh(rm) s1n(7rmg) = sin ﬁg)m sm(WE)(l +0(1)),
and similarly,
(l<§)2 . k* sinh(ﬁm%) in k)_ i k*)sinh(w%) in k)(l—l—(’)(l))
e Sin sz m S1n ng = S1n Wz m S1n 7TE s
which implies that
(logn) L s h J L (logm) L s h( l) L
Z msin(ﬂm—)wsin(wm—) < Z sin(rm— Msin(wm—)
— n’ sinh(wm) o e n’ sinh(wm) n’|

This together with (B.11) gives
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(oem)® . k* sinh(rmi) k , k* sinh(a,j) . k
Z sin(rm—)————=2= sin(mm—) — sin(rm—) ———— sin(7m—)
— n’ sinh(mm) n n ~sinh(a,,n) n

(log n)2 . i
k* sinh(mm)
< E mEZI sm(7rmn) sinh(7m) 81n(7rmn)

= C[|1Hn(Z +ik, 1+ 5) + O ()] < CHy(d +ik,14 £,
(B.12)

since Hx,(Z +i%,1+ £ is positive and decays like a power of n. (B.9), (B.10), and

(B.12) show that

nH (G +ik,n+ik*) — Ho(L +i~,14+ 2]
n n n
C * k k*
< —Hg(i +i—,1+—)+20(e,) < —Hz(l +i—, 14+ —),
n n n n n n n

which proves the Lemma.

Recall that R(n,n) = {(z,y) € Z*: 1 <z <n-—1;1 <y <n—1}. Call the four
sides of OR(n,n)
Ey ={(z,y) € OR(n,n) : x = 0} Ey ={(z,y) € OR(n,n) : y = 0}

Es ={(z,y) € OR(n,n) : v = n} E,={(x,y) € OR(n,n) :y =n}

Let A\=inf{n >1:S5, € OR(n,n)}. Forl € {1,..,4}, 1 < jk<n—1,and w € E,
define
&) + ik, w) = PHELS(N) = w|S(\) € B}

Lemma B.3.2. If a <1, j,j' <n®% 5 —n® <k K <5 +n® then for any w € Es,

o3(j + ik, w) = ¢(5' + ik, w)(1+ O (na_l)).
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Proof. A first step in the proof is to estimate IZI(j +ik,n+1ik*), where H is as defined
in (B.7). Lemma B.3.1 allows us to estimate H, given by (B.8), instead, since up
to an error term the relationship between H and H is known. The series for H is
not easier to compute than the one for H. However, knowing that it is the Poisson
kernel in the square will allow us to derive it from the Poisson kernel in the upper
half plane, which, as noted in (4.2), is
1 Y
Hx+iy,2)= ——--"T—,
( y,@) 7 (x — a')? + y?

where z,2’ € R,y € R,. To do this, we use the following fact which can be found
for instance in [3]:

If D, D’ C C are domains and f : D — D’ a conformal transformation, then
Hp/(f(2), f(w)) = |f'(w)| " Hp(z, w). (B.13)

By mapping H to ¥ we can derive (up to error terms) the Poisson kernel in 3
from the Poisson kernel in H, at least for a specific selection of starting points. A

map from the half-plane to a square is given by the Schwarz-Christoffel formula (see

[2]):

w dz
= / V- 21— k)

where k = (v/2 — 1)2. F maps the points 1 and -1 to K/2 and —K /2, respectively,

and 1/k and —1/k to K/2+ iK and —K/2 + i K, respectively, where

1
dt
K = € [3.1,3.2].

—1/(1=2)(1 — k22)

Let G(z) = %(2+ K/2). Then h = G o F sends H to X. Numerical computations

give M = h™'(i/2) € [-2.5, —2.4]. This will be precise enough for our purpose. Let

Q={z€C:-3<Re(z) <-2,0<Im(z) <1}
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and
Qn={z€C:0<Re(z) <n*",1/2(1 = n°7") <Tm(z) <1/2(1+n""")}.
We also let R,, be the region bounded by the closed rectangle defined by the points
P, = (M + 100Kn“*,0), Py = (M —100Kn*"1,0),
Py = (M — 100Kn** 100Kn*™"), Py = (M + 100Kn*"' 100Kn*1).
Q and R, are thought of as subsets of H and (), as a subset of ¥. Note that

. F(z4+h)—=F(z) 1 —1
F,(z) = lim = =
A V-2  J1-21- R

and
B 1
N

Fy(2)

Clearly, if z € R,,, then
VI =22 = [1-M*"2(140 (n°7)) and /|1 — k222] = |[1-K*M?|'2(14+0 (n*71)).
Therefore the partial derivatives of h in R,, are

—1

- K|l — k2M2|2[1 — M2|1/2(

Dz 1+ 0 (n* ™))
and

_ 1

- K|1 _ k:2M2|1/2|1 _ M2|1/2

h, (140 (n*)).
It is easy to see that

1 L1
K|1 — K2M2[2[1 — M2|'/2 = 80

By integrating h, and h, along paths on OR,, going from M to each of the points

P;, we get we get, for n large enough,

1 10 1 10
< - - a—1 > - - a—1
Im(h(P))) < 5— 9" Im(h(Py)) > 5T
1 1
Re(h(Py)) > gona—l, Re(h(Py)) > gona—l,
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and h™1(Q,) C R,. Let z € R, and h(z) = z +iy. Then z = (M + izK|1 —
E2M2 |21 — M2|Y2)(1+0O (n® 1)) and if for 0 < y* < 1, we write v = 1 +iy*, (B.13)
gives
Hy(x + 1y, v)

= |0 (R ()| T H((M + iz K1 — K> M Y21 — M?Y?)(14 0 (n*71)), k7 (v))

= Coz(1+ 0 (n*)), (B.14)

where C, is a constant depending on v. In particular, for any =z 4+ iy € Q,,v =

I+ay*,0<y* <1,
. € . _
Hs(o + iy, v) = S Hs(a! + iy, 0)(1+ O (n°7)).

Lemma B.3.1 gives the following relationship between the continuous and discrete

Dirichlet problem in a square:

- 1k ke
H(j +ik,n +ik*) = EHE(% +im 14+i—)(1+ 0 (n7)).

Together with (B.14), this implies that

| <.

H(j +ik,n+ik*) = ZH(5 +ik',n+ik*)(1+ O (n°7Y)). (B.15)

>/

<

We now go through the same procedure for the discrete and continuous Dirichlet
problem with boundary value 1 on the right side of the square, 0 everywhere else.This
gives the probability that either random walk or Brownian motion leave a square on

its right side. The solutions are given by

—

< ~— 4 sinh(apj) . k

k) = R S _
JU +ik) — mmsinh(amn) 31n(7rmn)
odd

SE
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for the discrete problem in R(n,n) with ¢ = 1, and

4 sinh
m>1
m odd

7m sinh(7m)

for the continuous problem in ¥ with boundary value 1 on {1 +iy:0 <y <1} and

0 everywhere else.

The same analysis as above, which we omit here, gives

%+i%)(1+(’) (n°1Y),

[ +ik) = fs(

foly +i) = S+ 1+ 0 (n7)),
and thus
F+ik) = ZF( +ik)(1+ O (n*).

<

The fact that ¢3(j + ik, w) = % now gives the lemma.

Remark 11. Using the same ideas, one can show the same result for ¢, and ¢4.

If welet D, ={2z € H:|z|] <n*},D ={z € H:|z|] <2n}, we can now show
that if we start a random walk inside D,,, the probability that it leaves D at a point

of ‘H, depends mostly on the imaginary part of the starting point.

Corollary B.3.3. If 2,2/ € D,,v € D, and K(z,v) = P* {S(sp) = v}, then

K(z,v) _ K(,v)
Im(z) Im(z’)

(140 (n* ).
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Proof. Let R={2z€ H:—[n/2]+1<Re(z) <[(n+1)/2] —1;1 <Im(z) <n-—1}.
This is a discrete square composed of (n — 1) x (n — 1) points. Then the strong

Markov property yields

K(ZJU _ T€OR
K(2,v Z H(Z, 2)K(z,v)
T€EOR

By (B.15) and the corresponding results for Ey and Ey, since D, is included in a

square of [n%] + 1 x [n%] + 1 points, we have for all z,2' € D, all x € ORN'H,

H(Z z)(1+0 (n*™).

This gives the result.
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