Math 70900 Homework #10 Solutions

1. Let
xdyNdz+ydz Ndr + zdr Ndy

(22 + 42 + 22)3/2
on R3\{(0,0,0)}. Show that w is closed but not exact. Hint: to show it’s not exact,
integrate it over a parametrized 2-sphere and obtain a nonzero number.

Solution: To show w is closed, we just perform a computation: if w = u(x,y, z) dy A
dz +v(z,y,2z)dz ANdx +w(z,y, z) de A dy, then

:( @—l-a—w) dr Ndy N dz
0z
8 0 Y 0 z
= — — de Ndy ANd
(ax @+ 42 +z2)3/2>+8y<(:132—|—y2+22)3/2>+8z<(x2+y2+z2)3/2>) vAdynaz
3 22 + 2% + 222
_(x2+y +z23/2_§(x2+y2+z2)5/2) dz Ndy N dz
=0.

Now assume w is exact. Then w = da for some 1-form o on R3\{(0,0,0)}. Furthermore
if ¢ is any 2-chain which maps into R?® without hitting the origin, then by Stokes’

Theorem we have
/ w = / da = / «Q
c c oc

In particular if dc = 0 then fcw = 0. To obtain a contradiction, we will therefore find
a 2-cube ¢ with empty boundary such that fcw # 0.

Take ¢ = ('sin (7u) cos (27v), sin (7u) sin (27v), cos (7u)) defined on [0, 1] x [0,1]. Then
dc(t) = c(1,t) — e(t, 1) — ¢(0,t) + ¢(¢,0)
= (0,0,—1) — (sin(wt),0,cos (t)) — (0,0,1) + (sin (rt), 0, cos (rt))
=(0,0,-1) —(0,0,1).
This is not exactly zero, but it’s equivalent to zero: since it’s degenerate (the push-

forward c, is always zero and hence the pull-back ¢ is always zero) we will have
5.« = 0 for any 1-form a.

Now actually compute fcw for this w and this c. We get
#dx = 7 cos (mu) cos (2mv) du — 2 sin (7u) sin (27v) dv
c*dy =  cos (mu) sin (27v) du + 27 sin (7u) cos (27v) dv
*dz = —msin (7u) du.
Therefore we have
A (dy A dz) = 27? sin? (mu) cos (2mv) du A dv
c(dz A dr) = 21 sin? (7u) sin (27v) du A dv
c(dx A dy) = 2% sin (1u) cos (7u) du A dv.



2.

3.

Finally we obtain

A(xdy ANdz +ydz Adx + zdx A dy)
= 272 ( sin® (7u) cos® (2mv) + sin® (mu) sin? (27v) + sin (7u) cos® (ﬂ'U)) du A dv

= 27 sin (7u) du A dv.

This is also equal to ¢#w since 22 + 3% + 22 = 1 on the image of c. Hence our integral

is
11
/w:/ / 2% sin (7u) du dv = 4.
c 0 0

This isn’t zero, so w can’t be exact.

(a) Suppose « is a closed k-form and f3 is an exact ¢-form; show that aw A 5 is an exact
(k + ¢)-form.

Solution: By assumption we have da = 0 and § = dv for some (¢ — 1)-form ~.
Therefore

aAB=andy=(—Dfdany) - (=DFda ny =d((=1)* a n~),

and a A [ is exact.

(b) Now consider the cohomology quotient spaces H¥(M), where we say that two
closed forms a; and an are equivalent, oy = g, if ag — g = d¢ for some (k — 1)-
form ¢. Show that if oy = i as closed k-forms and 31 = 35 as closed ¢-forms, then
a3 Ay = ag APy as closed (k+¢)-forms. The product induced on the cohomology
spaces by the wedge is called the cup product on de Rham cohomology.

Solution: We suppose a; = as + d¢ and 51 = 5 + d~y for some (k — 1)-form ¢
and (¢ — 1)-form 7. Now we compute

a1 A B1 —ag A By = (g +dp) A (Be + dy) — az A s
:dqs/\62+a2/\d")/+d¢/\d")/

= (@A B+ (-1)faz Ay + 6 A dy)
since iy and Py are closed. Thus a; A B1 = as A [s.

A smooth closed curve 7: [0,1] — M (with v(0) = (1)) is called smoothly contractible
if there is a point p € M and a smooth map H: [0,1] x [0, 1] — M such that

o H(0,t) =pforall t €0,1];

o H(1,t) =~(t) for all ¢t € [0,1];

e H(s,0)= H(s,1) for all s € [0,1].

If v is smoothly contractible, show that v = 0H. Conversely if 7 is the boundary of a
disc (that is, a map c: [0,1] x [0,1] — M of the form c(r, ) = b(r cos (270), r sin (276))
for some smooth b: R?* — M), show that ~ is smoothly contractible.
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Solution: Assuming such a homotopy, we have

OH(t) = H(1,t) — H(t,1) — H(0,t) + H(t,0)
) =

v(t) — H(t, 1)+ H(t,0) —
Since H(t,1) = H(t,0) by assumption, we conclude that 0H (t) = v(t) — p. Now p is

just a point, and the integral of any 1-form over a single point is zero, so 7 is equivalent
to OH from the point of view of integration.

Conversely suppose that dc(t) = 7(t) for ¢ of the form specified. We have
Oc(t) = c(1,t)—c(t, 1) —c(0,t)+c(t,0) = b(cos (27t), sin (27t)) —b(t, 0)+b(0,0)+b(¢, 0).

Thus the statement is that, up to an irrelevant point, v(¢) = b( cos (27t), sin (27t)).
Now let’s build a homotopy. Fortunately c itself is already a homotopy: we just check
the three conditions ¢(0,¢) = b(0,0), ¢(1,t) = b(cos (27t),sin (27t)), and c(s,0) =
b(scos0,ssin0) = b(scos 2w, ssin 27) = ¢(s, 1).

. Prove that the right side of Koszul formula (19.3.5) really does satisfy the conditions
(19.3.4) (that is, tensorial in U and a derivation in V).

Solution: Recall the formula [fU, V] = f[U,V]| — V(f)U, which is easy to derive.
From this we have for any vector field W that

(VuV. W) = §(FUV.W) = (V. [FU,W])) = WV, FU) + (W, V], JU)

+ VW, fU) = (W, [V, fU]))

= L{(FUW, W) = V. fIU, W) + WPV U) = W)V, D)
— fWV,U) + F(W.VL,U) + VIE)W,U) + fV(W,U)
— V(HW,U) = (W, [V,U]))

= L(fUWV W) = VU W) = FWV.0) + (W V), 0)
+VW,U) = F(W,[V,U)))

= f(VuV, W).

Since this is true for every W and the inner product is nondegenerate, we must actually
have ViV = fVyV for any U and V.



The computation for Vi (fV) is similar. We have
(Vu(fV), W) = L(UGV, W) = (Y, [UW]) = W(FV,U) + (W, £V],U)
+ fVW.U) = (W, [fV,U)))
= WUV W) + UV, W) = F(V, [0, W]) = WV, 0)
= [W(V,0) + W()V,U) + F(W,V],U) + fV(W,0)
— FW,[V,U)) + U(F) W, V)
= 120NV, W) + JUWV,W) = (V. [UW]) = fW(V,0)
+ WV O) + fVW,0) = W[V, 0)))
= UV, W) + F(TuV, W),

Since this is true for all vector fields W, we must have Vi (fV) =U(f)V + fVyV as
desired.

) =
)

. Suppose a surface in R? is described by z = 2% — 42, so that it can be parametrized
as (u,v) — (u,v,u2 — UQ). Compute the metric induced on the surface (u,v) by the
metric on R3, as in the general formula in the middle of page 258 (between Examples
19.1.6 and 19.1.7). That is, find E, F, and G explicitly.

Plug into formula (19.2.15) to find the sectional curvature K in this case; show that
it’s always negative.
Solution: Here we have f(u,v) = u, g(u,v) = v, and h(u,v) = u? — v®. From the
cited formula, we have

E = fo+g,+hy=1+4u’

F = fufo + gugo + huhy = —4uv

G=f+g +h=1+4"

Plugging into the formula to end all formulas, we note that the nonzero terms are
(since B, = G, =0)
1
K =~ (= AEGF,, + AF*F,, — FE,G, + 2GE,F, — AFF,F, + 2EF,G, )
HEG - F2) * * *
1

= TR E (16(1 + 4u?) (1 4 40?) + 64u*v? (—4) + duv(8u)(8v)

+ 2(1 + 4@2)(8u)(—4u) — 4(—4UU)(—41))<_4U) + 2(1 + 4U2)(—4v)(8v)>
. 2 2 2,2 2 2 2
T A(1+ 42+ 402)? (16(1 + 4u” + 4v%) + 256u"v" — 64u” — 256u”v
+ 256u0? — 6402 — 256u2v2>
4
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It certainly is negative.
. For the metric
2 _ dz? + dy?
Y2
on the upper half-plane, find all the nonzero Christoffel symbols either from formulas

Dd
(19.2.11) or (19.3.8), and verify that the geodesic equation Ed_z = 0 from the middle

ds

of page 270 takes the form

d*>x 2 dx dy B d?y n 1 (da:>2 1 (dy)Q B
a2y dt dt a2y N

dt) oy \dt
Check that z(t) = a + (tanht)/b and y(t) = (secht)/b are solutions for any constants
a and b, thus showing that the geodesics are upper semicircles.
Solution: The metric components are g;; = go0 = 1/y* and g1 = 0. As a matrix
y =2 0
0 y2
easy to compute: we have g!! = ¢*? = y? and ¢'* = 0. Plugging into formula (19.2.11)
(with u = z and v = y) we get

it’s given by g = ( ) This is a diagonal matrix, so its inverse components are

Fil =0 F%l = _EEy = 1 Fb = —GEy = _l
’ 2y Y’ 297ty
EG 1
F%2 =0, F%2 =0, ng = ﬁ _5
The geodesic equation is
d’z dx\ 2 dx dy dy 2
Sl (-) ort, % | <—> —0
gz Trular) T g e (g
v 2drdy 0
a2y dt dt
d*y dz\ 2 dz dy dy\ 2
TV e (-) or2, &0 p2 (—) ~0
a2 Tu\g) Ty g ey

RIS

which is what we wanted to show.

Now let’s just try plugging in = a+ (tanht)/b and y = (secht)/b. For the z equation
we obtain —2sinht/(bcosh®t) — 2/bcosht - / cosh?t(—2sechttanht) = 0, and for the
y equation we obtain

sinth—1+cosht< 1 sinh2t>_0
bcosh? b cosht cosh*t/

Hence the given formulas actually do satisfy the geodesic equations.



