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1. INTRODUCTION

Let M be a compact, oriented Riemannian manifold of dimension n, possibly with
smooth boundary OM. Let DZ(M ) denote the group of all diffeomorphisms of Sobolev
class H® preserving the volume form p on M. If s > n/2 + 1 then D; (M) becomes
an infinite dimensional Hilbert manifold whose tangent space at a point 7 consists of
H? sections X of the pull-back bundle n*T'M for which the corresponding vector field
U= Xon!on M is divergence free and tangent to dM. Using right translations, the
L? inner product on vector fields,

(1.1) (U W) = /M(U(I),W(ﬂfﬁdu(ﬂf% U W € T4D;, (M)
defines a right-invariant metric on the group. Our main reference for basic facts re-
garding Dy, (M) is the paper of Ebin and Marsden [EMa].

A strong motivation to study the geometry of diffeomorphism groups comes from
hydrodynamics. In a seminal paper, Arnold [A] related motions of a perfect fluid in M
to geodesics in D, (M) = N,D;,(M). He observed that a curve 7(t) is a geodesic of the
L? metric (1.1) starting from the identity id in the direction V;, if and only if the time
dependent vector field V =79 on~! on M solves the Euler equation of hydrodynamics:

0,V + VyV = —grad p,
(1.2) divV =0,
V(0) =V,, (V,v) =0o0n oM,
where V denotes the covariant derivative, p is the pressure function and v is the normal
to OM.

Soon after, Ebin and Marsden [EMa] discovered that there is a technical advantage
in rewriting the Euler equation in this way. Their result was that the corresponding
geodesic equation on the group DZ(M ) is in fact a smooth ODE and can therefore
be solved uniquely for small values of ¢ using a standard Picard iteration argument.

Furthermore, since the solutions depend smoothly on initial data, it follows that the
L? metric has a smooth exponential map

expyq : TiaD;, — DZ(M)
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defined, for small ¢, by

expia(tVo) = n(t),
where 7 is the unique geodesic from the identity with initial velocity V,. By the inverse
function theorem, this map is a local diffeomorphism from 7i4D;, to a neighborhood of
the identity in Dj,(M).

In [A] Arnold also suggested that this approach could be used to study stability of
fluid motions through the equation of geodesic deviation. This led to extensive calcu-
lations of the curvature of the diffeomorphism group and to the search for conjugate
points in D;,(M). Many of these and related results together with references were
assembled in the book by Arnold and Khesin [AK].

Recall that a point 7(¢) is said to be conjugate to the point v(0) if the derivative
dexp., o) (t7(0)), identified with a map from the tangent space at 7(0) to the one at (1),
is singular. In contrast with finite dimensional geometry, two types of singularities can
occur in a general Hilbert manifold. Following Grossman [G], we say that a conjugate
point (t) is monoconjugate (respectively epiconjugate) to (0) if dexp, ) (t7(0)) fails
to be one-to-one (respectively onto). In finite dimensions the two types clearly coincide.

For general Hilbert manifolds many different conjugacies are possible. A simple
example of the unit sphere in the space ¢? of square-summable sequences with the
induced metric shows that conjugate points may have infinite order. Another example,
due to Grossman, of an ellipsoid in the same space shows that finite geodesic segments
may contain infinitely many conjugate points of either type.

In the case of diffeomorphism groups, if the underlying manifold M has positive
curvature and enough symmetry, then conjugate points can be located along those
geodesics which are contained in the isometry subgroup of D;,(M); see Misiolek [M1].
It is also known, though more difficult to prove, that conjugate points exist in D;,(M)
even if M is flat. See Misiolek [M2] for the case when M is a flat torus T? and
Shnirelman [Sh] for the ball in R3. Tt is therefore of interest to investigate the nature
of conjugate points in D; (M). We will prove the following result.

Theorem 1. Let M? be a compact two-dimensional manifold without boundary. Then
the exponential map of the L? metric on DZ(MQ) 1 a nonlinear Fredholm map of index
zero.

Recall that a bounded linear operator L between Banach spaces is said to be Fredholm
if it has closed range and both its kernel and cokernel are finite dimensional. L is said
to be semi-Fredholm if it has closed range and at least one of the other two conditions
holds. The index of a semi-Fredholm operator is defined as

ind L = dim ker L — dim coker L.

Semi-Fredholm operators form an open set in the space of all bounded linear operators
and the index is a continuous function on this set into Z U {£o0}; see for example [K].
A smooth map f between Banach manifolds is called a Fredholm map if its Frechet
derivative df (p) is a Fredholm operator for each p. If the domain of f is connected
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then the index of the operator df (p) is independent of p and by definition is the index
of f. Fredholm maps were introduced by Smale [Sm].

Observe that as a corollary to Theorem 1 we find that the monoconjugate and
epiconjugate points in DZ(M %) coincide if M has no boundary. Furthermore, they are
isolated and of finite multiplicity along finite geodesic segments. Also, by the infinite
dimensional version of Sard’s Theorem (see [Sm]) the set of all such points must be of
1st Baire category in DZ(M 2). Thus the structure of singularities of exp,; essentially
looks like that of a finite-dimensional manifold. A similar result is known to hold for
the exponential map on the free loop space of a compact manifold M with its natural
Sobolev H! metric, see [M3]. The above Theorem was announced for the flat torus T?
and conjectured for other manifolds in [EMi].

The techniques we use to prove Theorem 1 fail if the surface M has a nonempty
boundary, and we do not know if the theorem is true in this case. The topology of
D, (M) is substantially more complicated when M has a boundary than when it does
not. For example, Shnirelman [Sh| gave an example of an area-preserving diffeomor-
phism & on the disc, smooth on the interior and continuous up to the boundary, such
that & cannot be joined to the identity by a curve of finite length in the L? norm (in
particular, ¢ is not in the image of exp,y). If Fredholmness fails on a manifold with
boundary, it could be related to such examples.

We can however prove a weaker result valid for any surface, using the weak topology
on each TigD, generated by the L? norm, rather than the H*® norm for s > n/2 + 1.
We denote the closure of Ti4D,, in this norm by TidDg. Since exp;q is not necessarily
defined on TidDg, we only have a result about the differential.

Theorem 2. Suppose M 1is any compact surface, possibly with boundary. For any
Vo € TigD; (M) with s > 2, the differential d exp,;,(tV;) extends to a bounded operator
from TidDg(M) to Texp(tVO)Dg(M) which is Fredholm of index zero in the L* topology.

Notice that this theorem tells us about the monoconjugate points in the H® norm as
well, since any point which is monoconjugate in the H® sense is also monoconjugate in
the L? sense. Thus for example, monoconjugate points cannot cluster on DZ(M %) in a
finite interval.

Combining Theorems 1 and 2, we can say that if 7(t) = exp(tV,) is not monocon-
jugate to id along the H*® geodesic 7, then dexp,(tV,): TidDg — Tn(t)Dg is surjective,
but the restricted map dexpy(tV,): TiaD;, — T, D;, may not be surjective. In other
words, the open question is whether dexp,y(tV,) smooths out vector fields near the
boundary or not.

In three dimensions, the situation changes dramatically: both Theorems 1 and 2 fail
in this case. In particular, we prove in Section 4 that along the geodesic corresponding
to uniform rotational flow of a flat solid torus D? x S!, there are epiconjugate points
that are not monoconjugate points. We find epiconjugate points by first computing
the monoconjugate points, using a basis of vector fields which diagonalizes the Jacobi
equation. The set of monoconjugate points turns out not to be discrete, and in the
course of the proof we find that the cluster points of this set are epiconjugate points.
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In particular, if V, is the initial velocity vector for uniform unit-speed rotational flow,
then the cut point of the geodesic at exp,y(7V,) is an epiconjugate point but not a
monoconjugate point, and thus the range of d exp,y(7wV,) cannot be closed.

2. BACKGROUND AND PREPARATION

It is useful to consider D;, (M) as a Riemannian submanifold of the group D*(M) of
all H* diffeomorphisms equipped with the same L? metric. The action of D; (M) on
D#(M) given by composition on the right is an isometry of (1.1) and combined with
the Weyl decomposition gives an L? orthogonal splitting of each tangent space

T,D° =T, D; & grad H (M) on.

The projections onto the first and second summands above depend smoothly on the
base point 7 and will be denoted by P, and @), respectively, or simply P and @ if = id.
The L? metric induces a smooth invariant Levi-Civita connection V on D; (M) whose

curvature tensor R is also invariant with respect to right multiplication by D:(M). We
refer to [EMa] for the proofs of these facts.

Let V, be any vector in TidDZ and let n be the geodesic of (1.1) starting from the
identity with initial velocity V. If M is two-dimensional, the Cauchy problem for the
Euler equation is globally well-posed, and it follows that the geodesic can be extended
indefinitely. (In three dimensions this is a major unsolved problem.) In order to study
Fredholmness of exp,y, it will be convenient to express its derivative at tV, in terms of
solutions to the Jacobi equation

(2.3) VoVl + R(J,7)n =0
along 7)(t) = expyq (tV,) with initial conditions
(2.4) J(0)=0, Vy,J(0)=W,.

Existence and uniqueness of (global in time) Jacobi fields solving (2.3)—(2.4) follows
at once from the fact that R is a smooth multi-linear operator and (2.3) is a linear
equation. See Misiolek [M1] for details.

If J is the Jacobi field along n with the initial conditions (2.4), then

(2.5) dexpyy (tVo)tW, = J(1).

Furthermore, the derivative of the exponential map at tV, forms a family of linear
operators F'(t): TigD;, — Ty D;, which are bounded for each fixed ¢ and which depend
smoothly on ¢, and are given by F(t)(W,) = J(t).

We will prove that this operator F'(¢) is Fredholm by using the decomposition of the
Jacobi equation, first noticed by Rouchon [R] and exploited by Preston [P] to study
Lagrangian stability of steady flows. First we note that if X (¢) is any time-dependent
vector field along a curve n(t), i.e. with X(t) € T,;)D;,, then we can right-translate X
back to the identity to get a time-dependent vector field Y (¢) € TiaD;,, given by

(2.6) Y(t)=dR X (t) = X(t) o~ ' (t).
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We can compute the covariant derivative of X along 1 using the formula

- )%
1) Ty X0 = (G + P(TvY (@) )ente)
where V (t) is the Eulerian velocity field, defined by
I
— = V(¢ t).
00— Vityon(t

From equation (2.7) and the geodesic equation @,77'7 = 0, one derives the Euler equation
of ideal, incompressible flow

ov
Using formula (2.7), the Euler equation (2.8), and the definition of the Riemann cur-
vature operator, it is not difficult to verify that the Jacobi equation (2.3) is equivalent

to the two equations
07

(2.9) E + P(Vv(t)Z(t) + VZ(t)V(t)) =0,
(2.10) %_3; +[V(t),Y(t)] = Z(¢t),

where Y (t) = J(t) o n~L(¢).

The reason this decoupling works is because the geodesic equation also decouples,
into the Euler equation of an ideal fluid and the flow equation; both decouplings are
due to the right-invariance of the metric on D;,(M). The same thing happens for
any Lie group with a right-invariant Riemannian metric, and there is a corresponding
result for the left-invariant case. The equation (2.9) is the linearized Euler equation,
extensively studied in questions of linear stability of a steady incompressible flow, while
the equation (2.10) is the linearization of the flow equation.

For o > 0, let TiyDy,(M) denote the closure of the space of smooth, divergence-
free vector fields, tangent to the boundary of M, in the H? norm. By the Weyl
decomposition, this is a closed subspace of the space of all H? vector fields on M (see
[EMa]). For o > n/2 + 1, this coincides with the actual tangent space to D (M). For
smaller o, Dy (M) is not necessarily a smooth manifold.

It is helpful to observe the following. If V' € TiyD;,(M), with s > n/2 + 1, then V is
of class C', by the Sobolev embedding theorem. If we denote by Ly the (unbounded)
operator from TigDj, to itself given by

(2.11) Ly:Y VY]

for divergence-free vector fields V and Y tangent to M, then the formal L?-adjoint of
Ly in T}yD;, is easily computed to be

(2.12) Ly (Z) = —P((wdZ")") = —P(VvZ + VzV) + Kv(2),
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where the operator Ky, is defined as
(2.13) Ky (Z) = P((1zdV")).

(Here £ denotes the operator of raising indices using the metric on M, to get a vector
field from a 1-form, and b denotes its inverse.)
If s > 041, then the operator Ky is continuous on Tia Dy, since dV? is of class H* 1
and P is continuous. It is anti-self-adjoint in Tidl)g because dV"’ is antisymmetric.
Now, using equations (2.9) and (2.10), we can write the factorization of the Jacobi
equation as

0 N 0
(2.14) (& — Ly + Kv(ﬂ) (E + Cv(ﬂ) Y(t)=0.
Because the Jacobi equation is self-adjoint, we can factor it in another way as well.

Lemma 3. The equation (2.14) is equivalent to the equation

0 0
(2.15) (E — ﬁv(t)*) <a + Ly + KV(t)) Y(t) =0.

Proof. This is a consequence of self-adjointness, but we can also verify the formula
directly by proving that

d «
(2.16) v =Lve Kve + Kve Ly,

this formula arising from setting the difference of the operators in (2.14) and (2.15)
equal to zero. Here the time derivative is taken in the operator sense.

In standard Lie group notation, the group adjoint operator is Ad, = dR,-1dL,.
Since on the diffeomorphism group, dR,-1(X) = X on~! and dL,(X) = Dn(X), the
group adjoint is the push-forward operation of a diffeomorphism 7 on a vector field,
given by

(2.17) Ad,(X)=n(X)=DnoXon
Then we have

d
(2.18) E Adn(t)—l = Adn(t)*l ,Cv(t),

and since L% is the L:-metric adjoint of £y in the space of divergence-free vector
fields, we have by general properties of adjoints that

d
dt
where Ad,* denotes the adjoint of the continuous operator Ad, on TidDg, in the L?

norm.
Explicitly, we can compute that this operator is

(2.20) Ad, (2) = P((7°2")") = P(Dn"(Zon)),

(2.19) Adyy-1" = Ly Adyp-1",
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where n* is the pullback operator on differential forms. (Notice that although Ad, maps
TidDg to itself, the L? adjoint does not; thus we must compose with the projection P
to get the 734D}, adjoint.)

For the Euler equation of ideal fluid mechanics, we know the vorticity 2-form dV (t)’
is transported by the flow, i.e., that dV(¢)” = [n(t)~']*dV, (see [E]). So Kyu)(Z) =
P(uz[n(t)~]*dVy?). Now for any vector field W, we have

vz (™) AV (W) = (71 AV (Z,W) = dV; (o 2. W)
= ‘nzlzdvob@?;lW) = (nil)*(bn,:lzdvob)(w)-
Thus by formula (2.20), we find that
(221) KV(t) = Adn(t)—l* o} KVO 9] Adn(t)—l .

Computing the time-derivative of this operator, and using the equations (2.18) and
(2.19), we obtain the formula (2.16), as desired. O

Using the splitting (2.15), the solution operator F'(t) of the Jacobi equation can then
be written in the following convenient form. Unfortunately because the splitting loses
one derivative (the equations are only defined on H? if V is in H°), we only get a
result on H? rather than H*®. We will be able to compensate for this later.

Proposition 4. If7 is a geodesic curve in D; (M), with s > n/2+1 and s > o+1, then
the map F(t), which takes W, to the Jacobi field J(t) with initial conditions J(0) = 0
and J'(0) = W,, extends to a continuous operator from TiyD, to TynDy,. In addition,
we have the formula

(2.22) F(t) = Dn(t)(Qt) — T(t)).

Here Q(t): TiDy, — TidDy, is a continuous operator, given by

t
(2.23) Q(t) = / Adyiry 1 Adyr) * dr.
0

(The operators Ad, and Ad,* are as defined in Lemma 3.)
The operator I'(t): TigD;, — T;aDy, is continuous and is given in terms of F(t) by

t
(2.24) I'(t) = / Adyn-1 Ky(ry dRy-1(7) F(7) dr.
0

Proof. As in the proof of Lemma 3, we can rewrite the operators Ly and Ly* in terms
of the push-forward Ad,, and its adjoint Ad,*. From equation (2.19), we can write

d

A" = —Adyy Ly
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Using this equation and (2.18), the factored, right-translated Jacobi equation (2.15)
can be written using operator derivatives as the pair of equations

. d N
(2.25) Ad, - E(Adn(t) W(t)) =0,
d
(2.26) Adyy = (Ady1 Y1) + Ky (Y (1) = W ().

The solution of (2.25) is obviously W (t) = Ad,,)-1"W,, and from this we rewrite (2.26)
as

(2.27) %(Adn(t)l Y(t)) + Adn(t)*l KV(t) (Y(t)) = Adn(t)A Adn(t),l*WO.
This is a linear differential equation for Ad, -1 Y(t) on TidDB. Since n, =%, and V
are all H°, we know Ad,-1, Ad,—1*, and Ky are all continuous operators on TiaDy,.
Therefore there is a unique solution Y'(¢) in 73D, with Y'(0) = 0, defined for as long
as n(t) and V(t) are defined. Since F(t)(W,) = Y (t) o n(t), this shows that F(t) is
defined on all of T Dy

Now, instead of actually solving (2.27), we simply integrate both sides in time and
obtain

Ad’l(t)’l Y(t) = Q<t> (Wo) - F<t) (Wo)‘

Using J(t) = Y (t) on(t) and the formula (2.17), we get the formula (2.22) as desired.
Continuity of the operators Q(t) and T'(¢) is clear from their definitions, since !
and V are both in H7". O

The basic idea of the Fredholmness proof is to use the decomposition (2.22), showing
that €(t) is invertible and that I'(¢) is compact. We will do this in the next section.

3. PROOF OF FREDHOLMNESS

We first establish that () is invertible on TigDj(M). If o = 0, this is true for M
of any dimension and possibly with boundary. On the other hand, if ¢ > 0, then it is
true for a manifold of any dimension, without boundary. First the o = 0 result.

Proposition 5. Suppose M is a compact manifold of any dimension, possibly with
boundary. If V, € TigD;, with s > n/2+1 and n(t) = exp,4(tV,), then the operator (t)
defined by equation (2.23) is positive-definite on TidDg, satisfying the estimate

(3.28) ((Wo, Q(£)(W5))) 12 = C () ((Wo, Wo)) L2,

¢ dr
with C(t) = / . Consequently, Q(t) is also invertible on T;;/D°.
7 Tont D Comenent S0 i
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Proof. We have

<<WO,Q(t)<WO)>>L2 :A<<W07Adn(f)—lAdn(r)—l*(Wo>>>L2 dT

t t 1
= [ ||Ady*(W,)||2. dr > (/ —_ dT) W, ||%2.
/o " L o [AdyqII2, -

We can compute, using formula (2.17) for the push-forward map, that
IAdy )17z = |AdynlI72 < 1 Dn(7)" Dn(7) | ==,

the L norm denoting the maximum on M of the largest eigenvalue of the symmetric

matrix Dn’ Dn, which is well-defined since 7 is C1. The inequality (3.28) then follows.
Now since €(t) is positive-definite, it must have empty kernel. Since €Q(t) is self-

adjoint, it must also have empty cokernel. And by the Schwartz inequality, we have

CENWol L2 < [12(£) (W)l 2,
which implies that 2(¢) has closed range, and is hence surjective. So €2(¢) is invertible

on TldDg O

To define the Sobolev topology on TnDZ(M ), where M has no boundary, we set
up coordinate systems on a partition of unity {O,} of M, and then for any element
X on € T,Dy, write X on =3, X*(n) 0y and define the Sobolev norm as

(3:29) IX onllue =Y ) > 100105 - 050 X* () 20,
ik |al<o

where |o| = a; + ag + - - - + a,,. To simplify notation, we will abbreviate this as

1X o nllze =Y 10°X ()l 2.
See Ebin-Marsden [EMa] for details of these constructions.

Lemma 6. Suppose M is a compact manifold of dimension n, without boundary, and
O is a coordinate patch in M. Suppose 1 is a C* volume-preserving diffeomorphism.
Then for any multi-index o with |a] < o and any W in H?, we have the estimate

1[0, Py ]J(W)lz2(0) < BallWlze-10)
for some constant B,,.

Proof. First consider [0,:, P,]. If X is an H? vector field (not necessarily divergence-
free), then we can write X = U + Vf, where U € TiqD{, and f is an H*! function.
Then

[aa:iv Pn] (XOU) - 8:(:2([]077) - P(axi(XOTI)On_I) on.
We will prove first that
(3.30) 1[0z, Byl (X o)Lz < bl X || 2.
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Write Nl:j = % on~t. Then, with ¢¥ denoting the components of the inverse metric,
we have

k
Oy (X om)on m—( &X)m

C O

oU* og™ Of : 0*f

j j Kl
(Nza] Najal—i-NigaJa)

out  _ogMof ., af ON? of
j j99 O O 0N j
<Nl 907 N o ot Y 9w o a”v(N o J>

Since the projection of a gradient is zero, we have

(041, Py](Xon) =Q (N]a—Ukﬁk) on—P ((Njaiklﬁ _ Mo of 8NJ) 5 ) on.

ol " Oxd Ox! oxJ Ox!

The L? norm of the second term is bounded by the L? norm of first derivatives of f,
which are in turn bounded by the L? norm of X. It remains to bound the L? norm of
the first term by the L? norm of X.

We recall that for any vector field Z, we have

Q(Z)=VA~ldivZ,
where the inverse Laplacian is uniquely determined up to a constant since the manifold
has no boundary. So we simply compute div (Nf %U] 8k) If in coordinates the volume
form is p = @ dat Adz? A --- A da™, we have
;oU* 1 9 OU* ON? oUF 1 . 8 dp
div (M2 0) == o (eNI S ) = T S = =N (0 22 ),
WA g © Ox* (90 ' Oxd > Oxk Oxi ¢ ' OxF ( Oz’

using the fact that U is divergence-free. Since this expression only involves first deriv-
atives of U, we have

1R(2)]Iz> < |AT div Z||m < Cf|U] 2 < CJIX]| 2.
So we therefore can conclude the formula (3.30), as desired.

Inductively, the formula (3.30) implies that for any multi-index o with no more than
o terms, we will have

110%, P)(W)l[z2 < Bal W[ o1,
as desired. 0

Now we prove invertibility of () on TigD;,. For convenience we assume that n(t) is
C*°, but this will not affect the proof of Theorem 1.

Proposition 7. Suppose M is a compact manifold of dimension n without boundary.
If V, is a smooth, divergence-free vector field and n(t) = exp,,(tV,), then Q(t) defined
by equation (2.23) satisfies the estimate

(3.31) 1) (W) lae = COIW, e — K[ Woll o1,
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d
where C(t T and K is some constant. Consequently 2(t) has

o [[Dn(7)" Dn(7)|| L=

closed range on TdD and hence s invertible.

Proof. To obtain the H? estimate, we use the L? bound on Q from formula (3.28) to

get
1) (Wo)ll e = ZH@“ Wo)llr2

(3.32) > ZIIQ ()0 Wo)llz2 — ZII [0 Q(25)](WO)IIL2
OIWollae = Y1107 QOIWo) |l 2.

Now we want to show that the commutator term is bounded in H°~!. Using formulas
(2.18) and (2.19) in the definition (2.23) of (t), we can write

(3.33) / Dy~ (1) dRy-y P dRy-1(y Dn~' (1) dr.

As a consequence, it is obviously enough to show that for each fixed 7, the commutator

>l Dy () D~ (7)1 (Wo) e

is bounded in terms of the H°~! norm of W, where we used the formula P, = dR, o
P o dR,- to simplify notation. Now since

(3.34) > |10, Dy~ Py (D )T (Wo)llz2 <Y _[1[0%, D] Py (D) " (Wo) |2
+ > 1Dn 7 (0%, Py (D )T (Wo)llz2 + > 1Dy~ P, [8“,<Dn—1) J(Wo) 22,

it is enough to prove that the L? norms ||[0% Dy~ |(W)]|z2, ||[0%, B,](W)||2, and
1[0, (D~ (W)|| 2 can all be bounded by ||[W{|so-1.

For the first and third terms, we notice that the operators Dn~' and (Dn~')T are
simply matrices of smooth functions. The commutator of an g-order derivative operator
and a multiplication operator is a (o — 1)-order derivative operator, by the Leibniz rule,
and so we are done with these. For the second term, we use Lemma 6. We have thus
established the estimate (3.31), and thus we know that Q(¢) has closed range.

To establish invertibility of 2(¢) on TiyDy;,, we first use the fact from Proposition 5
that €(t) is invertible as a map from TldDO So if Y € TiDj,, we choose X € TidDg
such that Q(X) = Y, and prove inductively using the estimate (3.31) that the H*
norms of X are bounded for £ < o. Thus X € TidDZ. O

Remark. The reason Proposition 7 fails if M has a boundary is that Lemma 6 fails. If
in coordinates the boundary is y = 0, then ||[0,, P]W||.2 = ||Q0,P|| 1> is not bounded
by ||[W/||z2. The problem is that although 0, is divergence-free if W is, it need not
be tangent to the boundary.

On the other hand, if we used a weaker Sobolev topology involving only the deriva-
tives tangent to the boundary, Lemma 6 would be valid, as would Proposition 7.
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All of the preceding is true for m-dimensional M, but the proof of Fredholmness
works only in two dimensions, and for the rest of this section we will specialize to that
situation.

The essential difference between the two-dimensional and the three-dimensional cases
is the following compactness result.

Proposition 8. Suppose M is a two-dimensional manifold, possibly with boundary. If
s> 2and s > o+ 1, then for any H® vector field V', divergence-free and tangent to
OM, the operator

KV: TdeZ(M) — idDZ<M)7
defined by the formula (2.13), is compact.

Proof. We can approximate V' in the H® norm by a sequence of smooth vector fields
Vi, such that Ky, — Ky in the H? operator norm. Since a limit of compact operators
is also compact, it is enough to prove that Ky is compact if V' is smooth.

In two dimensions, the operator Ky can be simplified to

Kv(Z) = P((curl V) *Z),

where curl V' is a function (the vorticity function of the vector field V') and xZ denotes
the vector field obtained by rotating Z by 90° in each tangent space.
We note that any Z € T,gDj;, may be written as

(3.35) Z =m(Z)+m(Z) =*Vf +a,

where f: M — R is an H°"' function which vanishes on the boundary, and « is a
smooth harmonic vector field, i.e., a field satisfying diva = curl @« = 0 and tangent to
the boundary. The projections 7y and 7, are both continuous in the H? topology.

The space of harmonic vector fields tangent to the boundary has finite dimension,
and an immediate consequence is that m, is compact. Thus Ky o m, is also compact,
and since

KV :Kvoﬂ's—f—KVoﬂ'h,

it is now sufficient to prove Ky o7y is compact.

We compute

(3.36) Kyomy(Z) = Ky(xVf) = —P((curl V)V f)

= P(=V(f curlV) + f Veurl V) = P(f Veurl V),
since the projection of a gradient is zero. Since VcurlV is a smooth vector field,
we know fVeurlV is an H°™! vector field. Thus the map Z + fVcurlV, being a
continuous map from H? vector fields to H°"! vector fields, is compact by Rellich’s

Lemma. Since P is continuous, we see Ky o is a composition of a continuous and a
compact operator, and hence compact. O

Corollary 9. Suppose M is a two-dimensional manifold, possibly with boundary. Sup-
pose s >2 and s > o+1. LetV, € TyyD;, and let 1(t) = exp;y(tV;). Then the operator
['(t) defined by equation (2.24) is compact on T;yDy,.



SINGULARITIES OF THE EXPONENTIAL MAP 13

Proof. Since we know the operators F'(7) and n~'(7), are both continuous and Ky is
compact for each 7, the composition appearing in the integral (2.24) which defines I'(¢)
is compact for each 7. Then the integral I'(¢), as a limit of sums of compact operators,
is also compact. 0

Proposition 5 and Corollary 9 now allow us to prove Theorem 2.

Proof of Theorem 2. Since §)(t) is invertible and I'(¢) is compact on TidDg, we know
Q(t) — I'(t) is Fredholm on TiyD)). Since dL,y = Dn(t) is continuous and invert-
ible on Ti4D;, the decomposition (2.22) proves that F(t) is Fredholm, and thus that
dexpy(tV,) is as well.

The index is a continuous function on the space of Fredholm operators. When ¢ = 0,
dexp;q(0) is the identity map, which has index zero. Thus the index is zero for all

t. 0

The proof of Fredholmness in H?® is not quite as simple, since if 7 is H®, the decom-
position (2.22) only works in H*~!. Nonetheless we can approximate 7 by a smoother
7 to obtain the result.

Proof of Theorem 1. It is enough to prove that F(t) = dexp,4(tV,) has closed range
and finite-dimensional kernel. If these conditions hold, then F'(¢) is semi-Fredholm and
we can compute its index. Since the index is continuous on the space of semi-Fredholm
maps, we must have the same index for all time. Since F'(0) is the identity, with index
zero, we will be able to conclude that F'(t) is Fredholm of index zero for all ¢.

Finite-dimensionality of the kernel in T;qD;, follows from finite-dimensionality of the
kernel in TidDg, since the former kernel is a subset of the latter. So the proof will be
complete once we prove that F'(t) has closed range in TiqD;,.

It will be sufficient to establish an estimate of the form

(3.37) AlWolls < E@)Wo)llms + BIWol[ms—r + |@(Wo)l| s,

for some positive constants A and B, where ¢ is a compact operator on H?.

First we choose a C* vector field V,, close to V, in the H® norm, in a sense to be
specified later. For such a vector field, the geodesic 7(t) is also smooth and is defined
for all time. Then from the decomposition (2.22) we can write

E(t) = Di(Q(t) - T(t)),

and this formula is valid on TiqD; (M) as well as on TigD))(M).
We observe that since the geodesic and Jacobi equations are smooth on D}, the

solutions depend continuously on the initial conditions. Thus F(t) is close to F(t) in
the H*® operator norm and 7(t) is close to 7(t) in H®. We then have

(3.38) [[E@)(Wo)l[s = [[E () (W,)]

(t) e — I1F () = F()|l = | Wo -
> || Dij UW,)|

wo = [|DAT(Wo)||ms = |E(t) = F(1)]

Wo|

Hs Hs-
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(The subtraction of F(t) from F(t) is not well-defined without the chosen coordinate
system, since the two maps generally have different tangent spaces as ranges. Here
we simply mean the subtraction of the components in the coordinate system, which is
well-defined.)

From Proposition 7, we have the estimate

(3.39) 1) (Wo)[ls > C (&)W, |

where

Hs — KHW0|

Hs—1,

t
~ d
C(t) :/ ——— T~ .
o [1Dn(r)TD(7)]| e
Inserting (3.39) into (3.38) we obtain, with ® = D7j(t)['(t) and some constant B,
the inequality

C -

@) (Wo)ll s > WH‘MJ s — |[F(@t) — F@)|| s ||Wo | s
3.40
(3.40) = BIW, s — 100V,

> AlWollzrs — B||Wo|lgs—1 — [|®(Wo)]| a5,
where
C C C .

3.41 A= — — — —||F(t) — F(t s.
( ) HD7771HL°° <HD7]1”L°° HD771”L°<>> || ( ) ( )’H

The last two terms in (3.40) are H*® norms of compact operators on TigD;,(M), and

so we will have obtained the desired estimate (3.37) if we choose V,, close enough to V,,
that the number A is positive.

The number C' given by (3.28) depends only on the C' norm of 7, as does the
number ||Dn~|z~. So if V, is close enough to V, in H®, then C will be close to C
and || D77 |~ will be close to ||Dn~!||z~. In addition || F(t) — F(t)| - will be close
to zero. Thus A can be made positive, so that the estimate (3.37) will be satisfied. So
F(t) = dexpyy(tV,) must have closed range in the H® topology.

The proof of Theorem 1 is now complete. 0

4. A COUNTEREXAMPLE IN THREE DIMENSIONS

In three dimensions, the operator Ky takes the form
Ky(Z) = P(1zdV’)* = —P(Z x curl V),

which is typically not a compact operator. Thus the proof of Fredholmness fails even
in TidDg(M ). In fact, the result is false, as we will show with a very explicit example.

Let M be the solid cylinder in R? of radius 1 and height 27, and identify the top
and bottom surfaces to obtain a solid torus. Use cylindrical coordinates {r,0, z}. Let
V = % be a rigid rotation of the cylinder. We can easily verify that V is a steady
solution of the Euler equation (1.2), with pressure function p(r) = 372,
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Theorem 10. For M the solid cylinder as above and V. = 0y, the differential of the
exponential map is not Fredholm at the point 7V € T;yD; (M).

Proof. Our method will be to compute all of the conjugate points explicitly. We will
demonstrate that, along the geodesic exp,4(tV'), a sequence of conjugate point locations
decreases to m. Then we show that as a result, the differential of the exponential map
is not closed at V.

We will solve the right-translated Jacobi equation in the form (2.14). We observe
that Ly = 0y and Ly* = —0y, where 0y is the componentwise partial derivative. We
also compute that since curl 9y = 20,,

curl Ky (Z) = curl (20, x Z) = —[20,,Z] + 2(divZ) 0, — 2(div 0,)Z = —20.Z,

and thus Ky = —20, curl ™!, where curl™ is the inverse operator defined on the space
of divergence-free vector fields. (By convention we will take curl *(9,) = 0.) Equation
(2.14) then becomes

(4.42) (0y 4+ 0p — 20, curl 1) (0, + 05)Y (t) = 0.

Recall that there is a basis for the divergence-free vector fields tangent to the bound-
ary of the cylinder, given by Uyyg = 0, and

Ukrmn = Aemn Y Prmn X az + curl (V(I)lmn X 83), ke Z\{O},m S Z, nez

where i = sgn(k)m and
Drmn = I (pmnt) €™ ™2,
with J,, the Bessel function of order n. The number ay,,,, is determined by the boundary
condition
(4.43) Nemn I (Qmn) — M) (Qmn) = 0, k #0, m and n not both zero,

or, if m = n = 0, the condition J;(age) = 0 for & > 1. We set aggoy = 0 so that
Aooo = O (the field Uy being the only harmonic vector field on M). We have

curl Ukmn = Akankmn
(This is the Chandrasekhar-Kendall [CK] construction of the eigenfields of curl on the
cylinder; see Yoshida [Y] for a proof of completeness.)
Thus if we expand Y (t) = > Ykmn (t)Ukmn, then by equation (4.42), the coefficients
Yrmn satisfy the ordinary differential equation

d . 2im d |
(a —+n — ) (E + 7/77/) ykmn(t) = Oa (k 7é 0)’

)\kmn

and the solutions with ¥, (0) = 0 and ;... (0) = Wgm,(0) are given by
A mn . t —1 3
emn(£) = Wi (0) 1% sim (2 et £.0,m £,
m Akmn

If m = 0 and k # 0, then the solutions are ygo,(t) = wkon(0) te™™. If k = 0, then
the solution is yooo(t) = wooeo(0) t. (Of course, we will actually be interested in the real




16 DAVID G. EBIN, GERARD MISIOLEK, AND STEPHEN C. PRESTON

parts R (Yemn (t)Ukmn ), but for the purpose of studying the zeroes, we only need to be
concerned with the amplitude of this complex expression.)
We see that the monoconjugate points occur at times t € C', where

C:{jﬂ' A

All points contained in C' are both monoconjugate and epiconjugate points. In the
simplest case n =0, j = 1, k,m € N, we have the monoconjugate points

Tkm0 = - 3
m m

kmn

jEN,k,mGZ\{O},nGZ}.

since the boundary condition (4.43), with n = 0, ends up not depending on m. Thus
as m — 00, We See Tr,o — T, so that C' is not discrete. Observe also that m ¢ C| since

for any k # 0, m # 0, n € Z, the curl eigenvalue satisfies |Agmn| = /@2, +m? > m.
We will show that the range of the differential of the exponential map is not closed

at 7V in other words, we will construct a sequence of Jacobi fields Y™) such that

Y (M) (1) converges but the initial conditions W™ = VoY ™) do not converge.
First notice that the eigenfields Uy,,, of curl are orthogonal in L2, since curl is

self-adjoint. We can generate the Sobolev topology by setting the H® norm of any

(W W) s = (14 M) [ Uk |72 [0rn .
k,mneZ
Fix an s, and consider the sequence

1
Z HUlmoﬂL2 (1+ A3,0)%72

UlmO .

This sequence does not converge in H* as M — o0, since we have
Wiz = M.
On the other hand, the corresponding Jacobi field solution Y *)(7) has squared H*

norm given by
M2 ™m
(M) 2 1m0 ;2
YO0 ). = 3 Tmosin® ()

We estimate the size of the m™ term, which looks, as m — oo, like
a%OO +m? 2 Tm -~ WQCV%OO
mz (\/W> amt
Thus the series converges by comparison to » . m™. So as M — oo, the norm
1Y) (7)|| zz+ remains bounded and thus Y ) (7) converges in H?.

Thus the map W, — Y (m) is injective but not surjective, and thus cannot have
closed range. Thus nor does d exp,q(7V'), so it is not Fredholm. O

4
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The same technique can be used to prove that if ¢ is any cluster point of the set
C, the differential of the exponential map will not be Fredholm at tV'. It is not clear
whether there are any other cluster points besides the integer multiples of m. Observe
that in the proof we actually demonstrated that exp;4(7V') was an epiconjugate point
but not a monoconjugate point. It is interesting that in this case exp,y(7V') is also a
cut point, since exp;y(—7V) = exp;q(7V) (i.e., the rotation geodesic minimizes whether
one rotates clockwise or counterclockwise).

AK.
CK.
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M1.

M2.
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