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The exponential map of the group of area-preserving diffeomorphisms of a
surface with boundary
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Abstract We prove that the Riemannian exponential map of the right-invariant L? metric on the group
of volume-preserving diffeomorphisms of a two-dimensional manifold with a nonempty boundary is a
nonlinear Fredholm map of index zero.

1 Introduction

Consider a compact n-dimensional manifold M with a smooth boundary OM equipped with a Rie-
mannian metric. Let & be the volumorphism group; that is, the group of diffeomorphisms of M which
preserve the Riemannian volume form g and are of Sobolev class H*®. It is well-known that if s > n/2+1,
then &}, is a submanifold of the infinite dimensional Hilbert manifold 2° of all H* diffeomorphisms of M.
Its tangent space 15, %, consists of H*® sections X of the pull-back bundle n*T'M whose right-translations
Xon~! to the identity element are the divergence-free vector fields on M that are parallel to the boundary
OM. The L? inner product for vector fields

(u, o) g2 = /M<u(ac),v(x)> dp(z) e T.2 (1.1)

defines a right-invariant metric on 2° and hence also on ¥, with associated Levi-Civita connections.
The curvature tensor R of this metric on @j is a bounded trilinear operator on each tangent space and
is invariant with respect to right translations by &,;. Our main references for the basic facts about 7,
and its L? geometry are the papers [7], [12], [14] and the monograph [2].

Arnold, in his pioneering paper [1], reinterpreted the hydrodynamics of an ideal fluid filling M in terms
of the Riemannian geometry of the volumorphism group of M equipped with the L? metric describing
the fluid’s kinetic energy. He showed that a curve 7(¢) is a geodesic of the L? metric on 9,, starting from

the identity element e in the direction vy if and only if the time dependent vector field v = non~! on
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M solves the incompressible Euler equations

0w + Vv = —gradp
divye =0 (1.2)
(v,v) =0 on OM

with the initial condition
v(0) = v (1.3)

where p is the pressure function, V denotes the covariant derivative on M and v is the outward pointing
normal to the boundary M.

It turns out that there is a technical advantage in rewriting the Euler equations this way; Ebin and
Marsden [7] showed that the Cauchy problem for the corresponding geodesic equation in 9;, can be
solved uniquely on short time intervals by a standard Banach-Picard iteration argument. In particular,
its solutions depend smoothly on the data, and as a result one can define (at least for small ¢) a smooth
exponential map

exp, : Te 9, — 9, exp, tvg = n(t),

where 7(t) is the unique geodesic of (1.1) issuing from the identity with initial velocity vy € T.Z,;. The
exponential map is a local diffeomorphism from an open set around zero in 7.7, onto a neighborhood
of the identity in Z,;. This follows from the inverse function theorem and the fact that the derivative of
exp, at time ¢ = 0 is the identity map. Furthermore, if n = 2 then by the classical result of Wolibner [21]
the exponential map can be extended to the whole tangent space T, %;;, which is interpreted as geodesic
completeness of the volumorphism group with respect to the L? metric.

The structure and distribution of singularities of the exponential map of (1.1) has been of considerable
interest ever since the problem of conjugate points in %,; was raised by Arnold in [1]. The first examples of
conjugate points were constructed in [12] and [13] in the case when M is a sphere with the round metric
or the flat 2-torus. Further examples can be found in [18], [15], [16], [3] and [4]. In [8] it was proved
that the L? exponential map is a non-linear Fredholm map of index zero whenever M is a compact
manifold of dimension 2 without boundary and moreover that the Fredholm property fails for a steady
rotation of the solid torus in R3. More pathological counterexamples were constructed in [15] using curl
eigenfields on the sphere S and more recently in [17] in the case of certain axisymmetric flows in R3.
Furthermore, Shnirelman [19] proved that when M is the flat 2-torus the exponential map on 7, is a
Fredholm quasiruled map. In [14] the authors showed that the failure of the Fredholm property in the
case of three-dimensional manifolds is “borderline,” in the sense that the exponential maps of Sobolev
H" metrics are necessarily Fredholm whenever r > 0.

An outstanding problem left unresolved in these papers concerns the case when a two-dimensional
manifold M has a nonempty boundary 9M. The methods employed in [8] allowed only for a much weaker
result, namely, that the derivative of the exponential map along a geodesic in Z;; can be extended to a
linear Fredholm operator defined on the L? completions of the tangent spaces to the volumorphism group.
The question of whether the behavior is genuinely different in case of a boundary has been raised in light
of recent work where phenomena have been discovered that seem to rely heavily on the presence of the
boundary (such as double-exponential growth of the vorticity field in 2D [10] and numerically-observed
blowup in 3D [11]).

The main goal of the present paper is to establish the strong H® Fredholmness property of the
exponential map for incompressible 2D fluids in the presence of boundaries. For notational simplicity
and clarity of exposition we will consider the simplest case of flow on a cylinder M = S x [0, L] for some
L > 0, so that we can work in a single chart. The general case of bounded domains in R? can be treated
in the standard way by choosing a suitable open cover of the boundary M together with a subordinate
smooth partition of unity and applying the result for the cylinder with large L.

Our main result in this paper is thus the following

Theorem 1.1 Let M = S! x [0, L] be the cylinder of height L > 0 with boundary OM = S* x {0} U
St x {L}, endowed with the Euclidean metric. For s > 2, the exponential map of the L? metric (1.1) on
9, (M) is a nonlinear Fredholm map of index zero.

A direct consequence of Theorem 1.1 is that monoconjugate and epiconjugate points coincide, have
finite multiplicity and cannot accumulate along finite geodesic segments. Furthermore, the exponential
map on T'Dj, restricts to the same map on 7D, and geodesics remain as smooth as their initial velocity
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(see [7] Theorem 12.1) so the exponential map continues to be Fredholm of index zero on D,,. In the next
section we recall the basic setup from [8] and [14]. The proof of Theorem 1.1 will be given in Sections 3
and 4. The key element of the proof involves deriving lower bounds for the invertible part of the derivative
dexp, with respect to a suitably chosen Sobolev-type norm defined on the space of stream functions on
the manifold. The main idea here is that we have an operator that is invertible because it is positive-
definite in low Sobolev norms, but in the standard higher Sobolev norms it is not due to boundary terms;
however by weighting the coefficients differently we can make the operator positive-definite in the new
inner product up to leading order.

2 The setup: Jacobi fields and the exponential map

We first collect a few well-known facts about Fredholm mappings. A bounded linear operator L
between Banach spaces is said to be Fredholm if it has finite dimensional kernel and cokernel. It then
follows from the open mapping theorem that ran L is closed. L is said to be semi-Fredholm if it has
closed range and either its kernel or cokernel is of finite dimension. The index of L is defined as ind L =
dim ker L —dim coker L. L is Fredholm of index zero if and only if it can be written in the form L = 2—TI
where {2 is invertible and I" is compact. The set of semi-Fredholm operators is an open subset in the
space of all bounded linear operators and the index is a continuous function on this set into Z U {£o0},
cf. Kato [9]. A C! map f between Banach manifolds is called Fredholm if its Fréchet derivative df (p) is
a Fredholm operator at each point p in the domain of f. If the domain is connected then the index of
the derivative is by definition the index of f, cf. Smale [20].

Let v be a geodesic in a Riemannian Hilbert manifold. A point ¢ = 7(¢) is said to be conjugate to
p = 7(0) if the derivative d exp,(¢7(0)) is not an isomorphism considered as a linear operator between the
tangent spaces at p and g. It is called monoconjugate if d exp, (¢7(0)) fails to be injective and epiconjugate
if dexp,(t7(0)) fails to be surjective. In general exponential maps of infinite dimensional Riemannian
manifolds are not Fredholm. For example, the antipodal points on the unit sphere in a Hilbert space
with the induced metric are conjugate along any great circle and the differential of the corresponding
exponential map has infinite dimensional kernel. An ellipsoid constructed by Grossman [6] provides
another example as it contains a sequence of monoconjugate points along a geodesic arc converging
to a limit point at which the derivative of the exponential map is injective but not surjective. Such
pathological phenomena are ruled out by the Fredholm property because in this case monoconjugate
and epiconjugate points must coincide, have finite multiplicities and cannot cluster along finite geodesic
segments.

Let M be a Riemannian manifold of dimension n = 2 with boundary M and assume s > 2. Given
any vector vo in T, let 1(t) = exp,(tvo) be the geodesic of the L? metric starting from the identity
with velocity vg. The derivative of the exponential map at tvy can be expressed in terms of the Jacobi
fields. Since the curvature tensor R of the L? metric is bounded in the H*® topology it follows that the
solutions of the Jacobi equation

J+R(J,0)i =0 (2.1)

along 7(t) with initial conditions
J(0) =0, J(0)=wo (2.2)

are unique and persist (as long as the geodesic is defined) by the standard ODE theory on Banach
manifolds, cf. [12]. Define the Jacobi field solution operator @; by

wop — Prwy = dexp, (tvg)twy = J(t). (2.3)

Next, recall that for any n € %, the group adjoint operator on 7.7, is given by Ad, = dR,-1dL,
where R, and L, denote the right and left translations by 7. Consequently, given any v,w € T.Z;; we
have

w = Adyw = naw =Dnon Hwon™) (2.4)

and the corresponding algebra adjoint operator
ad,w = —[v, w]. (2.5)
The associated coadjoint operators are defined using the L? inner product by

(Adjv,w)r2 = (v, Adyw) > (2.6)
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and
(adju, w)r2 = (u,ad,w) 2 (2.7)

for any u,v and w € TcZ;;. Our general strategy of the proof of Theorem 1 will be similar to that in the
case when M has no boundary. The proof of the following result can be found in [14].

Proposition 2.1 Let vy € T.Z;; and let 1(t) be the geodesic of the L? metric (1.1) in 9;, starting from
the identity e with velocity vo. Then ®; defined in (2.3) is a family of bounded linear operators from T, 7},
to Ty4)Z,,- Furthermore, if vy € Te@fﬂ‘1 then @; can be represented as

@, = Dy(t)(2 — T)) (2.8)

where (2, and I are bounded operators on T. 9, given by

n(7)

t
2 :/ Adn(T)—lAd* v dr (2.9)
0

t
Ft :/ Adn(.,.)—l U(.,.)an—l(T)QST dr (210)
0
and K, is a compact operator on 1.9, given by
w — Kypw = adyv(t), weT.2, (2.11)
and where v(t) is the solution of the Cauchy problem (1.2)-(1.3).
Proof See [8], Prop. 4 and Prop. 8.

Remark 2.2 Note that the decomposition (2.8)-(2.11) must be applied with care. This is due to the
loss of derivatives involved in calculating the differential of the left translation operator { — L,{ and
consequently of the adjoint operator in (2.4). This is why we consider vg, and hence n(t), in H5*! rather
than H*.

As mentioned in the Introduction we also have the following

Proposition 2.3 For any vy € TCQE the derivative dexp,(tvg) extends to a Fredholm operator on the
L2-completions Te@,fz and Tcxpe(tvo)@uLz-

Proof A detailed proof may be found in [8], Thm. 2, but the main idea is as follows. The operator (2.9)
is invertible on TeQHLQ. This follows from Lemma 3.1 below and self-adjointness in the L? inner product.
Compactness of the operator (2.10) on T@u” follows from compactness of the operator K, and hence
compactness of the composition appearing under the integral in (2.10), and finally from viewing the
integral as a limit of sums of compact operators. This represents d exp,(tvg) as the sum of an invertible
operator and compact operator which implies d exp,(tvo) is Fredholm of index zero.

In particular, it follows that monoconjugate points along 7(t) in %, have finite multiplicity.

3 Proof of Theorem 1: Preliminary Estimates

To show that the L? exponential map on 2;, is a Fredholm map we will prove that for each ¢ > 0
its derivative @ is a bounded Fredholm operator from T.Z; to T 4)Z,; that is, ¢; can be expressed
as the sum of an invertible operator and a compact operator on 7.D;,. We will assume that the initial
divergence-free vector field vg in (2.3) is of class C*°. The general H® case will then follow from a density
argument, just as in [8]. Compactness of (2.10) then follows as described in the proof of Proposition 2.3.

It remains to prove that the operator 2;, defined by (2.9), is invertible on the tangent space T.9;.
We begin with an L? estimate which is straightforward.

Lemma 3.1 Assume s > 2. Given vy € T. 9, let n(t) = exp, tvy be the corresponding L? geodesic. For
any w € T.7;, and any t > 0 we have

(w, Quw) 2 > Ci||w]|72 (3.1)

where (2, is defined by (2.9) and C, = fot | Dn()||>2dT.
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Proof From (2.9) we compute
t
<’LU, Qtw>L2 = /O <w, Adn(T)flAd;(7)71w>L2dT

t t
* 2 2 * —2
_ /0 [ e e /0 1Ad 1 720y
and since Ad; is an L? adjoint of Ad,, formula (2.4) implies

A ) 117 22y = Ady@lI7 22y < 1D Dn(t)]|oo
which gives (3.1).

Next, we proceed to derive the estimate in H® norms. It will be convenient to work with stream
functions on M = S* x [0, L]. As is well-known, we may write any divergence-free v € T.9;(M) as

vp = =0, f 40, L, (3-2)

for a uniquely-defined function f € H*T1(M) satisfying f(z, L) = 0 and f(x,0) = ¢ for some ¢ € R, for
all € S'. Thus we introduce the space

FH (M) ={feHT(M):3ceRs.t. f(z,L) =0and f(z,0) =cVz € S'}. (3.3)

From (2.4) and (2.6) we have
VA f = Ad:;(t)Adn(t)Uf (34)

for a bounded invertible operator A;: F*tY(M) — F*T1(M) which we will compute in Lemma 3.2.
Rewriting {2, on the space of stream functions as (2, so that (v = g, 4> our goal therefore reduces to
establishing the following '

t
Claim: For any t > 0 the operator f — (,f = / AL fdr s invertible on FST (M), (3.5)
0

with A;! the inverse of A; in (3.4). To this end we will proceed indirectly since the formula for A; is
somewhat simpler to work with than the formula for the inverse A; .

Our approach to proving the claim (3.5) is as follows. For some positive constants By, ..., Bs we define a
semi-inner product on F*+! by

(. ahsss = S By (0103775 £,0005 1% g) (3.6)
§=0

with associated semi-norm ||f|ls+1 = {(f, f))ifl, which is equivalent to the standard H**! seminorm on

FsT1(M) and thus to the H® norm on T,2°(M). Then, we show that the constants By, ..., Bs can be
chosen so that

(F ghser = K[ f1Z00 = CllF sl e (3.7)

for ¢ = Af, where ||f|| . denotes the homogeneous Sobolev norm defined by (3.10) below. Applying
this estimate to f = A; ~g allows us to derive the estimate

12:9lls41 = Killglls+1 = Cullgll -

for some positive constants C; and K7, which shows that (AZt has closed range on F**!. This, together
with Lemma 1, implies that (2; is semi-Fredholm with trivial kernel whose index at t = 0 is zero. Since
the index is constant on connected components of the space of semi-Fredholm operators (cf. [9]), we
conclude that the index is always zero, so that (AZt has trivial cokernel and is therefore invertible.!

To carry out our plan we need to estimate the boundary terms and this is our main goal here; the analysis
of these terms begins in Proposition 3 below. In the next Lemma we derive an explicit formula for the
operator A; defined by formula (3.4). For simplicity we will suppress the dependence on ¢ and just write
7 and A until the time dependence matters again in Proposition 4.4.

L We note that if M has no boundary then the estimate (3.7) already holds with Bo = --- = Bs = 1, as shown in [8], but
one can demonstrate with simple counterexamples that no such universal estimate can hold for all n if M has a boundary;
the details are not terribly interesting and we will omit them here.
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Lemma 3.2 Let f € F*T1(M) be an H**! stream function on M as in formula (3.3), and letn € 2,,(M)
be a smooth area-preserving diffeomorphism. Then the operator A defined by formula (3.4) is given, for
g = Af, as the unique solution of the system

Ag =div (G, V), g(x,L) =0, g(x,0) is constant, fOQﬂ Oyg(z,0)dx = 027r|8x17(x, 0)2f(x,0) du,

Tt — ( 19ynl> —(0en, 0yn)
where G, = (Dn*Dn)”~" = <_<8a:7778y77> 10,12 . (3.8)

Proof First we establish that there exists a unique solution g of the problem (3.8); that is for any H*~!
function ) on M and any constant k, there is a unique g € F*T1(M) satisfying Ag = v, g(z, L) = 0,
g(x,0) constant, and f027r Oyg(z,0) dx = k.

The easiest way to do this is to reduce it to a Dirichlet problem and apply well-known results. To this
end we define v to satisfy

Ay = ¢, ¥(z, L) = v(z,0) = 0.
Since ¢ is in H*~!, we know a unique solution v exists and is in H**1(M). Furthermore if we set ¢ = g—7,
then ( satisfies the problem
AC =0, ¢(x, L) =0, ¢(z,0) is constant.

There is clearly a one-parameter family of solutions uniquely determined by the value of this constant
m, given by ((z,y) = m(1 — y/L). It follows that there is a unique g given by

g(:l?,y) = ’Y(l’,y) + m(l - y/L)a
where m is determined by the condition

2m
2
k= O0yy(x,0) dx — .
0 L

Having shown that a unique solution of (3.8) exists, our strategy is now to show that if g solves (3.8),
then (v, vg)r2 = (vp,vaf)pe for every h € F5t1 (M), which will imply that g = Af. For any such h, we
have

(Uh,vAf) L2 :/ <vh,Ad;Adnvf>dxdy:/ (Ad,, vp, Ad, vy) ddy.
M M

Using formula (2.4) for the adjoint action Ad,,, we have

(Uh,vAf) L2 = /M<D77(Uh) on~ !, Dn(vs) on™ ") dedy = /M<Uh7 (D)™ (Dn)(vg)) dady,

using the change of variables formula and the fact that n is volume-preserving.
Since vy = JV f where J is the antisymmetric operator of rotation by 90°, we have

(Un,vaf) 2 = —(Vh, J(D))T (D) IV f) 2 = (G, Vh, V)12,

as an easy computation shows. Integrating by parts using the divergence theorem, we get

2

(Un,vAf) L2 = — /M hdiv (G,V f) dxdy — h(-,0) ; Gy (0y, 0y)(2,0) fy(x,0) dz,

since h(zx,0) is constant.
The same integration by parts shows that

2w

(Uh, Vg2 = f/ hAgdxdy — h(-,0) 0yg(z,0) dz,
M 0

and this is true for every h € F*T1(M) if and only if g solves the system (3.8).

The following inequality appears in [8] but without the boundary terms.
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Proposition 3.3 Letn € 2,(M) be a C*-smooth area-preserving diffeomorphism and let g = Af where
[ € Fs*L (M), as in Lemma 3.2. For any nonnegative integers m and n, not both zero, let fy, , = 00y f
and gm.n = 03'0, 9. Then we have?

<vfm,n7 vgm,n>L2 > Knvam,n||2L2 - OHn||sz+”+1 vam,n”L? ||fHHm+n
| Fs1n0 057 (009 — 100200 + (0um, 000, f) du - (3.9)

oM
where K, = ||Dn||2, with C' some constant independent of n, and
1Al e = > ||VOLOISf]| o (3.10)
0<i+j<s

Proof We start with an integration by parts to obtain

<vfm,,n7 vgm,n>L2 = / <vfm,n7 ng,n> dxdy
M (3.11)

:/ div(fmngm,n)da:dyf/ Jmn0y' 0y Ag dzdy.
M M

Using Lemma 3.2 we further rewrite the above as

_ / P (Vgunms ) das — / Frum div (MO, f) didy
oM M (3.12)

_ / Fnm o3t (Vs v) — OONGCy f,0)) ons dr + / (7 fonns OO0 GV f) didy,
OM M

where we again used the divergence theorem, recalling that the boundary is 9M = S* x {0} U St x {L},
with outward unit normals v = (0,1) for y = L and v = (0, —1) for y = 0.

We proceed to analyze these terms separately. Observe that G, = (Dn'Dn)~! is a positive-definite
matrix and the last term can be written as

(Vfmmn, 070y GV f) 2 =/M<me,n,Gn8;”8;Vf> dzdy+/M<me,n,[8;”85,GH]Vf> dxdy

> /M|<DnT>*1me,n\2 ddy — ||V fon nlz2 | [0700 GV | o

Since G, is a matrix of smooth functions, the commutator with any differential operator of order m +n
is a differential operator of lower order with coefficients involving derivatives of n up to order m +n + 1
at most. Hence we have an estimate

00, GV F| o < Clnllomsoss | Fllfmenar

with || - || ym+n denoting the Sobolev H™¥™ norm given by (3.10), (in other words, the H™*"~! norm of
the gradient). On the other hand we have

/ (D) fon P ddy > K[V o2
M

where K, is the infimum over M of the eigenvalues of G,, = (Dn'Dn)~".
Next, consider the boundary term in (3.12) given by

5 fm.n 52”377 (ayg - |8x77|2ayf + (0xm, ay77>amf) dx,
M

where we use the convention here and for the rest of the paper that faMhdx = fsl h(z,L)dx —
fSl h(z,0) dz. Since floa is constant, we know that f,, oloasr = 0 so that this term vanishes if n = 0. If
n > 1 then we can use the equation Ag = div (G, V f) to simplify

ay(ayg - |az77|28yf + <ar777ay77>axf) = —0:(0:9 — |ay77|281f + 0z, ay77>ayf) (3.13)

so that the boundary term becomes the last term of (3.9) after an integration by parts in x.

2 Here we agree to the convention that the boundary integral is zero if n = 0.
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We will need to estimate a number of boundary terms of the form appearing in equation (3.9). The
following lemma simplifies many of the calculations and will be used repeatedly.

Lemma 3.4 Let M = S' x [0, L], and for any real function h on M, denote the oriented boundary

integral by
/ hdx:/ h(z, L) dx—/ h(z,0)dx.
oM st 51

For any H' functions f and g on M, we have

/ fugdz < V11|22 Vglze.
OM

Proof A straightforward computation gives

Lo
Oy dx:/ / — | f(z,y)0z9(x, dydx
3Mf g A 8y(f( Y)0xg( y)) Y
:/ 8yf8xgda:dy—/ 0z fOyg dxdy
M M

= (041, =0:1). (0:9.949)) , < IV S]12[Vg]l2-

Before we proceed further with the proof of Claim (3.5) in full generality, let us illustrate the basic idea
with a simple explicit example.

Ezample 3.5 For a positive constant w, consider the diffeomorphism

n(z,y) = (z + wy,y).

This is a shear flow, and the function (¢, x,y) = (z + twy, y) is a solution of the inviscid Euler equation
with steady velocity field u(z,y) = wye,. The matrix G,, is given by

1+ w? —w)

_ T -1 _

Consider the H? norm on vector fields, corresponding to the H?3 norm on stream functions. (This is the
first interesting case, as H' on vector fields has an accidental cancellation® and L? on vector fields is the
weak case already discussed.) The inner product defined by (3.6) reduces to

<<fa g>>3 = By <vfyya vgyy>L2 + B <vfmyv ngy>L2 + Bs <meca vgmz>L2- (3'14)

The norm defined by (3.14) is equivalent to the H3 norm via the usual interpolation inequalities. Using
the proof of Proposition 3.3, formula (3.14) becomes

(£, 903 = BollGyV fyylliz + BilGyV fayll 7> + BallGyV fua 2

+ By /6M Sayy (Gay — (1 + W) foy + wfyy) dx

+ B / fmcy (gmz - (1 + WQ)fmm + Wf:cy) dx (315)
oM
> BOKY]”nyyH%? + BlKn||vfﬂcy”2L2 + BQKW]HszxH%Z
+ BO/ Jayy (gwy -1+ WQ)fx'y) dx
oM

after integrating by parts, an example of the accidental cancellation mentioned above. Here we use K,
to estimate the lowest eigenvalue of G, which is the reciprocal of the largest eigenvalue since G, has
determinant one.

We estimate the boundary term as follows, using Lemma 3.4 to get the following prototype of Proposition
4.1:

/BM fa;yy(gxy - (1 +w2)fl'y) dx = <Jvfyy7v91y - (1 + WQ)VfLy>

> |V fyylleal Vaaylle — (1 + @)V fyyll 22|V oyl 22,

(3.16)

3 See Lemma 4.2.
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Now as a prototype of Lemma 4.2, we get an upper bound for ||Vg., |2 using formulas (3.11)-(3.12)
with f replaced by g to get

Hvywa?ﬁ = /M <V9wy7 8I8y(Gnvf)> dxdy
4 /a e 0e(a: = 10,1170, + (001.0,10,1) da

= / <v9xy7 Gnvfxy> dxdy +w / gacacyfacy dz
M OM

< (14 w)?(|Vayllr2l|V fayll L2,

using Lemma 3.4 and the fact that the largest eigenvalue of G,; satisfies 1 + w? < XA < 1+ w + w?.

Formula (3.16) then becomes

/a Sy = (1 P ) o 2 =20+ PV o2 2

(14 w)?
> —e(1+w)’ IV = ——— IV fay I*,
for any € > 0.
Formula (3.15) now becomes
2 2 2 Boe By 2
(£, 9hs = KBollV fyyllzs + KBV fay ™ + KB2||V faallz2 = == IV fyyllzz — IV foyllze,

where K = (14 w) ™2 is a simple lower bound for K.
Now choose ¢ = K?/2 with By = By = 1 and B; = 3/K*. Then we end up with

(.05 > SUSIE

This gives formula (3.7) for s = 2, where the lower-order terms disappeared because G,, has constant
coefficients. This is the main idea of the proof we give in the next section.

4 Proof of Theorem 1: Estimates at the Boundary

Now we estimate the boundary terms in Proposition 3.3 in terms of norms on the entire space M, using
the fundamental Lemma 3.4.

Proposition 4.1 Letn € 2,(M). If f € F¥*1 (M) and g = Af as in Lemma 3.2, then given any m > 0
and n > 1, the boundary terms in (3.9) can be estimated by

fmtingmiin-1de <||IVfmnl2Vgmian-alez  (n>1) (4.1)
oM
- Fn1,007 0y (1041200 f) dx < | Dl Lo |V Frnll 21V Frnt 1,1 ] 12
+ ClnlEmrnr IV frnnll 22 [ F 1 gt (4.2)

o fm+1,n3;n3$71(<8a:7778y7l>3yf) d'x S C||77|

Gt IV ol 2Ll gomen (4.3)

where C' > 0 is independent of n and the H™" norm is defined in (3.10).

Proof Inequality (4.1) follows at once from Lemma 3.4. To estimate (4.2) we use Lemma 3.4 and the
Leibniz rule to get

Frni1,0 0057 (1041200 f) da < IV fn,nl22 VO 057 (10,170 f) [ 2

oM
<NDnlE IV frnttn—1le2 IV famnll 22 + ClnlEmsnis | grmen |V frnnll 22
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For (4.3) we use a trick on the highest-order term to improve over Lemma 3.4:

fm+l,n8;cnag7}71 (<am777 6y77>8yf) dx < /8 fmtin <af6777 ay77>fm,n dx
M

+ ClnlEmensr 1 ggomn IV fin

oM

|2

Now integrating the first term on the right by parts and estimating as in the proof of Lemma 3.4, we
obtain
1 1

Fmt1,0(02m, Oym) frnn dx = */ (9xm, Oyn) O ( 7%;,71) doe = —- 0y <ax7778y77>f7%z,n dz
oM 2 Jom 2 Jom

Sl fmanll 2V fmnllize S I0lE 11l gmen |V fin |z,

and thus this term folds into our previous term.

To understand the term (4.1), we want an upper bound for [|Vg,, | 2 in terms of |V fr,.n | L2. When
n is small this works as in Example 3.5; when n is large we need to do the estimate recursively by
replacing y derivatives with = derivatives using Ag, an extra complication.

Lemma 4.2 Letn, f and g = Af be as in Proposition 4.1, with m > 1 an integer. For any integer n > 1
we have

IVgmnllze < IVgms1m-illez + 1D Z IV finr1n-1llzz + 1D0lIZ [V finnl 2
+ ClnlEmnsr 1l gmsn  (44)

while for n =0 or n =1 we have
IVgmnllze < D012V fnnllcz + CllnlEmenra L fll grmn (4.5)
where C' is a constant depending on m and n but not on 7.

Proof Integrating by parts as in (3.12), we have

M M (4.6)

_ / IO (Vg — GV f,0)) di + (V g, O GV f) 2.
oM

We first consider the case when m > 1 and n > 1. Since (G, Vf,8y) = —(9.1,0,yn)0x f + |0:0|?0y f
from (3.13) we get

3y(3yg -G, VY, 8y>) = —0:(0:9 — |ay77|2axf + <az7778y77>8yf)

Using this identity and integrating by parts in = the right hand side of (4.6) becomes
= /8M gm—i-l,naglag_l(awg - |ay77‘289£f + <8w7]7 8y77>6yf) dx + <ng,na 8;718;LG77Vf>L2
= / Im+1,n (g'rrH—l,n—l - ‘6y77|2fm+1,n—1 + <am7778y7]>fm,n)dx
oM

Y [ augmernfide + (Vonn 920G,V )10
0<k+i<m+n "’ OM

=I+1I+1II

where «;; are functions depending on the derivatives up to order m +n — 1 of |9,n|? and (9,7, d,n) and
the binomial coefficients. Using Lemma 3.4 and (3.10) we have

111 < 19 gmnllzz (19 gm0z + 1V (011 Fm1,0-1)ll 22 + IV (@at, 0y) Fin,) 1 22) (4.7)

< IVgmnll2 (||V9m+1,n—1HL2 HIDnlE (IV fmsrn-1ll 2 + 1V fmnllz2) + ||77||202||fHHm+n)
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and similarly

IS Y IV9mnle2 [V (e fi) 1l gyt (4.8)
0<k+l<m+n
Using the Cauchy-Schwarz inequality and the Leibniz rule
(11| < [[Vgmnll 221103 0y GnV fll 2 (4.9)

< IDnlE IV gmnll 2 IV fannll 2z + CINV gl 2 [l Emsnir | | grmeen-

Combining (4.7), (4.8) and (4.9) we obtain (4.4), as desired.
Next, if m > 1 and n = 0 then the boundary term in (4.6) vanishes since f|gar and g|gas are constant,
and we have

(4.10)

2Cm+1 ||fHHm~

Finally, if m > 1 and n = 1 we use a trick to do a little better than (4.4). Integrating by parts in
(4.6) as before we have

IV gm, 1|7 :/a gm+1718;n+1gdx—/8 9m+1,105"(|0yn[* 0, f) da
M M

4 /a 1020, 0,1)0, ) + (V1. 020, (G V )i

The first two terms on the right hand side drop out since g|oas and f|oar are both constant. The remaining
terms can be estimated using Lemma 3.4 and the Cauchy-Schwarz inequality as before to get

IVgmallZs < I1D0Z<Vgm.1ll2 1V fmallce + ClVgmllellnllcmsz | f 1l zm (4.11)
where we used the homogeneous norm (3.10).

Our next task is to eliminate all g-terms on the right side of the basic inequality (4.4) using a simple
recursive formula.

Proposition 4.3 Letn, f and g = Af be as in Lemma 4.2. For any m > 1 and n > 0 we have

n—1

IVgmnllze < IDlZ IV finnllze +20D0l7e DIV fnsntekllz + ClalGmenses |l gmen  (412)
k=1

for some constant C independent of 7.

Proof Adding and subtracting terms and using inequalities (4.4) and (4.5) we have

n—1
vam,nHL2 = vam—s—n—l,1“L2 + Z (Hv-gm-‘rn—k—l,k-&-l||L2 - ||v97n+n—k,k||L2)
k=1
n—1
2 2
<D0 IV Farncr ez + 100 3 (I itz + IV Fonenciilz2)
k=1

+ ClnlEmensn 1l e
and (4.12) follows.

Given an integer s > 0 and any positive numbers By, ... Bs define a semi-inner product on the space
of stream functions (3.3) on M by

Vet fZB (02057 ,0205 7V g) 12 (4.13)

and the associated seminorm by || f|s+1 = (f, f >);/r21 Interpolation inequalities show that this is actually
a norm on F*t1(M). Our goal is to show, using Propositions 4.1 and 4.3, that the B; can be chosen so
that A, is positive-definite up to highest-order terms in the inner product (4.13).
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Proposition 4.4 Let n(t) be a smooth curve in 2,,(M) on [0,T]. Let f be a smooth function with f|snr
constant, and let g(t) = Ay f. Given s > 1 there exist positive coefficients By, ... Bs depending on n but
independent of t such that for sufficiently small e > 0 we have

(f ghsrr = K[ fZ00 = CllF sl 1l g (4.14)

where K > 0 and C > 0 are constants depending on € and s; in addition K depends on the L>°CL-norm
and C depends on the L*CSt-norm* of .

Proof From Proposition 3.3 for any ¢ > 0 and any integers m > 0 and n > 0 with m + n = s we have
(V firns Vamn ()12 > KglIV frnnll 22 = Cllnll Tz conr IV frnnll 2211 1l 7

+ /6M fm+1,n8;na;l_l (8309 - |ay77|2azf + <(9m777 3y77>3yf)d1'

for some constant C' independent of 1. Note that by convention® the integral over the boundary vanishes
if n = 0 and, furthermore, the first term of the integral (corresponding to the factor 9,¢) also vanishes
if n =1 (since g|gas is constant by assumption). Therefore, using Proposition 4.1, we can now estimate
the above expression from below by (using various constants, all of which we denote by C)

(V forns Vo) 22 2 K[V Fmnll3e = 1V Sl (19 9msrm-llee + 1Dnls 1V Fonsrnoillze)

[0,T]x M
= Clnll} o o 1l IV Frmin 2

and, with the help of Proposition 4.3 and rearranging and combining like terms, estimate it even further
by

<vfm,n»v9m,n>L2 > Kn”vfm,n”%2 - 2||D77H%°°

[0,T] x M

= Ol e 19 F

n—1
IV fonnllz Y IV fontnron 2
k=1

|21 f 1l s

n—1
1
> (Ky — (s = D)ellDnllE= IV finllze = =11 D07 IV frntn—teel| 22
€
k=1

[0,T]x M [0,T]x M
= ClInll} e ot 1V frmmllz2l1F 1
for any positive e.
Setting
Cy = Cllnll o e (4.15)
1 2
Qc=-IDnll3s (4.16)
. (s—1) 2
Ke = OéI}—fSt Kn — B €||n||Lt°°C:+1 (417)
and choosing
oinf< Ky
0<e< I*UQ (4.18)
=Dl

we therefore obtain

n—1
(V fnis Vimn) 12 = Kel|V 7z = Qe D IV fntn-rrlzz = CullV ol 22 L fl| g (4.19)
k=1

for any integers m > 0 and n > 0.

* That is, [l¢ll e cr = Oiulitllso(T)ch
_T_

5 See the footnote to Proposition 3.3.
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Next, let s > 1. In terms of the inner product (4.13) consider

Vog1 = ZB (107N f,00057IV g) 12 =ZB (Vfis=s Vjs—j) L2

7=0
s—j—1
z ZBJ <K€||ij,s—j”2L? —Qc > IV Cn||ij,s—j||L2||f|Hs>
=0 k=1
s—1 k—1
> BoK|[V fo,sl 72 + BsKel|V fooll72 + Z KBy — Qe Z B | IV frs—kll72
k=1 =0

= Gy sl s+l fll e
where C; 5 = Cy(s + 1)/2 [ax /Bj. Now, for any 1 < k < s — 1 pick

k—1
2
B = Qe Z;Bj (4.20)
=

and set By = Bs; = 1. Note that the solution of the recurrence equation in (4.20) is easily found to be
By = (14+2Q./K.)*12Q./K. where Q., K. and € > 0 are given by (4.16), (4.17) and (4.18). Combining
these we now obtain

s—1
1 s
(f o1 2 K1V foule + 3 Bl Vo sllde + 19 s0l3z) = ol fllosall
k=1

= *K 11341 = C5 sl sl f L e

which is the desired estimate. Finally note that since the determinant of G, is one, the infimum K, is
the reciprocal of | Dn||%«, and thus the constant K appearing in (4.14) is the rec1proca1 of | Dnl|?

[0,T]x 1\4
as claimed.

We can now address the Claim (3.5).

Proposition 4.5 Let M = S' x [0, L] and let n( ) be a smooth curve of area-preserving diffeomorphisms

2u(M). Given any t > 0 the operator 2 = fo A7t dr defined in (3.5) on the space F5T1(M) of stream
functions to itself is invertible.

Proof For any 0 < 7 <t applying Proposition 4.4 to f = A;lg we obtain
{9, A7 gh 41 = KIAT gl 20 = ClIAT gllsalAT g e (4.21)

Proposition 4.3 implies that A; is a bounded operator in the topology defined by (4.13) (or in any Sobolev
norm on F*T1(M)), so that

lglls+1 = [14: A7 gllss1 < N Arllsrall AT gl s

The open mapping theorem then implies that A-! is also bounded in the same topology. The inequality
(4.21) then becomes

(9, A7 )51 = KNT?|lgll2n — CNg N3 Hgllsrallgl e

where

Ny = S [Alls+1, No= nggtH/ltHsH and Nz = OgifgtHAtHHs-

Integrating both sides of (4.21) over [0,¢] and using Cauchy-Schwarz we get
12:g]ls+1 = KENT?|lglls1 — CENy ' Ny gl 7.

It follows that (AZt has closed range. By Lemma 1, (AZt has trivial null-space and it follows that ﬁt is
semi-Fredholm. Since the index of semi-Fredholm operators is constant under continuous perturbations,
and since it is zero at t = 0, we conclude that the index is always zero. Therefore, {2; also has trivial
cokernel and must be invertible on the space F5*1.
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It now follows that given any smooth divergence-free vector field vg on M the corresponding operator
2y on T, 9, is also invertible which, in light of Proposition 2.1, implies that ®; = Dn.(2; — I) is the
sum of an invertible operator and a compact operator. We conclude that @; is a Fredholm operator of
index zero. This concludes the proof of Theorem 1.1 in the smooth case vy € T.%,,. The H® case follows
by a perturbation argument as in [8] or [14] and will be omitted. The only important thing to note is
that our leading-term estimates depend only on the C! norm ||Dn||r~, and thus when we approximate
an 1 € H® by an 77 € C'*°, the coefficients in the leading term can be made as close as we want to those
we found above. Again we refer to [8] for details.

Acknowledgements SCP was partially supported by Simons Foundation Collaboration Grant for Mathematicians no.
318969. Much of this work was completed while SCP was Associate Professor at the University of Colorado, and part of it
was done while GM was Ulam Visiting Professor at the University of Colorado.

Conflict of Interest: The authors declare that they have no conflict of interest.

References

1. Arnold, V.1., On the differential geometry of infinite-dimensional Lie groups and its application to the hydrodynamics

of perfect fluids, in Vladimir 1. Arnold: collected works vol. 2, Springer, New York 2014.

Arnold, V. and Khesin, B., Topological Methods in Hydrodynamics, Springer, New York 1998.

Benn, J., PhD Dissertation, University of Notre Dame, 2014.

Benn, J., Conjugate points on the symplectomorphism group, Ann. Glob. Anal. Geom. 48 (2015), 133-147.

Benn, J., The coadjoint operator, conjugate points, and the stability of ideal fluids, Arnold Math. J. 2 (2016), 249-266.

Grossman, N., Hilbert manifolds without epiconjugate points, Proc. Amer. Math. Soc. 16 (1965), 1365-1371.

Ebin, D. and Marsden, J., Diffeomorphism groups and the motion of an incompressible fluid, Ann. of Math. 92 (1970),

102-163.

8. Ebin, D., Misiotek, G. and Preston, S.C., Singularities of the exponential map on the volume-preserving diffeomorphism
group, Geom. funct. anal. 16 (2006), 850-868.

9. Kato, T., Perturbation Theory for Linear Operators, Springer, New York 1966.

10. Kiselev, A. and éverék, V., Small scale creation for solutions of the incompressible two-dimensional Euler equation,
Ann. Math. 180 (2014), 1205-1220.

11. Luo, G. and Hou, T., Toward the finite-time blowup of the 3D azisymmetric Fuler equations: a numerical investigation,
Multiscale Model. Simul. 12(4) (2014), 1722-1776.

12. Misiotek, G., Stability of ideal fluids and the geometry of the group of diffeomorphisms, Indiana Univ. Math. J. 42
(1993), 215-235.

13. Misiolek, G., Conjugate points in D, (T?), Proc. Amer. Math. Soc. 124 (1996), 977-982.

14. Misiotek, G. and Preston, S.C., Fredholm properties of Riemannian exponential maps on diffeomorphism groups,
Invent. math. 179 (2010), 191-227.

15. Preston, S.C., On the volumorphism group, the first conjugate point is always the hardest, Commun. Math. Phys. 267
(2006), 493-513.

16. Preston, S.C., The WKB method for conjugate points in the volumorphism group, Indiana Univ. Math. J. 57 (2008},
3303-3327.

17. Preston, S.C. and Washabaugh, P., The geometry of azisymmetric ideal fluid flows with swirl, Arnold Math. J. 3
(2017), 175--185

18. Shnirelman, A., Generalized fluid flows, their approzimations and applications, Geom. funct. anal. 4 (1994), 586-620.

19. Shnirelman, A., Microglobal analysis of the Euler equations, J. Math. Fluid Mech. 7 (2005), S387-S396.

20. Smale, S., An infinite dimensional version of Sard’s Theorem, Amer. J. Math. 87 (1965), 861-865.

21. Wolibner, W., Un theoréme sur l’existence du mouvement plan d’un fluide parfait, homogéne, incompressible, pendant
un temps infiniment long, Math. Z. 37 (1933), 698-726.

NG W



