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ABSTRACT. We prove sufficient conditions for the existence of conjugate points along geodesics
of a left-invariant metric on a Lie group, using a reformulation of the index form in terms of the
adjoint action. In the compact semisimple case, with an arbitrary left-invariant metric, we show
that all geodesics must have a conjugate point, and we give upper and lower bounds on conjugate
times. In particular this applies to the left-invariant metrics on SU(n) and SO(n) which are of
importance in fluid dynamics and rigid body motion, and yields estimates for the diameter and
injectivity radius. We also establish criteria in the noncompact case: we show that every closed
nonhomogeneous geodesic has a conjugate point, and determine explicit conditions for them in
the three-dimensional unimodular case. For homogeneous geodesics, we relate conjugate points to
Lagrangian stability, and Eulerian stability of the corresponding steady velocity. Finally, we obtain
as by-products criteria for conjugate points in general homogeneous spaces, by lifting the problem
to the total Lie group of the quotient and using a result of O’Neill. Through several examples, we
show that our theorems apply when well-known criteria relying on positive Ricci curvature or other
curvature bounds fail, and in some cases even when Ricci curvature is negative in all directions.
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1. INTRODUCTION

One of the most basic questions in Riemannian geometry concerns the length-minimization prop-
erties of geodesics. In particular, the presence of conjugate points indicates a geodesic’s failure to
minimize length past some time, and their location can yield a bound for the diameter or the
injectivity radius. When the manifold represents the configuration space of some physical object,
such as a rigid body or a fluid, the study of conjugate points sheds light on the way the trajec-
tories of these objects behave under perturbation of their initial conditions. Lie groups, and the
homogeneous spaces obtained as their quotients, provide convenient models for such configuration
spaces. Classical examples include the kinetic energy metric on SO(n) describing the motion of
a free rigid body in n-dimensional space [14], and Zeitlin’s finite-dimensional model of spherical
hydrodynamics on SU(n) [35].

A conjugate point occurs along a geodesic when there exists a Jacobi field that vanishes at both
end points. In certain special homogeneous spaces, such as symmetric, normal or naturally reductive
spaces, the Jacobi equation can be reduced to a constant coefficient equation and the problem
becomes tractable [5l 6, [7, 17, B0, 37]. However, the Jacobi equation is generally impossible to solve
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explicitly, due to the fact that along a nonhomogeneous geodesic the coefficients are nonconstant.
Another strategy is to prove the existence of a vanishing Jacobi field without actually having to find
it, by exhibiting a perturbation along the geodesic for which the index form is negative. This is the
strategy behind the Misiotek criterion, a sufficient condition for the existence of a perturbation that
makes the index form negative after some large enough time, initially introduced in the infinite-
dimensional setting of hydrodynamics [27]. Although it can be readily generalized to any Lie group,
this criterion is not exhaustive and has been shown to fail to detect conjugate points in some settings
[20].

It is easy to see from its definition that the index form cannot be made negative if the curvature
tensor is everywhere nonpositive, so that there needs to be at least some positive sectional curvature
for conjugate points to appear. A result of Gromoll and Meyer [15] states that if the sectional
curvatures are positive on average, meaning that the Ricci curvature is nonnegative along the
geodesic and positive on at least one point, then conjugate points necessarily occur. On a Lie
group, this makes the existence of conjugate points trivial for a bi-invariant metric, due to its
nonpositive sectional curvature. With only one-sided invariance on the other hand, as illustrated
in the well-known paper of Milnor [26], the curvature typically takes on both signs.

In this paper, we establish several new sufficient criteria for the existence of conjugate points in
a Lie group with a left-invariant metric. Using a result from O’Neill on Riemannian submersions,
we obtain as by-products criteria for conjugate points in general homogeneous spaces, without
assuming normality or natural reductiveness. Taking advantage of the natural splitting of the
geodesic equation—into the flow equation and the Euler-Arnold equation—as well as the splitting of
the Jacobi equation, we prove criteria that do not rely on standard curvature assumptions, and
detect conjugate points when other known criteria fail. In particular, we show that conjugate
points can appear even when the negative sectional curvature outweighs, in the sense of Ricci,
the positive sectional curvature along the geodesic, and even more surprisingly, when the Ricci
curvature is negative in all directions. When useful, we distinguish between homogeneous geodesics,
corresponding to steady solutions of the Euler-Arnold equation, and nonhomogeneous geodesics,
whose left-translated velocity at the origin is nonconstant in time.

1.1. Main results. Here we list the contributions of this paper.

The primary new tool we use in this paper is a reformulation of the index form in Lemma (3.1
which involves not curvature but only the group adjoint Ad, ;) and the Lie bracket. This enables
us to reduce most questions about conjugate points to structural questions about the Lie group
itself. Thus, the simplest cases are the ones in which the group adjoint happens to be uniformly
bounded, for example on a compact group or along a homogeneous geodesic. Our main result gives
a condition for the existence of conjugate points under this assumption.

Theorem. Let G be a Lie group with left-invariant metric, ugp € g and y(t) be the geodesic in G
with initial conditions v(0) = id and ¥'(0) = ug. If ug is not orthogonal to [g,g] and Ad, is
uniformly bounded below as an operator on g, then there is a conjugate point along the geodesic 7.
Conversely, if ug is orthogonal to [g, g], then there is no conjugate point along ~y.

When the Lie group admits a bi-invariant metric, we obtain the following corollary.

Corollary. If the left-invariant metric is obtained from a bi-invariant metric k(-,-) and a positive-
definite symmetric inertia operator A: g — g as (u,v) = k(u, Av) for all u,v € g, then the geodesic
~ starting at identity with initial velocity ug has a conjugate point if and only if Aug is not in the
center of g. Furthermore, if v has a conjugate point then the conjugate time T satisfies

2T A < 2 A M

||adAu0||0p - ”adAUOHOP’

where Ay and \pr are the smallest and largest eigenvalues of A, respectively, and the operator norms
are computed using K(-,-).



CONJUGATE POINTS ON LIE GROUPS WITH LEFT-INVARIANT METRICS 3

A consequence of the previous result is that in compact nonabelian Lie groups, conjugate points
occur for any left- or right-invariant metric, and for any geodesic as well if the Lie group is semisim-
ple. This applies in particular to SO(n), the configuration space of rigid bodies, and SU (n), Zeitlin’s
model space for spherical hydrodynamics. Through explicit examples, we show that our criterion
detects conjugate points even in cases where the Ricci curvature is negative along the entire ge-
odesic or the Misiolek criterion fails; and that it can be used to obtain bounds on the diameter
(see Section [3.2). On SU(n), we obtain that the conjugate locus of the Zeitlin model cannot re-
main uniformly bounded as n — oo (see Section [3.3)). Using a result from O’Neill on Riemannian
submersions, we obtain an analogous result on homogeneous spaces.

Corollary. If G is a compact semisimple Lie group with any left-invariant metric and H is any
closed subgroup, then every geodesic in the homogeneous space G/H develops a conjugate point.

In the absence of bounded adjoint action, we distinguish between different types of geodesics
and different geometries to obtain our results. We first consider nonhomogeneous geodesics, i.e.
geodesics whose Eulerian velocity is a nonsteady solution of the Euler-Arnold equation, and prove
the following theorem in case the geodesic happens to be closed.

Theorem. Let G be a Lie group with a left-invariant metric, and H = Iso(G) the isotropy group of
G under this metric. Then in G and in the homogeneous space G/H, every closed nonhomogeneous
geodesic has a conjugate point. In particular, if G/H is nonpositively curved, then every closed
geodesic must lift to a homogeneous horizontal geodesic in G.

As a consequence, we derive the following corollary for Lie groups and homogeneous spaces with
dense closed geodesics. This result also gives an alternative proof of the known fact that the only
compact Lie group with nonpositive sectional curvature is the abelian flat torus (see Remark [4.5]).

Corollary. If a Lie group G with left-invariant metric has dense closed geodesics, then either it
has positive curvature in some section at the identity, or it is abelian and flat. If H = Iso(G) is
the isotropy group of G under its left-invariant metric, and if the homogeneous space M = G/H
has dense closed geodesics, then it must be naturally reductive.

In the special case of a 3D unimodular Lie group, using the technique of Milnor [26], we find
a simple expression for the index form based on a natural orthogonal basis, and deduce a crite-
rion for conjugate points to appear along a nonhomegeneous geodesic. The same technique can
be generalized to any Lie group with a nondegenerate bilinear form in arbitrary dimension, but
the construction is still essentially three-dimensional and produces a sufficient but not necessary
condition for conjugate points.

Theorem. Let G be a three-dimensional unimodular Lie group G with a left-invariant metric, and
L: g — g a self-adjoint operator such that [u,v] = L(u x v) for all u,v € g, where X is the usual
three-dimensional cross product on g = R3. Let v(t) be a geodesic in G starting at identity with
Eulerian velocity u(t) = v~ 1(t)y'(t), and denote

§:= )%, &:=6%(ux Lu,u x L*u — L(u x Lu)).

If £&(t) < 0 for all t then there are no conjugate points along 7y, while if both §(t) and &(t) are
bounded below by positive constants dy and & respectively, then there is a conjugate point no later

than T := 2w /\/1€ydp.

For homogeneous geodesics, we discuss how to solve the constant-coefficient Jacobi equation
(Proposition , in particular in the case of semisimple Lie groups (Lemma . We then show
that for a steady solution ug, the corresponding homogeneous geodesic develops conjugate points if
ad,, has a nice eigenvalue decomposition. This relates conjugate points to linear stability, both in
the Eulerian and Lagrangian sense (see Section , which partially addresses a conjecture raised
in [10] and [33].
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Theorem. Let uy be a reqular semisimple element of a semisimple Lie algebra. Suppose that Aug
1$ also a reqular element that commutes with ug, and that adiO has a nonzero real eigenvalue with
eigenspace V. Suppose in addition that A maps V' to itself. If ad,, has purely imaginary eigenvalues
on V., then there is a conjugate point along the homogeneous geodesic y(t) = exp (tug). If ady, has
purely real eigenvalues on V, then there is a conjugate point along the geodesic if and only if ug is
stable in the Fulerian sense under perturbations in V.

As an illustration, we give an example of a left-invariant metric on SL(3) for which Ricci is
strictly negative in all directions, but some geodesics still have conjugate points (Example 4.14)).

1.2. Outline of the paper. In Section [2, we start by providing background material on left-
invariant metrics on Lie groups, homogeneous spaces, and conjugate points in these settings. Sec-
tion [3] contains our main result for Lie groups with bounded adjoint action, and its corollary on
compact Lie groups and homogeneous spaces. Section [d]is devoted to Lie groups where the adjoint
action may be unbounded.

G and H | Lie groups with H C G
g and b | Lie algebras of G and H
M | Riemannian manifold, typically a homogeneous space G/H
(+,+) | left-invariant positive-definite metric on g
k(- ) | nondegenerate bi-invariant form on g, not necessarily positive-definite
A and A | inertia operator giving (-,-) in terms of &, if x exists, and its eigenvalues
L, and Ry | left- and right-translations by g € G
ad, and Ad, | standard adjoint actions on g
ady, and Adj | transposes of the actions under (-, -)
u(t) and wup | solution of the Euler-Arnold equation and its initial condition
v(t) | geodesic in G satisfying 7/(t) = DL u(t)
Y (t) and y(t) | vector field along a geodesic ~y(t) and its left-translated version in g
I(Y,Y) or I(y,y) | index form of a vector field Y along a geodesic, or in terms of y
FE;; | square matrix with 1 in row ¢ and column j, and 0 elsewhere
e; or e;; | basis vectors for Lie algebras in general, and in Section
L | operator satisfying [u,v] = L(u X v) on a 3D Lie algebra in Section
0, &, £ | quantities relevant for 3D unimodular groups defined in Lemma
adjoint operator ad,, for a fixed steady wup in Section
the operator adp,,, in case A generates the metric
operator appearing in the linearized Euler equation around a steady ug
solution of the Sylvester equation for studying homogeneous geodesics

(SRS Jev I N

TABLE 1. Summary of the main notations.

1.3. Acknowledgements: We thank Renato Ghini Bettiol and Wolfgang Ziller for very helpful
discussions during the preparation of this paper.

2. BACKGROUND

2.1. General left-invariant metrics. We begin by recalling standard facts about left-invariant
metrics on Lie groups, and introduce conjugate points in this setting (for background material, see
[1], [18], [16]). Let G be a finite-dimensional Lie group. An inner product (-,-) on its Lie algebra g
induces a left-invariant Riemannian metric on G by setting, for any g € G and z,y € T,G,

(,y)g = (u,v), where x = DLgu, y= DLy, u,v € g,
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and L, denotes left-translation by g € G. A curve v in G is a geodesic with respect to this metric
if and only if

(2.1) v'(t) = DL yu(t), u'(t) = ady, iy u(t),

where the first equation expresses u(t) as the left-translated Fulerian velocity of «, and the second is
the Euler-Arnold equation. The operator ad” is defined by (adv, w) = (v, ad,w) for all u,v,w € g.
The Euler-Arnold equation admits an equivalent formulation as a conservation law:

d
(2.2) = (Adfy(t)_lu(t)> —0,
where Ad}: g — g is defined by (Adju,v) = (u, Adgv) for all u,v € g. If adj, ug = 0, the unique
solution of with u(0) = wg is constant: u(t) = wug for all ¢. In this case, ug is called a steady
solution of the Euler—Arnold equation and the corresponding geodesic 7(t), which is a one-parameter
subgroup of G, is called a homogeneous geodesic. If instead ady ug # 0, then u'(t) # 0 for all ¢
by uniqueness of solutions to ODEs, and we call u(t) a nonsteady solution and the corresponding
geodesic is said to be nonhomogeneous.

A conjugate point along a geodesic 7y occurs at time 7 if there exists a nontrivial Jacobi field
along ~ that vanishes at t = 0 and ¢t = 7. Geometrically, this means that - lies in a one-parameter
family of geodesics that all start at (0) and reconverge (to first order) at (7). In a Lie group, the
Jacobi equation reduces to a pair of coupled equations in the Lie algebra obtained by differentiating
the geodesic equations with respect to a variation parameter. Thus a Jacobi field along v has
the form J(t) = DL, )y(t), where y(t) satisfies

(23) YO +adyu(t) = 20, (1) = ady)2(2) + adku(t).

The point (7) is conjugate to v(0) if and only if there exists a nontrivial solution y of such
that y(0) = y(7) = 0. Studying the solutions of the Jacobi equation also leads to a notion of
stability of the geodesics: the Eulerian velocity w(t) is called linearly stable if every solution z(t)
of the second equation of remains bounded for all time. It is called linearly stable in the
Lagrangian sense if in addition all solutions y(t) of the system with y(0) = 0 remain bounded
for all time. The splitting implies that Lagrangian instability can arise either through Eulerian
instability or through a purely Lagrangian mechanism, corresponding to unboundedness of the
adjoint action Ad,). As we will see in Theorem the existence of conjugate points along
steady flows is closely related to both notions of stability, as conjectured by Drivas et al. [10] and
Tauchi-Yoneda [33] in the infinite-dimensional case.

Conjugate points are also related to curvature: they can only appear in the presence of some
positive sectional curvature along the geodesic. This can easily be seen by considering the index
form, defined for vector fields Y'(¢) along ~(t) that vanish at ¢t = 0 and ¢t = 7 by

.
(2.4) 1Y) = [ (S ) = (R )Y
o \dt’ dt

where R is the curvature tensor and % is the covariant derivative. A standard fact in Riemannian
geometry [9] is that I(Y,Y) < 0 for some Y vanishing at ¢ = 0 and ¢ = 7 if and only if there exists
a Jacobi field J(t) which vanishes at time ¢ = 0 and at some time ¢y with 0 < ¢y < 7. In particular,
if the sectional curvature is everywhere nonpositive, then the integrand in is nonnegative and
no conjugate points can occur. In a Lie group with left-invariant metric, the index form can be
simplified significantly, as we will show in Lemma [3.1

2.2. Homogeneous spaces. Given a Lie group G and a compactﬂ subgroup H, the quotient space
M = G/H is the set of left cosets. If G is equipped with a left-invariant metric, then we define b

1One could start with a noncompact H, but the conditions below can only be satisfied by compact groups, by the
Myers-Steenrod Theorem.
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to be the orthogonal complement of the Lie subalgebra b C g, and b may be identified with the
tangent space T{z M, where [H] denotes the coset of the identity element in M. We consider the
following notions of compatibility between this subgroup and the metric:

(C1) Vv € b, ad, maps b to itself and is antisymmetric on h=.
(C2) Yv € b, ad, is antisymmetric on g.
(C3) Yu € g,ad, is antisymmetric on g.

Condition is the necessary and sufficient condition for the left-invariant metric to descend
to a Riemannian metric on M, which makes the projection 7: G — M a Riemannian submersion,
and the left action of the group H on M will consist of isometries. (Note that since M is the set
of left cosets, the right action of H on M is trivial, but the left action is not.) In this case we have
a Riemannian homogeneous space.

Condition implies Condition , since ad, maps b to itself, and antisymmetry of ad, on
all of g implies it must also map h= to itself. Condition is equivalent to saying that both left-
and right-translations by elements of H are isometries of the metric on G, and in particular the
inherited metric on H itself is actually bi-invariant. In most examples we have in mind, such as the
Zeitlin model on SU(N), this condition is satisfied. Note that if only the desired Riemannian metric
on M is known, with G acting on M by left-translations that are isometries, we may reconstruct
a left-invariant metric on G that gives this Riemannian submersion structure by specifying an
arbitrary left-invariant metric on H, and defining the inner product on g to be the direct sum of
the inner products on h and h-. Any such choice will lead to the same metric on M. Thus since H
is compact, we may as well use the bi-invariant metric to construct the metric on G. In particular
if we start with a homogeneous Riemannian metric on M and have freedom to choose the metric
on GG, we can assume it satisfies (C2)).

Condition is equivalent to saying the metric on G is bi-invariant, and implies the previous
two conditions. The resulting homogeneous space is called a normal homogeneous space or standard
homogeneous space. A Lie group which admits a bi-invariant metric must be the direct product of a
compact group and an abelian group (see [26] ), and for a compact semisimple group, the bi-invariant
metric is unique up to a constant factor. Hence the Riemannian geometry of a normal Riemannian
homogeneous space arising from a compact semisimple group G is completely determined by G
and its subgroup H. This is too restrictive an assumption for us, since we are most interested in
geometries arising from physics, such as the Zeitlin model for ideal fluids and the motion of rigid
bodies in R™ with possibly unequal axes of inertia. See Chavel [6] for a description of the conjugate
points on normal homogeneous spaces.

In what follows, we assume only , except in Corollary The index form on a Riemannian
homogeneous space can be simplified using O’Neill’s formula (originally proved for any Riemannian
submersion). Note that any vector field along a curve in the group G can be viewed as the restriction
of a time-dependent left-invariant vector field on the entire group.

Theorem 2.1 (O’Neill [30]). Suppose M = G/H is a Riemannian homogeneous space and let
~v:[0,7] = G be a horizontal geodesic with time-dependent Eulerian velocity field u(t). Then for
any time-dependent left-invariant vector field Y = VY + Y along v with horizontal part Y
vanishing at the endpoints, let Y, = m (YY) = m (Y be the corresponding vector field along mo -y
in M, noting that Y, vanishes at the endpoints. Then the index forms of G and M are related by

(2.4) [G(Y,Y):IM(Y*,Y*)Jr/ Y+ [u, Y dt.
0

The version of formula ([2.4)) given in [30] differs only in the squared term, which can be simplified
by checking that (C1)) implies ad’,;f)L C bt and ad; 1 h C ht. We can use this theorem to show that

conjugate points along horizontal geodesics on the group G descend to the quotient space G/H.
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Corollary 2.2. Let M = G/H be a Riemannian homogeneous space and ~y: [0, 7] — G be a geodesic
with v'(0) horizontal. Suppose there is a conjugate point along v in G at time 7. Then the geodesic
mory in M also has a conjugate point at some time 7/ < T.

The proof follows by projecting a Jacobi field J along the lifted geodesic in G to the base space
M = G/H, and using the Jacobi equations to see that if m,J is vertical, then J must be trivial.

2.3. Known criteria for the existence of conjugate points. Since our goal in this paper is to
present new criteria for the existence of conjugate points, here we revisit two well-known methods:
the Gromoll-Meyer criterion and the Misiolek criterion.

The Gromoll-Meyer criterion states that if Ricci curvature is always nonnegative along a geodesic
v(t) and strictly positive for at least some time ¢ = ¢, then « eventually develops conjugate points
(see [15]). This is true on any (complete) Riemannian manifold M. In the sequel, we establish new
criteria that do not rely on curvature assumptions. In fact, in many of our examples, Ricci curvature
can take on negative values in some or even all directions (see Section and Example .

The Misiotek criterion, which first arose in the context of geometric hydrodynamics [3), 10, 27, 31],
can be readily generalized to any Lie group G as follows [34].

Proposition 2.3 (Misiolek criterion). Let v(t) be a homogeneous geodesic with initial velocity
ug € g. If
(2.5) <advuo + ad}uo, advu0> <0 for some v € g,

then ~(t) eventually develops conjugate points.

Notice that the Misiolek criterion (2.5)) is also a condition to get positive curvature on a plane
containing ug. This can be seen from Arnold’s curvature formula (see [2]), reformulated as in [21],

1
R(u,v)v,u) = =|ad*v + adfu + adyu|? — (adyu + ad*u, adyu) — (ad*u, adv).
4 u v v u v

Using the fact that ug is a steady solution of (2.1, so that ad; up = 0, we see that (2.5)) directly
implies positive curvature on the 2-plane spanned by ug and v. We shall later see that the cri-
teria developed here can detect conjugate points in cases where the Misiotek criterion fails (see

Remark .

3. LIE GROUPS WITH BOUNDED ADJOINT ACTION

3.1. Main theorem. We begin this section with a lemma showing how the index form can be
simplified on a general Lie group. Following that, we present our main theorem and derive some
consequences for Lie groups that admit a bi-invariant metric. An important consequence is that
conjugate points occur for every left- or right-invariant metric on any nonabelian compact Lie
group, and along every geodesic if the group is semisimple as well. The special cases of SO(n) and
SU(n) are of particular interest, since these are configuration spaces for rigid bodies and fluids.

Lemma 3.1. Let v(t) be a geodesic on a Lie group G with a left-invariant metric, and let Y (t)
be a vector field along y(t) vanishing at t = 0 and t = 7. Let u(t) = DLy (t) and y(t) =
é?LA/(t)le(t) be the left translations of v/ and Y to the Lie algebra. Then the index form is given
Y

(3.1) IY)Y) = /OT (2(),2()) = ([y(®), 2 ()], u(®)) dt,  2(t) =y (t) + [u(t), y(t)].

On the other hand if v(t) = DR, 4)-1Y (t) is the right translation, the index form is given by

(3.2) (YY) = /OT (Ad, (-1 (t), Ady 510" () — ([v(t), V' ()], uo) dt.
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Proof. Working with local left-invariant extensions, we can write

DYy

where V denotes the Levi-Civita connection. Since the Riemann curvature tensor is also left-
invariant, we have (R(Y,7')y,Y) = (R(y,u)u,y), so that the index form (2.4 becomes

I(Y,)Y) = / W'+ Vuy, ¥ + Vuy) — (Vy Vau — Vo Vyu + Vi, yu, y) dit
0
= / (z+ Vyu, 2 + Vyu) — (VyVuu, y) — (Vyu, Vuy) — <V[u,y]u7 y)dt
0

— /0 122 4 202, V) — (Vs [t ]) — (V' Vasts ) — (Vs ) .

Since wu(t) satisfies the Euler-Arnold equation (2.1)), which is equivalent to v’ + V,u = 0, an
integration by parts gives

I(Y)Y) = /O 2”4+ 2(z, Vyu) — (Vyu, [u, y]) = (Vyu,y) = (Vyu,y') = (Viugu, y) dt
= / 122 + (2, Vyu) — (V,u,y) dt
0

= [P~ 2w,
0

as desired.
Now suppose v(t) is the right translated Jacobi field. Then v(t) = Ad,y(t) and

v'(t) = Ady (¥ (1) + adyy(t)) = Adygyz(t).
Thus the first term in (3.1]) becomes

2(6)? = |Ady 10" (8)]

To simplify the other term, we use the conservation law (2.2 to obtain
(ly(®), 2(®)], u(t)) = ([Ady-10(t), Ad,y-10'(1)], Ad] gy uo)
= <Ad’y(t)_1 [U(t), 'U/(t)], Ad;(t)u0>
= <[U(t)7 U/(t)]v u0>-
Putting these together gives (3.2)). O
Our main theorem is the following.

Theorem 3.2. Let G be a Lie group with left invariant metric, ug € g, and y(t) be the geodesic in
G with initial conditions y(0) = id and ¥'(0) = ug. If ug is not orthogonal to [g,g] and Ad,y) is
uniformly bounded below as an operator on g, then there is a conjugate point along the geodesic ~y.
Conversely, if ug is orthogonal to [g, g], then there is no conjugate point along .

Proof. By Lemma we can write the index form for Y (t) = dL.)y(t) = dR,yv(t) as

I(v,Y) = / A 10/ (8)[7 — (g, adygy! (1)) dt.
0

If ug is orthogonal to [g, g], then obviously the second term vanishes, and the index form is positive-
definite for any 7 > 0. Hence there are no conjugate points.
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Now assume that Ad, ;) is bounded from below and wy is not orthogonal to [g, g]. By assumption
there is a p > 0 such that (Ad,;)-1w, Ad,p-1w) < p(w,w) for all t € R and all w € g. We then
obtain for any variation field that

1Y) < [ plo/(0.0/(0) — (o, 1) .

Since ug is not orthogonal to [g, g], there are vectors p,q € g such that € := ([p, q], uo) is positive;
we may assume without loss of generality that p and ¢ are orthonormal. Define a variation field by

u(t) = f(t)p +g(t)g
where f(0) = f(7) = g(0) = g(7) = 0. Then

(uo, ad, )0 (1)) = e(f(t)g'(t) — g(t) (1))

Thus the index form satisfies
IYVY) < /0 p(f'(° + g (6)*) — e(F(t)g'(t) — g(t) (1)) dt.

Choosing 7 = 27p/e with

€t et €t
f(t) = sin () co (> and g(t) = sin? <>,
(t) 5 5 (t) 5
we easily compute I(Y,Y) < 0. O

Remark 3.3. Note that the geodesics that are shown to be free of conjugate points in Theorem[3.2
are necessarily homogeneous, since ug orthogonal to [g,g] implies adjug = 0 for all v € g, and
v = ug in particular. Milnor proved in [26] that if ug is orthogonal to the commutator ideal [g, g],
then Ric(ug, ug) < 0. The second part of Theoremprovz’des an alternative proof of this fact, since
Ric(ug,up) > 0 would imply the existence of conjugate points along the homogeneous geodesic by
Gromoll-Meyer’s criterion (see Section . Note that Herring [I7] also proved that if ug happens to
be steady, then this orthogonality condition guarantees no conjugate points along the homogeneous
geodesic, but our theorem holds also in the nonsteady case.

Example 3.4. To see that the assumption of a uniform lower bound for Ad,q is necessary in
Theorem consider the closed subgroup of GL(4,R) given by matrices of the form

1 a c+ab d
0 1 b —c
0 0 1

0 0 0 1

Its Lie algebra g is nilpotent and it is spanned by
e1=E1g+ E3q, ey = Ep3, e3=FEi3— Eau, e4=-2FEyy,

G = ta,bc,d eR

where E;j; is the matriz having 1 in position (i, j) and zeros everywhere else. These satisfy [e1, ea] =
es, [e1,e3] = eq and all other brackets are zero. We consider the left-invariant metric that comes
from declaring the e; to be an orthonormal basis and let ug = ea — e4. One verifies that the unique
geodesic 7 in this metric with v(0) = Id and v/ (0) = ug is homogeneous and satisfies ad,, = —F3;
as an operator in the 4-dimensional Lie algebra, so that Ad,y)y = Id — tE3;. It has no conjugate
points, as one can see from the index form, which in this case is

’
uxm:/"@f+@¢+%f+mqug)
0

5[@y+wy+%f+ﬁf@

2 2

+ (vfl) dt
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4
where v(t) = dR;(lt)Y(t) = Y vi(t)e; and w = tvy + vs. This is clearly positive-definite, so we
i=1
cannot have conjugate points. At the same time, the smallest singular value of Ady ;) = 1d — tE3
goes to zero as t increases, so Adyy) is not bounded from below.

Corollary 3.5. Suppose G is a Lie group with a positive-definite bi-invariant metric k(-,-), and

that a left-invariant metric (-,-) is defined in terms of a positive-definite symmetric inertia operator

A:g — g, with (u,v) = k(u, Av). Then for any initial velocity ug € g, the geodesic ~(t) of the

left-invariant metric (-, -) with v(0) = id and v'(0) = ug has a conjugate point if and only if Aug is

not in the center of g. Furthermore, if v has a conjugate point then the conjugate time T satisfies
27 A\, <r< 2T A\

ladauollop =~ lladaugllop’

where Ay, and \pr are the smallest and largest eigenvalues of A, respectively, and the operator norms
are computed using k(-,-).

Proof. By Lemma the index form for Y (t) = dR,v(t) can be written in terms of the bi-

invariant metric x(-,-) as

[(V.Y) = /0 " (A 10/ (1), Ady 1 (8)) — e ([ot). o (8)], Aug)

_ / (A )10 (£), AAd, (-1 (1)) — i (ad puu(t), o' (£)) dt
0
To estimate the first term in the index form, note that
Amb(w, w) < k(w, Aw) < Ayrk(w, w), for all w € g.
These imply that
At (V' (£), 0" (1)) < K(Ady 10 (8), AAdy-10" (1)) < Apgr (V' (2), 0/ (1))

since the metric (-, ) is bi-invariant. Now, note that the operator B := adj,, is antisymmetric on
g in the bi-invariant metric, so we have a decomposition

(3.3) g=kerBoVi® -0V

such that each subspace V; is spanned by a pair of orthonormal (in the bi-invariant metric) vectors
pi, q;, with Bp; = «a;q; and Bg; = —a;p; for some a; > 0.
If Aug is a central element, then g = ker B. In this case ug is orthogonal to [g,g], and by
Theorem there are no conjugate points along ~.
If Aug is not a central element, then we can construct a nontrivial variation within each V; as
follows: let w := ﬁ, and define a variation field by
v(t) = sin (wt) (cos (wt)p; + sin (wt)g;),

which vanishes at ¢ = 0 and ¢ = 7/w. Then it is easy to compute that the index of v is
T/w
I(v,v) < / Mk (V' (2),0(8) — k(v (t), adpuev(t)) di
0

T /w
= / (Amw?® — 2Apw? sin? (wt)) dt = 0.
0

Hence there is a conjugate point along ~ that happens no later than time 7/w = 2w\ /v, and
the earliest such time is obtained by taking the largest «;, which equals |[ady, ||op-
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Conversely, to obtain a lower bound on the injectivity radius, consider an arbitrary variation
field v(t) vanishing at ¢ = 0 and ¢ = 7. Decompose v according to as v(t) = vo(t) + - - - +vg(t)
and write

vi(t) = fillt)p; + gi(et)qs, i=1,...,k,
for some functions f; and g; vanishing at ¢ = 0 and ¢ = /7, for ¢ := max{a;}/\,. Then by
orthogonality the index form can be written

k
I(v,v) > Zli(vi, V),
i=1

where each index form on V; satisfies
T T
Li(vi,vi) > [ On(f? + 97) + 20 f]gi dt > Oéz'/ (f2 + 97) + 2f]g: dt.
0 0

This latter expression is precisely a multiple of the index form on SO(3) under the standard round
metric (corresponding to a rigid body with all moments of inertia equal), where we know the first
conjugate point happens at 27. Hence for {7 < 27 we see that every I;(v;,v;) > 0, and the first
conjugate point cannot happen before 27 /¢. O

Note that this reproduces the known result for conjugate points under the bi-invariant metric,
where A is the identity, so the result is sharp.

Remark 3.6. The decomposition of the Lie algebra into 2-planes which are invariant under adp,,
suggests that conjugate points on compact Lie groups arise in pairs, and therefore have even mul-
tiplicity. We do not know if this is true in general, but it is certainly an interesting question with
potential implications for fluid dynamics (see [10] ).

In the important special case where G is semisimple and compact, we get a conjugate point
along every geodesic in G and every homogeneous space M = G/H. We emphasize again that the
Riemannian metric on M need not arise from the bi-invariant metric on G.

Corollary 3.7. If G is a compact semisimple Lie group with any left-invariant metric and H is any
closed subgroup, then every geodesic in the homogeneous space G/H develops a conjugate point. In
particular if M is a compact Riemannian homogeneous space with wi (M) finite, then every geodesic
develops a conjugate point.

Proof. Since G is compact, it has a bi-invariant metric. Moreover, since G is semisimple, its center is
trivial, so every geodesic in GG has a conjugate point by Corollary O’Neill’s result (Corollary
implies that every geodesic on the homogeneous space G/H has a conjugate point no later than
the corresponding horizontal geodesic on G.

A compact homogeneous space M can be written as the quotient of G/H where G is also
compact. The Lie algebra g can be written as a direct sum of an abelian group and a semisimple
part (Knapp [I8] Chapter IV), and 71 (M) is infinite if and only if this abelian part is nontrivial.
Thus if 71 (M) is finite, then G is semisimple. O

In the following subsections, we present applications of Corollary [3.5to Lie groups with invariant
metrics which are of interest from a physical standpoint, namely for rigid bodies and fluids.

3.2. Rotations of rigid bodies. Consider the group of rotations SO(n). Any left-invariant metric
on SO(n) can be obtained from the canonical bi-invariant metric s(-,-) and a symmetric positive
definite operator A : so(n) — so(n), i.e.

(3.4) (u,v) := k(u, Av), where r(u,v)= %Tr(uv—r), u,v € so0(n),

and Tr denotes the trace. An important special case is the generalized rigid body metric obtained
by considering A(u) := %(M u + uM), where M is a symmetric matrix with positive eigenvalues
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W1y pin (cf. [14], [32], [I3], [24]). This is the kinetic energy metric describing the rotations of an
n-dimensional free rigid body with principal moments of inertia u1, ..., u,. For 1 <i < j <mn, let
eij = Eji — E;; denote the matrix full of zeros except for —1 in position (7, j) and 1 in position (j, ).
Then e;; is an eigenvector of A for the eigenvalue %(,uZ + 115), and {e;j }i<icj<n is a so-called nice
basis (see [19]) of the Lie algebra so(n). In this basis, the Ricci tensor is diagonal, with diagonal

elements
. 240 f14
Ric(e;;,ei5) = .
(€5 ¢ij) ,g;j (i + o) (g + i)

Thus the Ricci curvature of the generalized rigid body metric on SO(n) is everywhere positive,
generalizing a result of Milnor [26] when n = 3, and conjugate points exist along any geodesic by
the Gromoll-Meyer criterion [15].

Corollary shows that conjugate points exist in fact for any left-invariant metric on SO(n)
and along any geodesic, even in directions of negative Ricci curvature. For example, relaxing
the positivity constraint on i, ..., u, in the generalized rigid body metric and setting pu; = —1,
wi =2 for i =1,...,n, one gets negative Ricci curvature in the direction of e1: Ric(eq2,e12) < 0.
The geodesic v with initial conditions (0) = id and +/(0) = ug := e12 is steady since ady ug =
A~ (ady,Aug) = A7 (2ady,up) = 0, and Ric(u(t),u(t)) < 0 for all t. Corollary shows that
conjugate points exist along this geodesic despite the negative Ricci curvature. More generally, if
the operator A in is chosen to have the e;;’s as eigenvectors for arbitrary positive eigenvalues
Aij, then (setting \j; = A;; for convenience) the diagonal Ricci tensor is given by

. (Nij — Nik + Njg) (ANij + Xik — Ajr)
Ric(e;j, €55) = Z ’ 2])\4 )\,j =
ki, ik N\jk

which can obviously be negative for some choices of positive A;;.

Remark 3.8. If ug is a steady solution of the Euler equation corresponding to eigenvalue A of A,
the Misiotek criterion (2.5) is written in terms of A = ad,, as

(adyup + adjjug, adyup) = k(Aadyug — Aadyug, adyug) = K((A — M) Av, Av).

Thus, we see that for the steady solution corresponding to, e.q., the smallest eigenvalue \ of A, the
Misiotek criterion fails to detect the existence of conjugate points on the corresponding homogeneous
geodesic, even though here we know every geodesic has them.

In addition, Corollary provides an upper bound on the diameter of SO(n) under the left-
invariant metric (3.4]). For any ug € so(n), denoting 7(ug) the first conjugate time along the geodesic
v with initial conditions v(0) = id and +/(0) = wyp, the diameter is given by Diam(SO(n),A) =
SUp|yy|=1 T(uo) where lug|? = (uo, Aug), and verifies the following bound

2T A\

inf‘u0|:1 ”adAuoHOp

(3.5) Diam(SO(n), A) <

where A\js is the largest eigenvalue of A. For n > 3 and a fixed element ug € so(n), mgy := Aug €
s0(n) is an antisymmetric real n x n matrix with a basis of n complex eigenvectors z; with pure
imaginary eigenvalues iay for ag; > 0 and 1 < k < p := [n/2], together with z_; := T} having
eigenvalues ta_j := —iay, with zp and ap = 0 in case n is odd. The eigenvectors of ad,,, are given
by X = arja:g — kajT with corresponding eigenvalues i(a; + o). Thus if the eigenvalues icy, are
ordered with ay < agy1, then we see that the operator norm is ||ady, |jop = p—1+0ap. If Apr and Ay,
are respectively the largest and the smallest eigenvalues of A, the unit-speed constraint x(ug, Aug) =
1 implies )‘JT/ll < (mo, mo) < \,,t. Thus, the upper bound in is found by minimizing o,—1 + o,
subject to the constraints 0 < a; < ... < ap—1 < o and )\]T/[l < a% + ...+ oz]% < Agll. For p < 3,
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the minimal value is 1/y/Aps, attained at (ai,...,a,) = (0,...,0,1/v/Ayr), while for p > 4, the
minimal value is 2/y/pAjs, attained at (aq,...,ap) = 1/v/pAn(1,...,1). Finally we obtain

Diam(SO(n), A) < A% max(2, |n/2|'/?)
A similar method could be used to obtain a bound on the injectivity radius.

3.3. The Zeitlin model. The incompressible Euler equations of hydrodynamics can be viewed as
the geodesic flow on the infinite-dimensional group of volume-preserving diffeomorphisms Diff , (M),
where M is the fluid’s domain, with respect to the right-invariant L? metric. For certain two-
dimensional manifolds, in particular M = S? (the two-sphere), the Zeitlin model provides a finite-
dimensional approximation of the Lie algebra of divergence-free vector fields, T}gDiff ,(S?), by a
sequence of matrix Lie algebras. This sequence consists of su(N) with a scaled Lie bracket and
right-invariant Riemannian metric defined as follows. Recall that the Lie algebra su(N) admits a
decomposition into irreducible so(3)-modules,

suN)=VioVh@--- & V1,

where each V; is (204 1)-dimensional and can be thought of as a finite-dimensional analogue of the
¢th spherical harmonic mode. We can define a quantized Laplacian Ay : su(/N) — su(N) acting
diagonally on this decomposition, assigning eigenvalue —\y = —¢(¢+ 1) to each V; by analogy with
the Laplace-Beltrami operator acting on spherical harmonics. The Zeitlin metric is then defined
as the right-invariant extension of

(3.6) (1, v) = %T&"(uT(—AN)v), v € su(N),

Note that this is no longer bi-invariant, but has the feature that its geometry is a finite-dimensional
approximation of Diff,,(S?). For convergence results in the N — oo limit, see [29].

The Ricci curvature of is negative in many directions. In fact, the Ricci tensor is a scalar
multiple of the metric on each subspace Vp, and numerical evidence suggests that roughly one third
of these scalar values are negative [28]. Despite this, our main theorem shows that every geodesic of
has a conjugate point, since su(/N) has trivial center, so the conjugate locus entirely encloses
the origin. At the same time, it is known that Diff,(S?) has infinite diameter ([I2]). This rules
out the possibility that the conjugate locus in the Zeitlin model remains uniformly bounded as
N — oo: if all conjugate points lay within a fixed distance 4, independent of N, then no geodesic
could minimize length beyond J, and the diameter of SU(N) would be at most 25. This bound would
carry over to Diff ,(5?) by the convergence results of [29], contradicting the infinite diameter result.
Nevertheless, it is still possible that every nontrivial geodesic in Diff, (S 2) develops a conjugate point
eventually, without a uniform bound on the conjugate time. We leave this as an open question for
future work.

The quotient space SU(NN)/SO(3) is the configuration space for fluid motion modulo rigid rota-
tions, which is also of interest due to the physical observations that large-scale flows tend towards
steady states up to global rotation. Note that geodesics have conjugate points after sufficiently
long time in this space by Corollary On the other hand, Ricci curvature is negative for any
fixed vector in the successive approximations for sufficiently large N [28].

4. TECHNIQUES FOR OTHER LIE GROUPS

In this section we analyze three additional techniques that can be used to find conjugate points
even when the adjoint action is unbounded. In Section[4.I]we show that along any nonhomogeneous
closed geodesic in a Lie group G with a left-invariant metric, there is a conjugate point. The result
also shows that a closed nonhomogeneous geodesic in any homogeneous space G/H must have
a conjugate point. Then in Section we show that for a nonhomogeneous geodesic in a 3D
unimodular Lie group, there is a simple expression for the index form found by using a natural
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orthogonal basis, through the technique of Milnor [26]. Finally in Section we discuss how to
solve the constant-coefficient Jacobi equation in the steady case and obtain new examples.

4.1. Closed nonhomogeneous geodesics. The main difficulty in finding conjugate points is
choosing an effective direction of variation: one that generates a family of nearby geodesics which,
to first order, intersect the original geodesic again at some future time. Our key observation
here is that the geodesic itself suggests such a direction: we take the time derivative u/(¢) of its
left-translated velocity vector, which is never zero for nonhomogeneous geodesics. This provides
a canonical solution of the linearized equations, and under a symmetry assumption (that right
multiplication by «(7)7(0)~! is an isometry), it leads directly to a nontrivial Jacobi field.

Note that this symmetry assumption is automatically satisfied by all closed geodesics. Of course,
every closed geodesic has a cut point, since it eventually ceases to minimize distance. However, the
presence of a conjugate point requires a family of nearby geodesics that are shorter.

Theorem 4.1. Suppose y(t) is a solution of (2.1), with velocity u(t) nonconstant. If right mul-
tiplication by v(7)v(0)~! is an isometry of the left-invariant metric for some T > 0, then v(7) is
conjugate to v(0). In particular this applies if v(T) = v(0).

Proof of Theorem [/.1. By left-invariance, we may assume without loss of generality that v(0) is
the identity. Let u(t) be defined by the flow equation v/(t) = y(¢)u(t). By (2.2), u(t) satisfies the
angular momentum conservation law

in terms of the initial condition u(0) = wg. Differentiating the Euler equation for u(t) with
respect to time gives

u’(t) — adz(t)u’(t) —ady, yu(t) =0,
showing that z,(t) := u'(t) is a particular solution of the linearized Euler equation (2.3). Since u/(t)
is nowhere zero, this is a nontrivial solution. If we rewrite in the form

d
= (Adyu(®)) = Ady (1),
we see that the general solution of the complementary homogeneous equation is y.(t) = Ad,y)-1wo

for some vector wg € g. Thus the general solution is
() = up(t) + elt) = u(t) + Ad,y-1p.
To have y(0) = 0 as desired, we choose wy = —ug. Inserting (4.1)) in this, we obtain
y(t) = Ad;(t)UQ — Ad,y(t)fl’lm.

*
V(T
Clearly the corresponding Jacobi field y(t) is nontrivial on [0, 7] since z,(t) is nontrivial. O

If right multiplication by v(7) is an isometry, then Ad yAd, () = I, and we will obtain y(r) =0.

Remark 4.2. If we knew that every geodesic v(t) such that Ad:(t)Adw(t) met the identity at time
T was actually periodic in time, this theorem would be a consequence of Theorem [3.2 But we do
not necessarily know that.

Corollary 4.3. In a homogeneous space M = G/H with left-invariant metric on G satisfying
(C2)), every closed nonhomogeneous geodesic has a conjugate point. In particular in a nonpositively
curved homogeneous space, every closed geodesic must lift to a homogeneous horizontal geodesic in

G.

Proof. Consider a closed geodesic v: [0,7] — M and its horizontal lift 4: [0,7] — G. Since 7 is
closed, we have v(7) = 7(0), and thus 5(7)5(0)~! € H. Since H acts on the left and right by
isometries on G by , it satisfies the conditions of Theorem and there is a conjugate point
along 4 in G. Thus by O’Neill’s Theorem there is also a conjugate point along ~ in M.
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For the second part, if there is a conjugate point then there must be at least some positive
curvature in the manifold. Hence if no geodesic has conjugate points, then every closed geodesic
must come from a homogeneous horizontal geodesic in G, i.e., a steady solution of the Euler-Arnold
equation. ]

In order to state a corollary of Theorem [A.1] recall that a Riemannian manifold M is said to
have dense closed geodesics if for every p € M and every unit v € T, M and every € > 0, there is
a w € Tp,M such that [v — w| < € and the geodesic v(t) = exp,(tw) is closed (i.e., y(7) = p for
some 7 > 0). Examples of manifolds with dense closed geodesics include: compact manifolds with
negative curvature, by the Anosov theorem; certain quotients of nilpotent Lie groups, all of which
have curvatures of both signs (so long as they are not abelian) ([8], [11], [22], [25]); and of course
many examples with positive curvature, such as U(n) with the bi-invariant metric (see also [4]).
By left-invariance, it is enough to check this condition when p is the identity.

Corollary 4.4. If a Lie group G with left-invariant metric has dense closed geodesics, then either
it has positive curvature in some section at the identity, or it is abelian and flat.

If H = Iso(QG) is the isotropy group of G under its left-invariant metric, and if the homogeneous
space M = G/H has dense closed geodesics, then it must be naturally reductive.

Proof. First consider the full Lie group G. For every v € TiqG there is a nearby vector w such that
the geodesic in the direction of w is closed. If any such geodesic is nonsteady, the previous theorem
gives a conjugate point along it, which implies there must be positive curvature somewhere along
the geodesic. Otherwise every closed geodesic is steady.

If the geodesic t — exp;q(tw) is steady, then we must have ad},w = 0. Now the quadratic form
v — A(v) := adjjv is continuous on a finite-dimensional Lie algebra, and density of closed geodesics
implies that for every v € TiqG and 0 > 0 there is a w € TigG such that |v — w| < § and A(w) = 0.
Hence we must have A(v) = 0 for all v € TiqG.

Notice that adjv = 0 for all v € T;uG implies that the metric is bi-invariant, and thus the
sectional curvature K (u,v) is given by the well-known formula K (u,v) = %|[u,v]|?. Thus either
[u,v] = 0 for all u,v € T}G, so that G is abelian and flat, or we again get some positive curvature.

Now we consider the homogeneous space M = G/H, assuming the subgroup H is exactly the
isotropy group. In this case every geodesic on M arises from a horizontal geodesic on G. If such
a geodesic is closed in M and nonhomogeneous, then by Corollary £.3] it must have a conjugate
point, and thus positive curvature in some section along it. Otherwise every closed geodesic in
M comes from a homogeneous geodesic in G, which by the same reasoning as before implies that
adj,w = 0 for all horizontal vectors w in g.

This condition implies that for any horizontal vectors w and x, we have

0 = (adjw, z) = (w,ad,z) = —(ad,w, w).

This is exactly the condition for M to be naturally reductive; see Section 2.2l Conjugate points
can then be analyzed using the technique of Ziller [37]. O

Remark 4.5. This result also gives an alternative proof of the known fact that the only compact
Lie group with nonpositive sectional curvature is the abelian flat torus. This arises from the fact
that nonpositive curvature requires solvability of the group, and the only compact solvable groups
are abelian — see, e.g., [18].

4.2. The 3D unimodular case. Consider a three-dimensional unimodular Lie group G with a
left-invariant metric. We will establish in Theorem what the index form looks like in
this case along a general nonhomogeneous geodesic, without using the adjoint action. We obtain
a criterion that can be computed in terms of the solution of the Euler-Arnold equation, which in
this situation would typically involve Jacobi elliptic functions, and for which the geodesic v(t) and
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corresponding adjoint action Ad,) is impossible to compute explicitly. We apply it in Example
to show that no geodesic in SL(2,R) under the Berger-type metric has conjugate points.

By Milnor [26], there is a self-adjoint operator L: g — g such that [u,v] = L(u x v) for all
u,v € g, where x is the usual three-dimensional cross product on g = R3. Note that if L were

invertible, then (u,v) := (u, L~'v) would be a nondegenerate bi-invariant form and the group
would be quadratic, but we do not assume this. The Euler-Arnold equation is then given by
(4.2) ' = —ux Lu

and we can easily compute that (u,u) and (u, Lu) are both constant in time. We assume (u,u) =1
and define ¢ := (u, Lu). In the following lemma, we construct a basis which allows us to simplify
the index form and isolate the contributions from each component.

Lemma 4.6. For any nonsteady solution u(t) of the Euler-Arnold equation, we have that u'(t) is
nowhere zero, so the function &(t) := |u'(t)|? is always positive. The vector fields u(t) along with

v(t) == 6(t) "M (), w(t) := Lu(t) — lu(t)

form an orthogonal (but generally not orthonormal) basis of g. In addition we have the formulas

(4.3) u' + ad,u = v
(4.4) v+ adyv = Ew
(4.5) w’' + ad,w = —Ldv,

where & := §~2(u x Lu,u x L*u — L(u x Lu)).

Proof. If u/(ty) were ever zero, then u(ty) x Lu(tp) would be zero, and u(ty) would be a steady

solution of the Euler-Arnold equation, which contradicts uniqueness of solutions since u is assumed

nonsteady. Orthogonality of the basis is obvious from the definitions and the conservation laws.

Note that |[v]? = §~1 and |w|? = § from the definitions and standard cross product formulas.
Equation is obvious from the definitions. Formula follows from

w' + adyw = Lu' — ' + L(u x (Lu — lu)
= —L(u x Lu) — tu' + L(u x Lu) = —{5v.

Finally to prove , we first show that the left side is orthogonal to both w and v. Since
(u,v) =0, we have
(' + adyv,u) = —(v,u’) + (adyv,u) = (v,u x Lu) + (L(u x v),u) = 0,
by symmetry of L. Furthermore we have
_ % %W 6 2(L(u x ), )
= 672 ") + 0 HL(u x u'),u)
=072 u x Lu' +1 x Lu) + 6 2 (u x o/, Lu') = 0.

(v + adyv,v)

This shows that v/ + ad,v = £w for some function £. To compute it, we have
6% = 0(v' + adyv, w) = —8(v,w') + §(L(u x v),w)
= —(u, Lu' — ) + (u x v/, Lw)
o', Lu') + €5 + (w, Lw)
u', Lu'y + €(|Lu|? — 02) + (Lu, L*u) — 26| Lu|? + ¢3
u X Lu, L(u x Lu)) + (Lu, L*u) — ¢|Lu|?
(

=~
=
= _< +
= —(u x Lu, L(u x Lu)) + (u x Lu,u x L*u),
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using § = |u x Lu|? = |Lu|? — 2 and a cross product identity. The desired formula follows. O
With this Lemma, the index form simplifies greatly.

Theorem 4.7. Suppose u(t) is a solution of the Euler-Arnold equation (4.2)), with v and w defined
as in Lemma[{.6 Let y(t) = p(t)u(t) + q(t)v(t) + r(t)w(t) for functions p,q,r: [0,7] — R which
vanish at both t =0 and t = 7. Then the index form along the corresponding geodesic is given by

(4.6) I(y,y) = / PP+ 60 +&q)* + 67 — teq* dt.
0

In particular, if £(t) < 0 for all t then there are no conjugate points along the geodesic, while if
both §(t) and &(t) are bounded below by positive constants 6y and & respectively, then there is a
conjugate point no later than T := 27 //l&ydp.

Proof. Defining z = 3/ + ad,y as usual, we compute using — that
z=pu+qv+r'w+pl +adyu) +q( + ady,w) + r(w' + ad,w)

=pu+ (¢ +d(p—0r))v+ (' +&w.

On the other hand we have
Lu xy=pLu x u+ qLu x v+rLux w=pu +q(0"w —u) — ru,
so that
z—Luxy= @ +qu+qdv+ "+ (€- Eé_l)q)w.

The index form can be expressed in this context as

I.9) = [ (eoz = Luxy) a
:/0 P +q) +6q(d +8p—tr) +6(0" +&q)(r' + Eq — 6 Hg) dt

= / P2 g+ % +q (p—tr) + 00 + &q) — Lgr’ — LéqP dt.
0

Formula follows after the obvious integration by parts, since the functions all vanish at the
endpoints.

Obviously £(t) < 0 for all time makes the index form positive definite for any nontrivial variation,
so there are no conjugate points. If we assume §(t) > dg > 0 and £(t) > & > 0, then defining
w = /ldp&p/2 and setting p(t) = 0, the index form becomes

I(y,y) </ §(r' +€q)* + 65 (¢ — 4w dt.
0

Take a variation of the form ¢(t) = ¢; sin (wt) +cg sin (2wt), which vanishes at 7 = 7/w. Choose r(t)
so that 7/(t) = —£(¢)q(t); then r(7) is some linear combination of ¢; and ¢z, and those coefficients
can be chosen to make r(7) vanish. We then get a variation for which

3nctw
I < -1 <y
(y.y) < —— 5y =0
and there must be a conjugate point no later than 7. O

Example 4.8. Suppose L is diagonalized in an orthonormal basis {e1, e2, e3} with L = diag(A1, A2, A2)
with the last two entries the same (corresponding to rotational symmetry in the es-es plane, as in
the Berger sphere). Then the Euler-Arnold equation (4.2)) for u= )", u;e; becomes

uy(t) =0, uy(t) = —Pur(t)us(t), uz(t) = Buy (t)ua(t), B = A1 — Aa.
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By symmetry between ey and e3 we may assume that uz(0) = 0, and the general solution is thus
u(t) = creq + caq(t), q(t) := cos (Bert)es + sin (Bert)es.
For convenience, define
D := Bcica, r(t) := —sin (Beit)ea + cos (Beit)es.
Note that u(t) is nonsteady if and only if D # 0. We observe that
q = Beyr, r' = —pBeug, ade,q = Aor, ade,r = —Aag, adgr = Aer.
The orthogonal basis from Lemma[{.0 then becomes
u = cie1 + c2q, v=D"1r, w = D(coe1 — c2q), A4cd=1,

and

§ = W[ = |eaq'|? = |caBerr|* = |caferP|r|* = D, and

£= %(Alﬁ"’u%(u% +uj)) = %
which are both constant in time.

Hence for example on SL(2,R) where we have Ay > 0 and A1 < 0, there are no conjugate points
along any geodesic.

The same technique can be used more generally on any Lie group with a nondegenerate bilinear
form in arbitrary dimension, but the construction is still essentially three-dimensional and produces
a sufficient but not necessary condition for conjugate points.

4.3. Homogeneous geodesics on general Lie groups. We now turn to homogeneous geodesics:
those for which the left-translated velocity vector y~!(¢)v'(t) = u(t) is constant. In contrast to the
nonhomogeneous case, where we determined sufficient conditions for conjugacy, the first result in
this section gives a necessary and sufficient condition, provided that a certain Sylvester-type matrix
equation involving the adjoint operator ad} can be solved. This is often the case, especially on
semisimple groups, as we will see, but we also show in Example that it can work in the non-
semisimple case. For such geodesics, this yields an explicit criterion for conjugacy, valid for general
left-invariant metrics.

Proposition 4.9. Suppose ug is a steady solution of the Euler-Arnold equation (2.1), i.e., that
ady uo = 0. Let A and F be the linear operators on the Lie algebra g defined by

(4.7) A(v) := ady,v, F(v) = ady v + adjuo.

Suppose that there is some subspace Q@ C g, such that A and F map Q to itself and there is an
operator S: Q — Q) satisfying the Sylvester equation

(4.8) SF+AS=1 onQ.
Then there is a conjugate point along the geodesic if for some T > 0 we have
(4.9) det (e™Se™F — §) = 0.

Proof. Let ug € g be a steady solution of the Euler-Arnold equation (2.1)), i.e. such that ady uo = 0.
There are conjugate points along the corresponding geodesic +y if there is a time 7 > 0 and vector
fields y(t) and z(t) of the Lie algebra satisfying y(0) = y(7) = 0 and the system of equations

(4.10) v+ Ay) = 2, 2 =F(2)

in terms of the linear operators A and F defined in (4.7). Now if there is an S satisfying (4.8)),
then every solution of (4.10) with y(0) = 0 and z(0) = zp € Q is obtained as

y(t) = Sett 2y — e 18z,
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since the first part solves the nonhomogeneous equation for y, while the second part solves the
homogeneous equation. A conjugate point thus occurs at 7 > 0 for some initial condition y/(0) €
iff

y(r) = e A (e™Se™ — S)zg =0

for some zg € €2, which happens if and only if the determinant of this matrix vanishes as in (4.9). O

Example 4.10. Consider the Heisenberg group H®, whose Lie algebra is spanned by {e1, e, es},
having [e1, e2] = es as the only nontrivial bracket, and declare e; to be orthonormal. In this case, if
ug = es, then we can choose ) = span{ey,es} so that

A=ade =0 and F|Q:<(1) _01>

Therefore, we can take S = F|§1, and the criterion of Theorem becomes
det (SeTF|Q —8) =2(1 — cosT),

which means that there are conjugate points along the steady geodesic t — exp(tes), with the first
conjugate point occurring at t = 2.

Now we consider the special case of semisimple Lie groups, for which the Sylvester equation (4.8))
can be solved, as we will see. If G is a semisimple Lie group, then there is a nondegenerate
Killing form «(+, ) satisfying x(ad,v,w) + x(v, ad,w) = 0 for all u,v,w € g, and any left-invariant
Riemannian metric (-,-) is determined by an invertible symmetric operator A on g such that

(4.11) (u,v) = k(u, Av), for all u,v € g.

In this case, the operator ad* can be written in terms of A as ad’v = —A~!(ad,Av), and the
Euler-Arnold equation in ({2.1]) reduces to

Au'(t) + adu(t)Au(t) =0.

Thus 7(t) is a homogeneous geodesic if and only if the velocity u(t) = wup satisfies the steady
Euler-Arnold equation

['LL(), A’LLO] =0.
In this case the operator F' from (4.7)) can be written
(4.12) F = A (adpwy, — ady,A).

Lemma 4.11. Suppose G is a semisimple Lie group with Killing form k(-,-) and a left-invariant
metric (-,-) generated by an invertible inertia operator A: g — g via . Suppose ug is a
semisimple reqular element of g and that A maps the centralizer C(ug) := ker(ad,,) to itself. Then
ug 18 a steady solution of the Euler equation. If Aug is also a semisimple reqular element, then
Q := C(ug)* satisfies the conditions of Proposition the operator adp,, ts invertible on 2, and
the solution of the Sylvester equation s given by

(4.13) S = (adpy,) T A.
Hence there is a conjugate point if for some T > 0 we have
(4.14) det (eTAF/r1 - e_TA) = 0.

Proof. Since G is semisimple, the Killing form is bi-invariant and nondegenerate. Since A maps
C'(up) to itself, we know that Aug commutes with ug, so that wug is a steady solution.

We claim that B := adp,, maps C (ug)* to itself, the complement being computed in either the
bi-invariant metric or the Riemannian metric since the symmetric operator A preserves C(ug) and
hence C(ug)*. This follows from the fact that M is antisymmetric under the bi-invariant Killing
form, so its kernel is orthogonal to its image. Furthermore C(Aug) = C(ug) since ug and Aug are
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both regular elements of the same Cartan subalgebra. Thus the kernel of B is C'(ug) and its image
is C(up)*. In particular M is invertible on C(ug)*.

We have thus shown that A = ad,, and F' given by both map Q := C(ug)* to itself, and
the solution of the Sylvester equation can easily be verified to be (4.13) using the fact that A
commutes with B and thus also with B~". The operator in can be written in terms of

eTABflAeTF _ BflA — BfleTA (AGTFAfl o ef‘rA)A’
and its determinant vanishes if and only if (4.14)) holds. O
In the steady case, the existence of conjugate points is determined by the eigenvalues of the
operator ad,, and the linearized Euler operator F' from (4.12)). The simplest case to analyze is
when v is regular and semisimple and ad,,, has a pair of purely real or purely imaginary eigenvalues
(which must be negatives of each other). In either case the operators must be traceless in each

2 x 2 eigenvector block. Hence in each such block we are dealing with matrices in slp(R), and the
following lemma tells us how the matrix exponential behaves on this subspace.

Lemma 4.12. Let k(X1,X2) = 2 Tr(X1X,) denote the Killing form on sly(R). Then for any
distinct matrices X1, Xo € sla(R), the equation

det (/X1 — e%2) = 0

has a solution for t > 0 if and only if at least one of k(X1, X2) or k(Xa, X2) is negative or, if both
are nonnegative, we have

(4.15) 2v/k(X1, Xo)r(Xo, X2) < 26(X1, X2) < k(X1, X1) + k(X2, Xo).

We prove this in the Appendix.

Now we prove our main theorem about steady solutions, showing that if ad,,, has a nice eigenvalue
decomposition with purely real or imaginary eigenvalues, then we can describe conjugate points in
terms of linear stability (see Section , either in the purely Lagrangian sense (the operator ad,,
having purely imaginary eigenvalues) or in the Eulerian sense for the steady Euler solution ug. On
a compact semisimple Lie group, ad,, would always have purely imaginary eigenvalues even though
steady solutions of the Euler equation can be unstable (such as the middle axis of a nonsymmetric
rigid body), but Theorem [3.2| already handles this even for the nonsteady case. The theorem below
is therefore most useful on a noncompact Lie group, and shows that both Eulerian and Lagrangian
stability are closely related to existence of conjugate points.

Theorem 4.13. Let ug be a reqular semisimple element of a semisimple Lie algebra. Suppose that
Aug is also a regular element that commutes with ug, and that adio has a nonzero real eigenvalue
with eigenspace V. Suppose in addition that A maps V to itself.

If ad,,, has purely imaginary eigenvalues on V, then there is a conjugate point along the homoge-
neous geodesic y(t) = exp (tug). If ad,, has purely real eigenvalues on V', then there is a conjugate
point along the geodesic arising from a Jacobi field with J'(0) € V' if and only if ug is stable in the
FEulerian sense under perturbations in V.

Proof. Since uyg is regular, the centralizer C'(ug) is a Cartan subalgebra of g. Since ug is a semisimple
element, the operator ad,, is diagonalizable, and regularity implies that all its nonzero eigenvalues
are distinct from each other. By the general theory of Cartan subalgebras, the eigenvalues of
ad,, must occur in positive and negative pairs, so that V is a two-dimensional space on which
Ap := ady,|v has either a pair of real nonzero eigenvalues or pure imaginary eigenvalues.

Since By := adpy,|v commutes with Ag, it maps V' to itself. Since Aug is also assumed regular,
its centralizer is the same Cartan subalgebra. Hence we know that By is invertible on V, so it has
real nonzero eigenvalues if Ay does, and imaginary nonzero eigenvalues if Ay does. We can therefore
restrict to Q =V in Proposition using the simplification in Lemma
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Note that by assumption Tr Ag = 0 on V, and in addition Tr(ByA~!) = Tr(A~1By) = 0 since
A~1By is antisymmetric in the Euclidean inner product (-,-). Hence both ByA~! and Ay are in
sla(R) as operators on the 2-dimensional space V, and Lemma applies for X1 = AF|y A~ =
BoA~! — Ay and Xy = — Ay, where F is the linearized Euler operator .

If Ap has purely imaginary eigenvalues, then k(X2, Xo) = (Ao, 4g) < 0, and Lemma [4.12]
immediately proves the existence of a conjugate point. This corresponds to purely Lagrangian
stability along V. On the other hand if F|y has purely imaginary eigenvalues, corresponding to
Eulerian stability in V, then x(X1, X1) = &(F|v, F|v) < 0. Again Lemma [4.12] proves existence of
a conjugate point.

Meanwhile, if both Ag and F'|y have purely real eigenvalues, then we can compute

k(X1 — X2, X1 — Xa) = $ Tr (BoA™1)? <0,
so that condition (4.15)) cannot be satisfied, and there cannot be conjugate points. O

Example 4.14. As an application of Theorem[].13, we give an example of a left-invariant metric
on SL(3) for which Ricci is strictly negative in all directions, but some geodesics still have conjugate
points. The construction of the metric itself is based on [23], which we briefly recall here.

The Lie algebra sl(3) has a natural decomposition as

(4.16) sl(3) =s0(3) dsm(3) B t

with the Killing form being negative-definite on so0(3) and positive-definite on the other two sub-
spaces; here t is the Cartan subalgebra, corresponding to traceless diagonal matrices, and sm(3)
consists of symmetric traceless matrices. The bracket structure is the following:

[t, ] =0, [t,sm(3)] = s0(3), [t,50(3)] = sm(3)
[sm(3),sm(3)] = s0(3), [sm(3),50(3)] = sm(3) & t.
Define A : sl(3) — sl(3) by
A|5o(3) = p - Idso(s), A’sm(B) = - Idgm(s), Ale = o - 1de.

That is, A acts as a scalar multiple of the identity in each subspace of (4.16)). If we choose p = %,

B=1and o= %, then the main theorem of [23] shows that SL(3) equipped with the left-invariant
metric given at the Lie algebra by

(u,v) = 1Tr((Au) - v7), u,v € sl(3)

has strictly negative Ricci curvature in every direction. Now let

10 O 00 O 0 00
uw=10 0 0], v1=(10 0 =1, wvo=(0 0 1
0 0 -1 01 0 010

Note that wg is a reqular element of the Lie algebra since it is diagonal, and that ad,,, preserves the
subspace V := span{vy,va}. We have

0 -1 _ 0 11—«
Ao—adu0|v—<_1 0>, Xl—BoAl—A0—<1_a 0 >,
P

so that
a—1)(a—p
60X = () = Do)
which is negative by our choice of a and p. Thus, the geodesic in direction ug has conjugate points
by Theorem |4.13. This shows in particular that the Gromoll-Meyer condition is not necessary for
conjugate points.

i
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5. CONCLUSION & OUTLOOK

For Lie groups where the adjoint action is uniformly bounded below in operator norm, we have
obtained a complete characterization of the initial velocities ug € g for which the corresponding
geodesic v develops a conjugate point: this occurs if and only if ug is not orthogonal to the
commutator subalgebra [g,g]. At the same time, as shown by Example this criterion can
fail without the assumption of uniform boundedness of Ad,). A natural next step is to identify
precisely when this uniform boundedness holds, as this might yield a full description of the conjugate
locus on Lie groups in terms of purely algebraic data.

As illustrated in Example for the case of rigid bodies, the explicit bounds on conjugate
times in Corollary can be used to obtain bounds on the diameter for any left-invariant metric
on G, provided one can effectively calculate certain operator norms. It would be of interest to
obtain bounds for the injectivity radius as well, and to carry out similar analysis on other groups,
particularly SU(n) due to its connection to fluid dynamics via quantization.

Finally, one can likely weaken the assumptions of Theorem regarding homogeneous geodesics
with steady Euler velocity ug. For example, if ad,,, has a complex eigenvalue o + i3 with «, 5 # 0,
one could work in the four-dimensional subspace corresponding to the four eigenvalues +«a + i3
and obtain a similar, four-dimensional version of Lemma In addition, if we use the index
form (3.1 rather than the explicit solution of the Jacobi equation, it would likely not be necessary
to assume A maps an eigenspace to itself. This would enable a more complete description of the
connection between stability in the Eulerian and Lagrangian senses and existence of conjugate
points. It would also be interesting to relate stability to conjugate points for nonsteady Euler
velocities u(t) describing nonhomogeneous geodesics.

APPENDIX A. PROOF OF LEMMA [£.12

We present here the details of the proof of Lemma which involves a case by case analysis
of the possible values the Killing form can take on X1, X5 € sla(R).

Lemma A.1l. Let k(X1,X2) = §Tr(X1Xy) denote the Killing form on sly(R). Then for any
distinct matrices X1, Xo € sla(R), the equation

det (e — et%2) =0

has a solution for t > 0 if and only if at least one of k(X1,X1) or kK(Xa, X2) is negative or, if both
are nonnegative, we have

(A1) 2V k(X1, X1)k(Xa, Xo) < 26(X1, Xo) < w(X1, X1) + (X2, X2).

Proof. Since Tr X; = 0 we have by the Cayley-Hamilton theorem that X? = —(det X;)I so that
k(X1,X1) = —det X1, and similarly for Xs. Let

d(t) == det (e!X1 — e!X2),

Case 1: x(X1,X1) = a2, k(Xa, X2) =%, a,b > 0.
In this case we must have a # b, for otherwise the strict inequality condition (A.1)) cannot be
satisfied. The matrix exponentials are given by

et = (coshat)I + a~*(sinh at) X1, X2 = (cosh bt)I + b~ (sinh bt) X5.

It is then straightforward to compute that

d(t) = 2(1 — coshat cosh bt + D sinh at sinh bt), D := k(X1, X2)/(ab),
If D <1, then for all ¢ > 0, we have

d(t) < 2(1 — cosh at cosh bt + sinh at sinh bt) = 2(1 — cosh ((a — b)t)) < 0.
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ItD> %(a2 + b%) then we can compute that
d"(t) = (2Dab — a* — b*) cosh at cosh bt + ((a® + b*) D — 2ab) sinh at sinh bt

> %(a® — b*)?sinhat sinh bt > 0,

so d(t) is positive for all ¢ > 0. On the other hand if 1 < D < 51;:(a® + b?), then d(0) = d'(0) = 0
while
d"(0) = 2(2abD — a* — b*) < 0,
so that d(t) is negative for small positive ¢, while for large ¢ we have d(t) ~ (D — 1)e(a+9t > 0.
Hence there must be a change of sign for some positive t.
Case 2: x(X1,X1) = —a?, k(Xa, Xo) = b%, a,b > 0.
Then we have

d(t) = 2(1 — cosat cosh bt + D sin at sinh bt), D = k(X1,X2)/(ab).

For 7 := 7 /a, we clearly have d(7) > 0 and d(27) < 0, so we get a crossing for any values of a and

b.
Case 3: x(X1,X1) = —a?, k(Xa, Xo) = —b?, a,b > 0.
We can write

d(t) =2 — 2cosat cos bt + 2D sin at sin bt, D := k(X1, X2)/(ab)

bat
5 .

Note that |D| > 1 in this case with equality if and only if X5 is a multiple of X;. To see this, apply
conjugation to get a canonical form for X, using invariance of the Killing form, to assume without

loss of generality that
(0 _ r  y+=z
X1_<—T 0)’ X2_<y—z —fv>

for some reals 7, z,y, z. Then we have that

r? =a?, R(X1, X9) =1z, 2 9% - 2% = b2

= 2(1 + D) sin? (‘z;rb t> +2(1 — D) sin? <

Hence

|D| = [rz/ab] = [z/b] > 1,
with equality iff z = y = 0, in which case X5 is a multiple of X;. If a = b then |D| > 1 since
X1 # X3, and we have d(t) = 2(1 + D)sin? at which obviously vanishes at all integer multéples of

m/a. Otherwise we may assume without loss of generality that b > a, and defining 7 = 11a and

Ty = bz_—”a, we will have
d(n1) =2(1-D) and  d(m) =2(1+ D).
Since |D| > 1, these values must have opposite signs, so d(t) vanishes between 7 and 7.
Case 4: k(X1,X1) =0, £(X2, Xa) =%, b > 0.
In this case we have
d(t) = 2(1 — cosh bt + Dt sinh bt), D := k(X1,X2)/b.

The same reasoning as in Case 1 shows that this can vanish if and only if 0 < 2D < b, which is

precisely condition (A.1)).
Case 5: r(X1,X1) =0, (X2, Xo2) = —b%, b> 0.
In this case we have
d(t) = 2(1 — cos bt + 2Dtsinbt) = 4sin (%) (Dt cos (%) +sin (%)), D := k(X1, X3)/0.

This obviously vanishes at all integer multiples of 27 /b.
Case 6: /{(Xl,Xl) = 0, K,(XQ,XQ) = 0.
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In this last case we have
d(t) = 2t°k(X1, X2),
which obviously never vanishes; also the strict inequality of condition (A.1)) cannot be satisfied. O
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